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Chapter 1

A Equacao Relativista para o
Eletrao

1.1 Introducao

Pretendemos neste capitulo juntar as ideias da mecanica quantica com as de relativi-
dade restrita tornando-as compativeis. Isso vai levar-nos a substituicao da equagao
de Schrodinger pelas equacoes relativistas de Klein-Gordon e Dirac. Como veremos,
esta tentativa de descrever a Fisica ao nivel quantico através duma equacao para
uma particula tera que ser abandonada e substituida por uma descricao em termos
dum ntumero variavel de particulas permitindo a sua criagao e aniquilagao. Esse sera
o objetivo de chamada segunda quantificacao que explicaremos mais a frente. Con-
tudo existem muitos problemas onde a interpretacao em termos das equacoes para
uma particula é adequada e conduz a bons resultados. Isto passa-se para distancias
nao muito pequenas, como se compreenderda melhor no seguimento. Além disso,
o formalismo desenvolvido para tratar das equacoes de Klein-Gordan e Dirac ira
ser o suporte dos desenvolvimentos futuros. Isto justifica que estudemos em algum
detalhe estas equagoes e as suas solugoes.

Como dissemos anteriormente queremos encontrar equagoes que sejam com-
pativeis com a mecanica quantica e a relatividade restrita. Vamos aqui rever breve-
mente os principios basicos destas duas teorias. A mecanica quantica [2,3] baseia-se
nos seguintes principios:

e Para o estado fisico existe uma fungao de estado |®) que contém toda a in-
formacao possivel sobre o sistema. Na maior parte dos casos tratemos com
uma representagao do estado |®) em termos das coordenadas, a chamada
funcao de onda W(g;, s,t) onde s designa outros nimeros quanticos para além
dos possiveis de descrever a partir das coordenadas (por exemplo o spin).
U (g, si,t)[* > 0 tem a interpretagao duma densidade de probabilidade de en-
contrar o sistema num estado com coordenadas ¢;, niimeros quanticos internos
s;, no instante t.
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As observaveis fisicas sao representadas por operadores hermiticos lineares.
Por exemplo

L 0
pi — _Zhaqz- (1.1)
L 0

Um estado |®) do sistema é um estado préprio de operador €2 se

Q|P,) = wy |Py) (1.3)

onde |®,,) é o estado préprio a que corresponde o valor préprio w,. Se € for
hermitico entao os w, sao reais. Na representacao das coordenadas temos

Qq, s, t)¥(q, s,t) = w,¥(q, s,t) (1.4)

Existe um conjunto completo e ortonormal de fungoes préprias, ¥,,, dum con-
junto completo de operadores que comutam {27, s, ...}. Uma func¢ao de onda
arbitraria pode ser expandida em termos desse conjunto completo

v => a,V, (1.5)

O resultado duma medicao é qualquer um dos valores proprios. Se ¥ =
>, ¥, com QV, = w, V¥, entdo o resultado da medigao serd o valor w,
com probabilidade |a,|*>. O valor médio duma observdvel ¢ dado por

Qg Z/dql...\ll*(qi, 5 DOU(gr 50,t) = 3 JaalPwn (16)

n

Depois da medigao o estado fica projetado no vetor préprio (ou combinagoes
de vetores préprios) correspondentes ao valor préprio.

A evolucao no tempo dum sistema fisico é dada pela equacao

LoV
ihmr = HU (1.7)

onde o Hamiltoniano H é um operador linear e hermitico. A linearidade

implica o principio de sobreposicao e a hermiticidade conduz a conservacao de
probabilidade

%Z/dql...@*\y:%Z/dql...[(H@)*@_@*(qu)]:O (1.8)
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Estes sao os principios basicos de mecanica quantica que procuraremos conservar.
Por outro lado a relatividade restrita baseia-se nos principios da relatividade e da
constancia da velocidade da luz. Para as nossas aplicacoes basta recordar [4] que as
coordenadas de dois referenciais de inércia estao relacionadas pela relagao

' =a", ¥ (1.9)
A invariancia do intervalo

ds® = g, datds” = datdz, (1.10)

onde a métrica g, ¢ diagonal e, com as nossas convengoes, dada por g, = diag(+—
——), restringe os coeficientes a*, de transformacao, Eq. (1.9)), a obedecerem a

guya“aa”gdxo‘dxﬁ = gagdznadrg (1.11)

ou ainda

"0 9”3 = Gap (1.12)

que pode ser escrita matricialmente na forma

a'ga=g (1.13)

As matrizes que obedecem a Eq. constituem o grupo de Lorentz, designado
por O(3,1). Para ver as principais propriedades do que é um grupo ver o Comple-
mento E facil verificar que

det a = +1 (1.14)

As transformacoes que tém det a = +1 constituem o grupo de Lorentz préprio e
podem ser construidas a partir de transformacoes infinitesimais. Exemplos sao as
rotacoes no espaco a trés dimensoes e as transformacoes de Lorentz. Uma rotagao
dum angulo 6 em torno do eixo dos zz sera descrita pela matriz

0 0 0
cosf sinf 0
—sinf cosf O
0 0 1

(1.15)

o O O+

enquanto que uma transformacao de Lorentz segundo o eixo dos zx serda dada pela
matriz

v =B 00
-6y 00

a=1| 0 10 (1.16)
0 0 01

onde
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1 Vv
e V é a velocidade do referencial S’ em relagdo a S. Exemplos de transformagoes
com det a = —1 sdo as inversoes no tempo ou no espaco. Por exemplo t' — —t

corresponde a matriz

~10 0 0
0 100

=109 010 (1.18)
0 001

No seguimento vamos admitir que os principios basicos de mecanica quantica e da
relatividade restrita sao conhecidos. Nos problemas no final do capitulo sao dados
exemplos que servem para ilustrar os conceitos de que vamos necessitar. No Com-
plemento [1.2] a notacao invariante é usada para descrever as equagoes de Maxwell,
0 que vira a ser 1util em capitulos posteriores.

1.2 A equacao de Klein-Gordon.

Comecemos pela particula livre. Em mecanica quantica nao relativista a equacao
de Schrodinger é obtida da equacao fundamental

0
h—i¢ =H 1.19
i = H (1.19)
usando o Hamiltoniano livre nao relativista que é

2

p
= = 1.20
5 (1.20)
e fazendo a substituicao p'— —ilV. Obtemos entao
in2? — —h—Zv%p (1.21)
ot 2m '

A primeira ideia que surgiu para generalizar esta equacao para uma particula rela-
tivista foi usar em vez da Eq. (1.20) o Hamiltoniano relativista. Para uma particula
livre o Hamiltoniano é a sua energia e devemos ter

H=E (1.22)

A energia estd relacionada com o momento linear através da relacao

pup" = m*c? (1.23)

onde
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P = (317) (1.24)

Temos entao

E2
— — - p=m¢ (1.25)
c
ou seja
E? = p*c® + m*ct (1.26)

Classicamente exige-se que as energias sejam positivas por isso deveriamos ter no
caso relativista

H = \/p*c® + m?c (1.27)

Somos imediatamente confrontados com o problema de interpretar a raiz quadrada
dum operador. Para evitar este problema vamos encontrar uma equacao para H2.
Isto obtém-se facilmente iterando a Eq. e observando que [z’h%,H } = 0.
Obtém-se entao
2 0 2 2 2 4
—h ¥ = (—h*c*V2 +m ™)y (1.28)

ou ainda

mc

[D + (7>2} =0 (1.29)

onde O = 0,0". Agora nao temos dificuldades em interpretar os operadores mas
introduzimos no problema as solucoes de energia negativa que também sao solugoes
da Eq. . Como veremos as solucoes de energia negativa nao podem deixar de
existir em mecanica quantica relativista e a sua interpretagao estd relacionada com
as antiparticulas. A observacao experimental de antiparticulas veio a confirmar esta
interpretacao.

Mas nao foi a existéncia de solugoes com energia negativa que levou ao aban-
dono da Eq. , chamada equacao de Klein-Gordon [5H7], como equagao rela-
tivista para o eletrao mas antes outro problema relacionado com a densidade de
probabilidade. Partindo da Eq. e da equacgao complexa conjugada obtemos

PGV el (]

ou

0 = "0 — YOy* = 8,(1*0"¢) (1.31)
onde @/)*3”1/} = 1/)*5#1/1 — w*guw. Temos entao
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DI =0 o JP=10" (1.32)
Na identifica¢ao usual J* = (pc, J ) pelo que a densidade sera
1 Lo o*
P—c—z@a‘ 8t> (1.33)

Esta equacao mostra que p nao pode ser interpretado como uma densidade de proba-
bilidade por nao ser definida positiva. Finalmente uma terceira razao fez abandonar
a equacao da Klein-Gordon. De facto ela nao conduz aos niveis de energia do atomo
de hidrogénio (ver Problema [1.39)).

Se excetuarmos esta ultima razao, a Eq. foi abandonada pelas razoes
erradas. De facto pode-se mostrar que ela é a boa equacao relativista para particulas
de spin zero, razao pela qual nao pode explicar os niveis do atomo de hidrogénio
onde os efeitos do spin sa@o importantes. As solugoes de energia negativa serao
compreendidas e a densidade p serd re-interpretada nao como uma densidade de
probabilidade mas antes como uma densidade de carga.

1.3 A equacao de Dirac

Confrontado com os problemas anteriores Dirac propos uma outra equacao rela-
tivista para o eletrdao [8,/9]. Como na equagao fundamental, Eq. (L.19), a derivada
em ordem ao tempo aparece linearmente é natural admitir num contexto relativista
que o Hamiltoniano seja também linear nas derivadas em ordem as coordenadas e
portanto escrevemos

L 0P
o

E f4cil de ver que o' e 3 nao podem ser nimeros pois entdo a relacao entre energia
e momento duma particula relativista nao seria verificada. Também 1) nao pode ser
um escalar se p = 1¥* é para ser interpretada como a componente temporal dum
4-vetor corrente. Assim Dirac propos que @ e [ sejam matrizes hermiticas N x N
(para que H seja hermitico) e que v seja uma matriz coluna com N elementos.

_ (—ihcc? Vot BmCQ) b = Hy (1.34)

U
Y= : (1.35)
(ChY
A Eq. (1.34) é entao interpretada como uma equagao matricial. Para que ela faga
sentido devemos satisfazer as condicoes:

e Deve dar a relacio correta entre a energia e o momento isto é £? = p2c?+m?2c?,
para uma particula livre.
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e Deve fornecer uma probabilidade definida positiva.

e Deve ser covariante para transformacgoes de Lorentz.

Vejamos os dois primeiros requisitos. Para que se obtenha a relagao energia-momento
correta basta que cada componente satisfaca a equacao de Klein Gordon. Para isso

iteramos a Eq. ((1.34)

9% ; oY
_ 2_ e —1 t . 2) 4 —_—
h o (—ihca'V; + Bmc?) il 5 (1.36)
2 QO‘iO‘j"'O‘jO‘i . 2/ i i 2.9 4
= |-h————V,V; —ihmc® ('8 + Ba’ )V, + Fom et | ¢

2

onde se usaram as propriedades de simetria e anti-simetria dos tensores. No Com-
plemento faz-se uma revisao destas propriedades. Para que cada componente
satisfaga a equacao de Klein- Gordon devemos ter

alad + oot = 20Y

a'f+ Bat =0 (1.37)

() = 2 =1

Temos portanto que construir 4 matrizes que anticomutem, sejam hermiticas e
cujo quadrado seja a unidade. E desde logo claro que nao podem ser 2 X 2 pois s6
ha 3 matrizes 2 x 2 que anticomutam, as matrizes de Pauli. Para ver a dimensao
minima em que € possivel realizé-las, observemos que sendo hermiticas os seus valores
préprios sao reais e iguais a £1 pois a'? = 32 = 1. Das relacoes de anticomutacao
pode-se concluir que tém traco nulo. Por exemplo

o = —pa'B (1.38)

ou seja

Tr(a') = Tr(—Ba'B) = —Tr(a') =0 (1.39)

Isto tem como consequéncia que N deve ser par para que o numero de valores
proprios +1 e —1 seja igual. Como N = 2 estd excluido devemos ter N = 4 como
a dimensao mais baixa onde se realiza a Eq. . Uma representagao explicita, a
chamada representacao de Dirac é

ol = LS ﬂ . B= lé _01] (1.40)

onde o; sao as matrizes de Pauli:
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01 0 —i 1 0
g1 = |:1 O:| , 09 = |:Z 0:| , 03 = |:0 _1:| (141)
E um exercicio trivial verificar que a Eq. 1) satisfaz as condigoes da Eq. (|1.37]).
Claro que a escolha nao ¢é inica, mas voltaremos a este assunto mais tarde.
Vamos agora ver a questao da corrente de probabilidade. Para isso escrevemos a
equacao conjugada hermitica da Eq. (1.34)). Atendendo a que o' e 3 sdo hermiticas,
obtemos

Oyl t(3F mniD 2
—zhﬁ = ' (ihca'0; + pmc”) (1.42)

Multiplicando a Eq. (1.34) a esquerda por ' e a Eq. (1.42) a direita por 1 e

subtraindo obtemos

z’h%(ww = —ihcVi(YTaly) (1.43)

ou ainda

O (h) + 9 - (leay) = 0 (1.44)

o que permite identificar uma densidade de probabilidade e uma corrente de prob-
abilidade:

p = Uiy (1.45)

i = yleay (1.46)
Integrando a Eq. ([1.44)) em todo o espago obtemos

d

— | Pyl = 1.4

R (1.47)

o que estd de acordo com identificarmos 1f1) como uma densidade de probabilidade
conservada no tempo.

A notacao das Egs. e antecipa o facto de ] ser um 3-vetor. De
facto temos de mostrar isso e muito mais. Na seccao seguinte demonstraremos que
Jj* = (cp, j) ¢ um 4-vetor conservado, d,j* = 0 e que a equacao de Dirac é covariante,
isto é, que mantém a mesma forma em todos os referenciais de inércia.

1.4 Covariancia da equacao de Dirac

Antes de mostrar-mos a covariancia da equacao de Dirac vamos introduzir uma

. ~ . . . . 1 N
co.nvenlent.e notacao 4—d1mens1onal. Multiplicamos a Eq. 1' por 3 a esquerda
e introduzimos as matrizes
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VY= 7= pa i =1,2,3 (1.48)
Entao a equacgao de Dirac escreve-se
(thy"0, —me)yp =0 (1.49)
ou ainda
(ih@ — mec)y =0 (1.50)
onde se introduziu a notacao, devida a Feynman

J =40, (1.51)

As matrizes v*, na representagao de Dirac, séoEHﬂ

As matrizes v* nao sao hermiticas mas obedecem a relacao importante,
,-Y,“T = ,.YO,}//J,,.)/O . (154)

E f4cil de ver que as relacoes da Eq. 1) se escrevem duma forma compacta em
termos das matrizes 7, isto ¢é

{77} = "y = 29" (1.55)
onde introduzimos a notacao para anticomutador {A, B} = AB + BA.

Devemos notar que apesar da sugestiva notacao da Eq. (1.49) ainda nao demon-
stramos a covariancia da equacao. Antes de o fazermos vejamos a relacao entre
diferentes representacoes das matrizes ~.

1.4.1 Transformacoes de equivaléncia

Consideremos duas representagoes das matrizes v, v* e 4*. Isto quer dizer que tanto
v como A* satisfazem a Eq. (1.55). A equagao de Dirac nestas representacoes sera

(thy"0, —me)p =0 (1.56)

I'Na nossa convencao nao subimos ou descemos indices nas matrizes de Pauli. Elas sao sempre
definidas com o indice em baixo como na Eq. .

2As matrizes estdo representadas em blocos 2 x 2, por isso a matriz 1 é a matriz identidade em
dimensao 2 x 2, isto é

1 0
loxo=1=1= {0 J (1.52)

Nos vamos usar a notagao simplificada de 1 e dimensionalidade deve ser entendida pelo contexto.
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(ih" 0, — me)p =0 (1.57)
Se ambas as equagoes descrevem a mesma Fisica, deve haver uma relagao entre ¢ e
1. Seja
) =UY (1.58)
onde U é uma matriz constante que admite inversa. Entao substituindo na Eq. ([1.56)
e multiplicando & esquerda por U~! obtemos
A4 = U y*U (1.59)

Uma transformacao deste tipo é chamada transformacao de equivaléncia e embora
mude a func¢do de onda nao altera a Fisica (ver Problema m para a definicao das
representagoes de Majorana e Quiral).

1.4.2 Demonstracao da covariancia

Consideremos entao a equacao de Dirac em dois referenciais de inércia O e O’

(ihy"0, — me)(x) =0 (1.60)
e

(ihy"9, —me)y'(2') = 0 (1.61)
A matriz 4" satisfaz as mesmas relagbes de anticomutacao que ~* e além disso
70T = 40 ¢ 4T = _%i Pode-se entdo demonstrar que 7# e 4" estdo relacionados

por uma transformagao de equivaléncia

V= U0 (1.62)

onde U é uma matriz unitaria (ver Problema . Assim podemos passar toda
a transformacao para a funcao de onda e usar a mesma representacao em todos
os referenciais de inércia. As fungdes de onda ¢'(z') e ¥(x) devem entao estar
relacionados por

V(2') =4 (ax) = S(a)y(x) = S(a)i(a™'z") (1.63)
ot =at,x” (1.64)

e a matriz S(a) deverd depender apenas de velocidade relativa e/ou rotagao entre
os dois referenciais O e O’. Substituindo a Eq. (1.63)) na Eq. (1.61)) obtemos
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_ 0
(th~y* pri me)S(a)yp(x) =0 (1.65)
Sabendo que
0 ox¥ 0 1w
or'r  Or't Oxv (a ) uau (166)
obtemos
[ihS™ (a)y*S(a)(a "), Dy — mc] (z) =0 (1.67)
o que comparando com a Eq. da
S™Ha)y"S(a) (@) =" (1.68)
ou ainda
S(ay"S~Ha)a", =~ (1.69)

As Egs. (1.69)) sao as relagoes fundamentais que permitem obter S. Para se obter
a matriz S comecamos por considerar transformacoes infinitesimais
ay=g"+w,+ - (1.70)

com

Wt = —w'? (1.71)

o que resulta da aplicacao da Eq. na Eq. conservando apenas termos
de ordem w. A Eq. quer dizer que ha somente seis parametros independentes.
Veremos que eles podem ser identificados com os trés graus de liberdade duma
rotacao mais os trés graus de liberdade duma transformacao de Lorentz numa direcao
arbitraria. Entao se definirmos

1
S = 1- Zaww“” + - (1.72)
)
Sto= 1+ 1O (1.73)
onde as matrizes 0, sao antissimétricas

Oy = —0Ouy (1.74)

obtemos a partir das relagoes da Eq. ((1.69)),

V", 0as] = 2i(9" 78 — 9" 87a) (1.75)
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Usando as relacoes de anticomutacao dos v's é facil de verificar que

i
Oy = 5[7}“71/] (176)
satisfaz a condigao da Eq. (1.75). Isto determina S e S~! infinitesimalmente. De
facto a forma Eq. (1.72) exponenoiaﬁ pelo que a expressao para uma transformacao
finita é
S = e 1ome (1.77)
Para encontrarmos a forma explicita da matriz S vamos distinguir a caso das

rotagoes do das transformagoes de Lorentz propriamente ditas (conhecidas por “boosts”).
Para as rotacoes definimos

(01, 92, 03) = (wgg,wgl, u}lg) (178)
(§]
(21,22, 5%) = (6%, 0%, 0'?) (1.79)
Entao
Sy = e30E (1.80)

Na representacao de Dirac
= o 0
Y= _, 1.81
(5 2 (181
pelo que a Eq. ((1.80)) representa a generalizagdo para spinores de 4 componentes da
maneira como spinores de 2 componentes se transformam para rotagoes. O fator %

na Eq. (1.80) tem a ver com o facto de somente depois duma rotagao de 47 a fungao
de onda do eletrao retomar o mesmo valor. Usando

@-3)0-5)=6-6 (1.82)
podemos escrever, desenvolvendo a Eq. (1.80) em série

SR:cosquié-ising (1.83)

onde 0 é o versor na direcao da rotacao. Esta relacao pode ser usada para verificar
a Eq. (1.69) para o caso das rotagoes finitas (ver Problema |1.25)).

Para as transformagoes de Lorentz propriamente ditas (boosts), definimos o 3-

vetor & tal que (w! = w%)

3Isto é verdade para todos os grupos de transformacdes continuas, os chamados grupos de Lie.
Para estas transformagcoes é suficiente conhecer o que se passa para transformacoes infinitesimais
(dlgebra de Lie) para saber o que acontece para transformacoes finitas (grupos de Lie).
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w=V
(1.84)
tanhw = %
onde V ¢ a velocidade relativa dos dois referenciais. Entao usando
o 3 [1°,7] = i7"y =i (1.85)
temos
S = e 294 (1.86)
com @ dada pela Eq. (1.40). Pode-se também mostrar que
(G-d)P =53 (1.87)
pelo que obtemos
SL:coshg—@-&sinhg (1.88)

Esta expressao pode ser usada para verificar a Eq. para o caso das trans-
formacgoes de Lorentz finitas (ver Problema . Isto demonstra que a expressao
da Eq. é correta para transformagoes finitas. No Complemento as pro-
priedades de transformacao dos spinores sao usadas para calcular a precessao de
Thomas.

E f4cil verificar que Sk é unitaria enquanto Sy nao o é. E contudo possivel
demonstraifl] que

S = 408150 (1.89)

tanto para S como para Sy. Esta relacao é importante pois permite mostrar que
a corrente é um 4-vetor. Na notacao 4-dimensional a Eq. (1.46]) escreve-se

(@) = et (a)y "y (@) (1.90)

Vejamos entao como j* se transforma:

"= (@) ey (2)
= apl(2)ST Sy ()
=l (x)7"9°51 " Sy (x)

= el (2)y°S71"SY () (1.91)

4Basta recordar que [y°, 5] =0 e {7°,a} = 0.
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Se usarmos a Eq. (1.69) obtemos entao S™!v*S = a*,y" e portanto

j* = a",5" (1.92)

como seria de esperar para um 4-vetor. Na Eq. ((1.90]) aparece a combinacao 140,
Como veremos no seguimento, esta expressao aparece tantas vezes que é conveniente
definir um simbolo para ela

Y =9h (1.93)

que se designa por adjunto de Dirac. Uma propriedade importante do adjunto de
Dirac é a modo como se transforma numa mudanca de referencial. Obtemos

P(a’) = 1@ = ¥l (2)ST" = 919778190 = 4 (2)S7", (1.94)

onde se usou a Eq. (1.89) e 4°4° = 1.

1.4.3 Inversao no espaco

Embora mais tarde voltemos ao caso das simetrias discretas, (P,C' e T') ¢é 1util in-
troduzir aqui a inversao no espacgo ou Paridade. A inversao no espaco é uma trans-
formacao de Lorentz com det a = —1 dada pela matriz

a, = 1 (1.95)
-1

Queremos encontrar a matriz Sp que transforma os spinores e que deve satisfazer
a Eq. (L69), isto &,
SpiyHSp = at, ¥ (1.96)

Vemos facilmente que esta relagao é satisfeita para

P =Sp=e?y0 (1.97)

onde €*¥ é uma fase arbitraria.

1.4.4 Covariantes bilineares

Tal como qualquer matriz complexa 2 x 2 se pode exprimir em termos de 4 matrizes
linearmente independentes (por exemplo a matriz identidade mais as matrizes de
Pauli) assim qualquer matriz 4 x 4 se pode exprimir em termos de 16 matrizes 4 x 4
linearmente independentes. Para introduzir estas matrizes é conveniente definir a
seguinte matriz
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Vs = 1Y (1.98)
que na representagao de Dirac tem a forma
01
5= {1 0] (1.99)
Da definicao resultam as propriedades importantes
{7s,7"} =0 (1.100)
() =1, %=1 (1.101)
Estamos agora em posicao de definir as 16 matrizes 4 x 4
=1 (1.102)
I =9 (1.103)
i
ny =0, = 5[7#,%} (1.104)
I =% (1.105)
P =~ (1.106)

onde os simbolos S, V, T, A e P designam respetivamente: escalar, vetor, tensor,

pseudo vetor e pseudo-escalar e tém a ver com a maneira como os bilineares

wI%  a=SV,T,AeP (1.107)
se transformam para transformagoes de Lorentz. Por exemplo
P T (') = W (a sy ()
= ()5 Sy (x)
= det a a",(z)y57" () (1.108)
onde se usou o facto de [S,7v5] = 0 para transformagdes de Lorentz préprias e

{P,75} = 0 para a inversio no espaco. Isto mostra que 1 (x)v57,1(x) se transforma
como um vetor axial ou pseudo-vetor. De forma semelhante se podiam demonstrar

as propriedades de transformagao dos outros bilineares.
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E facil de mostrar (ver Problema [1.16) que as matrizes ['* satisfazem as pro-
priedades

o (I')?=41

e T =0 Va#S

v

o V=4 YV m=-20" 5 Y =497

o VYN =g = g + g i s (1.109)

1.4.5 Sistema de unidades naturais

Em fisica de particulas tratamos de grandezas a escala sub-atémica, para as quais
o sistema internacional (SI) nao é bem adaptado. Assim faz sentido escolher um
sistema de unidades mais adaptado a estas escalas, o chamado sistema de unidades
naturais. Neste sistema as unidades [Kg,m,s] s@o substituidos por [, ¢, GeV], onde
1 GeV = 10% eV = 1.602 x 1071° J, ¢ uma unidade de energia.

No sistema de unidades naturais é usual fazer uma simplificacao adicional, es-
colhendo i = ¢ = 1, complementado com ey = pp = 1 (notar que ¢ = 1 implica
€otto = 1). Assim s6 hd uma unidade independente, a energia. Por vezes, em vez da
energia usa-se também a distancia ou o tempo, sendo a conversao feita usando as
relagoes:

1 = ¢=2999792 x 10° ms™" — 1s=2.999792 x 10° m (1.110)
1 = hc=197.327 MeV.fermi — 1MeV ™! =197.327 x 107"° m(1.111)
1 = h=1.054571 x 107**Js — 1J.s =9.482529 x 10* (1.112)

Como exemplo, vamos escrever as varias unidades em termos da energia. Temos
sucessivamente

Im = 5.067730 x 10'2 MeV ™!

s = 1.520214 x 10*' MeV ! (1.113)
1Js 1Jsx1s
1Kg = = = 5.61 10% MeV .
g T o T3 5.613088 x 10%” MeV

Particularmente teis sao as relagoes:

1s! = 6.578023 x 10~** MeV
Ibarn = 107%* cm? = 2.568189 x 10> MeV 2
Ipb = =2568189 x 107*° MeV 2 (1.114)
1 MeV™? = 3.893794 x 10" pb
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1GeV™2 = 3.893794 x 10® pb
1eV™2 = 1.5202 x 10' Hz

Poderia parecer que ao fazer h = ¢ = 1 se perde informagao. No entanto é sempre
possivel voltar atras e re-introduzir estas constantes. Tomemos como exemplo a
seccao eficaz e~ + et — p~ 4+ p* em QED (isto é a baixas energias). No limite em
que se desprezam as massas o resultado é

4 2
o= Gev? (1.115)
s
onde s é o quadrado da energia no centro de massa e o« = 1/137.032 - - - | é a constante

de estrutura fina. Se quisermos voltar para o sistema SI, usamos o facto de que uma
seccao eficaz tem as dimensoes duma area. Entao

L? = (ML*T %) nPer
N2 AT (MLQTA)L? (LTA)“Y
=M P [ ARy A=Ay (1.116)

que tem como solugao, f = 2,7 = 2 e portanto a expressao correta, do ponto de

vista dimensional, seria
4 hZ 2 2
o= (1.117)
S

1.5 Spin e a equagao de Dirac

1.5.1 O operador de spin na equacao de Dirac

Em mecanica quantica uma observavel é conservada se comutar com o Hamiltoni-
ano do sistema. Por exemplo, em mecanica nao relativista o Hamiltoniano para a
particula livre (equagao de Schrédinger),

2

p
Hy=—
S 2m

(1.118)

comuta com o operador momento angular L = 7 X p’ e portanto o momento angular
é conservado. A questao que se poe agora ¢é saber o que acontece em mecanica
quantica relativista para o Hamiltoniano de Dirac,

Hp=@a-p+fm . (1.119)

Vamos calcular este comutador. Isto faz-se mais facilmente se usarmos as ex-
pressoes com indices em vez de vetores. Como se trata de indices do espaco vamos
usar os indices 7, j, k,.... Obtemos

[Hp, L'] = [o/p’, L] (1.120)
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porque no espaco de Dirac, L é proporcional & matriz identidade que comuta com
a matriz constante 3. Usando agora L' = ¢*™zkp™ obtemos sucessivamente,

[HD, Li} —=¢ikm [oszj, xkpm}
—ihm i [pj, Ik} o
= — ie*maFp™ = —i (@ x p)’ (1.121)
isto é, o momento angular nao comuta com o Hamiltoniano de Dirac,
[HD,E] — A x (1.122)

e nao é portanto uma quantidade conservada, mesmo para a particula livre.

Se pensarmos um pouco isto nao devia ser uma surpresa, pois do estudo do
atomo de hidrogénio em mecanica quantica nao relativista sabemos que o eletrao
tem spin e é o momento angular total que é conservado. Em mecanica quantica nao
relativista o operador de spin é dado por (h = 1),

- 1
S=-7. (1.123)
2
Como os spinores de Dirac tém quatro componentes, vamos generalizar este operador
para
S =

0 ¢

L s
5= E= {” 0] : (1.124)

e vamos ver quais as relacoes de comutacao deste operador com Hp. Como X é

diagonal comuta com a matriz também diagonalﬂ [, portanto temos s6 de ver as
relacoes de comutacao com as matrizes o'. Obtemos

o= 55 - [5 al e ]

ot 1

o oF -
—9; ik — 9,40k kK
2ie Lk 0] 2ie’" oy (1.125)
e portanto
[&-ﬁ, i} — 2@ X [ (1.126)
onde usdmos [0%, 0/] = 2ieko*. Usando os resultados das Eqs. (1.122) e (1.126))
podemos definir o momento angular total,
LS 1.
J=L—|—S:F><ﬁ—|—§§3 (1.127)

5Estamos a considerar a representacdo de Dirac, claro.
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que satisfaz,
[HD,f] ~0 (1.128)

e portanto o momento angular total é conservado. Usando a Eq. (1.124)) e as pro-
priedades das matrizes de Pauli podemos facilmente mostrar que

1 3
P=Iy? = 1.12
S 1 1 (1.129)

o que mostra que o eletrao tem s = 1/2.

1.5.2 O spin e o operador de Pauli-Lubanski

Introduzimos o spin na sec¢ao anterior duma forma muito intuitiva, procurando uma
extensao do conceito em mecanica quantica nao relativista. Vamos agora ver como
o spin aparece numa forma mais formal, em particular como se deve generalizar a
Eq. no formalismo da relatividade restrita.

Comecemos com o caso dum campo escalar. Entao numa transformacao de
Lorentz z/* = a*, ¥ um campo escalar é invariante, isto é

¢'(2') = o(z) (1.130)
que pode ainda ser escrita como
¢'(z) = pla™" ) . (1.131)

Consideremos agora uma rotagao em torno do eixo dos z. Usando uma notacao
matricial temos

20 1 0 .0 0 2 1 0 0 0] [2°
1 0 cose sine O 2l 0 1 ¢ ol |
2| = 0 —sine cose 0 217 1o Zc 1 ol |22 (1.132)
x3 0 0 0 3 0 0 O x3

onde a segunda forma é para rotacoes infinitesimais. Definindo € = €¢é, obtemos
para rotacoes infinitesimais
v’ = (2°,7 — €x I) (1.133)

ou ainda
oty = (2", 7+ Ex ) (1.134)

Obtemos portanto da Eq. (|1.131])

¢'(x) =p(a°, T+ €x T) ~ ¢(z) + € (Z x V)¢(x)
=(1+i€- L) ¢(x) (1.135)
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mostrando que L é o gerador das rotagoes no espaco tridimensional. Agora definimos
para as transformacoes de Lorentz infinitesimais uma relagao semelhantdf] usando
o caso de spinores (seria semelhante para qualquer campo)

V(z) = (1 - %J#yw“”) U(x) (1.136)

onde os operadores J,,, sao os geradores do grupo de Lorentz (ver Problema m
para uma descrigao dos grupos de Lorentz e Poincaré).

Mas noés vimos que numa transformagcao de coordenadas os spinores se transformam
de acordo com

P(af) = (1 - %%w’”) U(x) (1.137)

ou ainda
P(x) = (1 — ;LJW(JJ’“’) P(x? — wP,a”)
- (1 - iauyw’“’ + xuw“”&,) W() . (1.138)

Comparando a Eq. (1.138]) com a Eq. (|1.136)) e usando a antisimetria do tensor w"”,
obtemos entao,

1
T = (0,00 = 220,) + 5 - (1.139)

Esta relacao é a generalizacao da Eq. como se pode verificar tomando o caso
das rotagoes.

Para voltar ao problema de descrever o spin no formalismo quadrimensional da
relatividade restrita recordemos que o grupo de Poincaré tem dois invariantes, P? e
W? (ver Problema [L.26)), onde P? = P,P* e W? = W,W", com P, o operador do

momento linear e W, o chamado 4-vetor de Pauli-Lubanski, definido por

1 14 o
Wi = = 3o P (1.140)

Pode-se mostrar em geral que se P? tem valores préprios m? entao W? tem valores
préprios [10] (ver também o Complemento [1.5]),

W? = —m?s(s + 1) (1.141)

onde s é o spin (inteiro ou semi inteiro). No Complemento faz-se uma explicagao
mais aprofundada do significado de W), e da razao da Eq. (1.141)).

6Veja o Problema m para mostrar a compatibilidade das definigoes entre as Egs. (|1.136]) e

([T.135).
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Vejamos a forma de W, para a equacao de Dirac. Consideremos transformacoes
de Lorentz infinitesimais. Usando a Eq. (1.139) na definicao de W, obtemos

Z’ v o2
Wi = = Eupo0™?0 (1.142)

Calculando W? é f4cil de ver (Problema|l.28) que os valores préprios para a equagao
de Dirac sao

3
W? = —ZmQ (1.143)
o que confirma que s = % Voltaremos a este assunto depois de ter estudado as

solugoes de onda plana.

Notemos que da definigao de W, s6 a parte que tem que ver com o spin contribui,
ja que a parte que é a generalizagdo do momento angular orbital, i(z,0, — x,0,), se
anula devido a antisimetria do tensor €,,,,. Assim, para um campo escalar como
nao ha a parte do spin, isto é J,, = i(z,0, — x,0,) obtemos W, = 0, implicando
entao da Eq. que um campo escalar tem spin zero.

1.6 Solucoes para a particula livre

1.6.1 Ondas planas

Tomemos a equagao de Dirac para a particula livre

(1@ —m)Yp(z) =0 (1.144)
A Eq. (1.144]) admite como solugoes ondas planas

P(x) = w(p)e " (1.145)

desde que p,p* = m?. Isto implica que (p°)* = E? = p'- p+ m? e portanto temos
solucoes com energia positiva e negativa. Nas nossas convencoes fazemos p° = F =
V/|P1? + m? > 0 sempre, pelo que devemos ter

P (x) = w'(p)e TP (1.146)

onde €, = *+1 para solucoes de energia positiva e negativa, respetivamente, e o indice
r explicita as diferentes solucoes independentes, como veremos de seguida.

Para determinar w” (p) vamos considerar primeiro o caso da particula em repouso
e depois efetuaremos uma transformagao de Lorentz para obter w” (p). No referencial
préprio a equacao de Dirac reduz-se a

(i'yog — m) =0 (1.147)
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Usando a representacao de Dirac, Eq. (1.53]), é facil de ver que a equacéo se escreve

m(e,7° = 1) " =0 (1.148)
onde
Y’ = w"(0)e (1.149)
com
|+l r=1,2
& = {_1 r—34 (1.150)
e — - — —
1 0
w'(0) = v2m 8 o w?(0) = V2m (1) (1.151)
- 0 - - O -
o o
w?(0) = V2m (1) . wh(0) = V2m 8 (1.152)
0 1

Vemos portanto que » = 1,2 sao solugoes da energia positiva e r = 3,4 da
energia negativa. O fator v/2m da normalizacao foi introduzido por conveniéncia
como sera claro mais tarde (esta normalizagao é a nossa tinica diferenga em relagao
as convengoes de Bjorken e Drell [11]). Se usarmos o operador ¥:? = ¢!? vemos ainda
que w™(0) sdo funcdes proprias de X3 com valores proprios 1. Assim as solucdes
r = 1,2 descrevem o eletrao de Schrodinger-Pauli e as solucoes de energia negativa,
r = 3,4 serao interpretadas mais tarde.

Para obtermos as solugoes w’ (p) efetuamos entao uma transformagao de Lorentz
para um sistema que se mova com velocidade —V. Usando a Eq. e a Eq. (|1.88)
obtemos

w'(p) = e ¥ (0)

= [cosh %}1 — w - a@sinh %} w"(0)

_ w p-a r
= cosh 5 [1 + E—i—m} w"(0) (1.153)

onde se usou (notar que coshw = 7, sinhw = 7f),

7 w |7l
tanhw = |V| = tanh — = ——— . 1.154
anhw = |V| = — tan = i ( )

Se notarmos que
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a w"(0) = —=7°w"(0) = —&,7 w'(0) (1.155)

w'(0) = 7°7°w"(0) = &,7°w"(0) (1.156)

podemos finalmente escrever

hw/2
w' (p) = %(em + m)w"(0) (1.157)
onde
w E+m
h—= 1.1
oSty 2m (1.158)

Notar que o fator |/5- na Eq. (1.158) cancela com o v/2m em w"(0).

A forma explicita da Eq. (1.157)) permite mostrar as seguintes relagoes impor-
tantes (ver Problema [1.17))

p—em)w"(p) =0 W (p)(p —erm) =0 (1.159)
_”(ﬁ)w’(ﬁ) = 2m O,prg, (1.160)
Zgr (D) W5(P) = 2m Sap (1.161)
wt (e,p)w"” (6,P) = 2E 6,00 (1.162)

Para mostrar estas relagoes é conveniente ter uma forma explicita para w'(p) que
pode ser obtida a partir da Eq. (1.157)) e da relagao

POl = 4t (1.163)

que resulta da prépria definicao e da hermiticidade de @ e . Obtemos

(@) = w(0)(fy° + m) (1.164)

1
V2ZmVE +m

ou para W' (p)

1
VarVE T m

Convém notar que p)w"(p) é um escalar que na nossa normalizacao vale 2m
enquanto que w' (P)w"(p) = 2F se transforma como a componente temporal dum
4-vetor o que estd de acordo com a interpretacao de p = 1Tt como a densidade
de probabilidade. O facto que é W e ndo w' que intervém na relacdo de fecho,
Eq. 7 deve-se a nao unitariedade das transformacoes de Lorentz.

w' (p) =" (0)(erp + m)

ol

(1.165)
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Exemplo 1 Mostrar a relagio Eq. (1.161)).
Comecemos por notar que, usando as Egs. e (Eq. podemos

escrever

1 1

wa @YD) = o Em

(&r + M) o (€00 +m) gy wy, (0)W5 (0).  (1.166)

Calculando agora separadamente, parar = 1,2,

, 1 000
_ 0100 14+4°
wy, (0)wy (0) = 2m =2m ( > (1.167)
- S I
Oé/ﬁl
e portanto
S urme = g [0em (257 e
wg, (P)wg(p) = m m
— E+m 2 of
= (p+ m)aﬁ (1.168)
e parar = 3,4,
A 00 0 O
., 00 0 O 1—47°
> w, (0)w (0) = 2m 00 -1 0 = —2m< 5 ) (1.169)
r=3 o'B
00 0 -1 g
e portanto
DR R (pem) (S50 ()
a B - - -
— E+m 2 B
- _(_ﬁ—'—m)aﬁ
= (ﬁ—m)aﬁ (1.170)

Combinando Eq. com a Eq. (1.170) obtemos entao a Eq. (1.161]).

1.6.2 O spin das solucoes de onda plana
Consideremos agora as solugoes de onda plana. Entao

1

14 (o2 1
Wy - _Z‘gr Epvpo0 pp = _175[%17’/7] Er (1'171)

onde se usou a relagao

Euvap o = —2i O V5 = V5 [7;“ ")/1/:| (1172)
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No referencial préprio p* = (m,0,0,0) e portanto,

woo1.
wl=o0 —==Ye¢, (1.173)

m 2

onde % coincide com a definicoes das Egs. d1.81|) e (11.124|). Calculando W? é facil
de ver que os valores proprios para a equacao de Dirac sao

W? = —ZmZ (1.174)
o que confirma que s = %, tendo em conta a Eq. (|1.141). Se introduzirmos um
4-vetor para descrever o spin s* que Veriﬁcam sts, = —1 e p,s" = 0 o operador de
spin numa diregao arbitraria serd (ver Problema [1.27))

_W~s 1

2= s hbe (1.175)

Usando este operador e escolhendo s* = (0,0,0, 1) no referencial préprio é facil de
ver que w"(0) s@o os estados préprios com valor £1/2 segundo o eixo dos zz (+1/2
parar = 1,4 e —1/2 para r = 2,3). De facto, no referencial préprio temos

1 1 3 1 0 1 O 03
%75@57» = "3BT =75 [ 1 0] [_03 0
1
2
15 0 1
_ [ 279 ] - 2 (1.176)
0 —10'3 -1
2 2
1
2

E convencional introduzir aqui a seguinte notagao. Designamos por u(p, s) uma
solugao de energia positiva de momento p, e spin s*. Satisfaz as equacoes

(P —m)u(p,s) =0 (1.177)

5.5 u(p,s) = u(p, s) (1.178)

onde a Eq. (1.178)) é no referencial proprio. De modo semelhante designamos por
v(p, s) uma solugao de energia negativa que satisfaz

(p+m)v(p,s) =0 (1.179)

"Basta ver que no referencial préprio s# = (0, 5) e p* = (m, 6)
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e que no referencial préprio tem spin —§, isto é

S-50(p,s) = —v(p,s)

Com estas definigoes temos

w'(p) = ulp,s:)
W) = ulp,—s)
w'(p) = v(p,—s.)
w'(p) = v(p,s.)
onde s# é um 4-vetor que no referencial préprio toma a forma

st =(0,0,0,1)

E facil de verificar que as expressdes explicitas para u(p, s) e v(p,s) sdo

u(p,s) =vE+m

x(s) ]
ZZx(s)

gp
—x(—s)
vip,s) =VE+m |

X(—=s)
onde x(s) é um spinor de Pauli. Por exemplo

- oA

E+m

35 Pz
X() ~ T

o) =vVE+m | —VE+m| " =uw'p)
x() 0

L 1 -

onde p_ = p, — ip,.

1.6.3 Projetores de energia-momento e spin

A partir da equacao de Dirac

(p—m) u(p,s) =0, (P+m)uv(p,s)=0

é facil de ver que

(1.180)

(1.181)
(1.182)
(1.183)

(1.184)

(1.185)

(1.186)

(1.187)

(1.188)

(1.189)
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tp+m
At = 1.190
== (1.190)
sao projetores para as solucoes de energia positiva e negativa, respetivamente. Sat-

isfazem as relagoes

A2 = A,
A+ + A, = 1

Para o spin apliquemos a Eq. (1.175]) aos spinor u(p, p) e v(p,s). Obtemos

W .s
m

u(p) = G ulps) = 5ref ulors)

Wp) =~ o) = 358 0(p, ) (1.192)

onde se usou a Eq. (1.189). Atendendo a que (73£)(756) = 1 ¢é facil de ver que o
projetor de spin devera ser

P(s) = HT%’é (1.193)

Podemos verificar que P%(s) = P(s), P(s)P(—s) = 0 e P(s) + P(—s) = 1. E ainda
facil de ver que no referencial em que a particula esta em repouso temos

L= yf: _ 149577

P(—s,) =
0000
1 — %340 0100
T2 0010 (1.194)
0000
pelo que
0000
1 — %340 0100
. 3 3 3
P(—s,)w>(0) 5w (0) 00 1 olv (0) (1.195)
0000
= w’(0) (1.196)

Isto justifica a identificacao de w?(p) com v(p, —s.).
Os projetores AL(p) e P(+£s) desempenham um papel muito importante em
desenvolver meios de calculo eficazes sem recurso as formas explicitas dos spinores.
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1.6.4 Grupos de onda

Como a equagao de Dirac é linear, solucoes localizadas da equagao podem ser obtidas
como sobreposicao das solugoes de onda plana. Vamos estudar estas sobreposicoes.

Comecemos por formar um grupo de onda com solugoes de energia positiva,
somente. Entao

9 (z) = /dgp 1 Zb (1.197)
o1)3 2F P 5)UAP; '

onde os fatores foram escolhidos para tornarem a normalizagao simples. Obtemos

[t = [ o5 p (1) 3 8 00 (.
_ /dp3222| s (1.198)

onde se usaram as condigoes de normalizagao, Eq. (1.162)). Notar que com a nossa

3, . )
escolha o fator % ¢é invariante de Lorentz.

Podemos agora calcular a densidade de corrente associada a este grupo de onda

d® 1)\? o o
- /(27rp3 (ﬁ) > 0 (. s)b(p, s)yulp, ') Fulp,s)  (1.199)

Para prosseguir convém introduzir a decomposigao de Gordon (ver Problema |1.20)

1 o
Uy (p1, 51)7 uz(p2, s2) = ﬁﬂl(pl) [(pl + po)* + ic" (p1 —pg)y] us(p2)  (1.200)
Entao
u(p, s')ju(p, s) = 20 05y (1.201)
e portanto

!

d’p 1 p 2
A = L]

= < => (1.202)

==y
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onde a Eq. (1.202]) resulta da Eq. (|1 . Mas < £ > é a velocidade de grupo pelo

que obtemos o resultado familiar em mecanica quantlca nao relativista. Ha contudo

uma inconsisténcia em considerar unicamente as solucoes de energia positiva. Por

exemplo, se localizarmos um eletrao em ¢ = 0, entao com o decorrer do tempo sao

necessarias as solugoes de energia negativa para o descrever (ver Problema . O

conjunto completo de solugoes inclui as solugoes de energia positiva e negativa.
Seja entao

Y(z) = / (;lﬂ_];:g % Z [b@, s)u(p, s)e”P* + d*(p, s)v(p, s)eim] (1.203)

Um célculo simples da para a probabilidade

[ #vto - /dp321,E b, 9P +1d(p )] =1 (1.20)

€ para a corrente

= et = [ {Z [0 )1 + 1o, 9)2] 2

s

+i Y b (B, 8)d" (p, ) u(p, ') o v (p, 5)

—sz P, 8)d(p, s)e *F(p, s)o™u(p, )} (1.205)

onde p = (p°, —p). Vemos que para além do termo da velocidade de grupo hé termos
cruzados entre as solugoes de energia positiva e negativa que oscilam rapidamente
com frequéncias > 2 x 10%! Hzﬂ Estas oscilacoes sao proporcionais as amplitudes
das solugoes de energia negativa no grupo de ondas. Serao importantes se estas
amplitudes forem grandes. Do Problema pode-se ver que isso é verdade se
quisermos ter eletrées localizados em dimensoes da ordem do seu comprimento de
Compton A\, = + ~ 4 x 107 em. Isto quer dizer que a interpretacdo em termos
de funcoes de onda comeca a ter problemas quando queremos descrever fenomenos
a esta escala (ver Problema [1.34).

1.7 Antiparticulas

Apesar de todos os sucessos da equacao de Dirac descritas anteriormente o problema
das solugoes com energia negativa continua por resolver. Este problema nao é um

8Temos w = 2F > 2m ~ 1 MeV = 1.5 x 102! g1,
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problema académico, pois é preciso explicar porque é que os eletroes nos atomos nao
efetuam transicao para estados de energia negativa. Por exemplo um calculo simples
da para o eletrao, no estado fundamental do hidrogénio, uma taxa de transicao de
10® s7! para decair no intervalo [—mc?, —2mc?]

1.7.1 A teoria dos buracos de Dirac.

Foi Dirac quem primeiro forneceu um tratamento consistente das solugoes de energia
negativa. O argumento de Dirac s6 funciona para fermioes pois faz uso do Principio
de Fxclusao de Pauli. Assim para Dirac o vdcuo da teoria é constituido por todos os
estados de energia negativa preenchidas. Devido ao principio de exclusao de Pauli
um eletrao com energia £ > 0 nao pode entao efetuar uma transicao para um estado
de energia negativa, explicando a estabilidade dos atomos. Claro que o vacuo tem
energia e momento infinitos mas fisicamente sé6 medimos diferencas em relacao ao
vacuo e essas serao finitas.

A principal consequéncia desta interpretacao é a existéncia de antiparticulas,
neste caso o positrao. Consideremos que o vacuo tem uma lacuna ou buraco. Isto
quer dizer a auséncia dum eletrdo de energia —F e carga —|e|. Mas isto pode ser
igualmente interpretado como presenga duma particula de carga +|e| a energia pos-
itiva +F, isto é, o positrao. Assim a producao dum par eletrao-positrao é explicada
esquematicamente na Figura[l.1

v—e et e"et —
EA : EA : EA :
me - —e—— Me - A— Y Me Y
vl T

—Me | —e—o—o— —Me [ —O—e—o— —Me | —O0——o—

——o—o— ——o—o— ——o—o—

———e— ———o— —————

——o—o— ——o—o— ——o—o—

———— ———o— —————

Figure 1.1: Esquema do mar de Dirac. Producao e aniquilagao de pares.

Isto é, um eletrao é excitado dum estado de energia negativa deixando atras de
si uma lacuna no mar de Dirac. Como esta lacuna corresponde a um positrao ficou
criado um par ete™. Igualmente a aniquilacao eletrao-positrao pode ser interpretada
como um eletrao com F > 0 que faz uma transicao para um estado com E < 0 que
estava livre (positrao ) desaparecendo portanto o eletrdao e o positrao, conforme
indicado na Figura

Com a teoria dos buracos abandonamos a interpretacao em termos de funcoes
de onda de uma particula para passar a ser uma explicacao em termo de muitas
particulas. Sé o formalismo da segunda quantificagao, com os seus operadores de
criacao e destruicao permitira fazer uma descricao consistente desta teoria de muitas
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particulas. Essa explicacao, como veremos, também se aplicard aos bosoes, o que a
este nivel nao é possivel de explicar por nao satisfazerem ao principio de exclusao
de Pauli. Contudo a interpretacao de Dirac teve um papel determinante no desen-
volvimento da teoria e a descoberta experimental das antiparticulas foi um grande
Sucesso.

1.7.2 A interpretacao de Feynman-Stiickelberg

A interpretacao moderna das solugoes de energia negativa foi desenvolvida por
Stiickelberg e Feynman no contexto de teoria quantica dos campos. As particulas de
energia negativa (E < 0) sao interpretadas como particulas de energia negativa que
se propagam para tras no tempo. Estas particulas de energia negativa correspondem
a antiparticulas de energia positiva que se propagam para o futuro. A dependéncia
no tempo das funcoes de onda nao vira alterada por esta dupla transformacao,
E— —Fet— —t, isto é

e 1Bl = ¢mi=B)(=Y (1.206)

Para ilustrar esta ideia consideremos os diagrama da Figll.2l No diagrama da es-

e (E>0) e (E>0)

e (E<0) et (E > 0)

Figure 1.2: Equivaléncia entre eletroes de energia negativa e positroes de energia
positiva.

querda um eletrao de energia E emite um fotao de energia 2F e para conservar
energia um eletrao de energia —FE. Sendo uma solugao de energia negativa propaga-
se para tras no tempo. Na interpretacao de Feynman-Stiickelberg, no diagrama da
direita, um positrao de energia E > 0 aniquila-se com um eletrao de energia £ > 0
para produzir um fotao de energia 2F. Nesta interpretacao tanto a particula como
a antiparticula se propagam para o futuro. Notar no entanto que nos diagramas de
Feynman as antiparticulas sao desenhadas com a seta para trés no tempo, como no
diagrama do lado esquerdo. Voltaremos a esta questao no proximo capitulo.

1.7.3 Operadores e os spinores das antiparticulas

H&a um detalhe subtil, mas importante, quando descrevemos as antiparticulas por
spinores v(p) em termos dos momentos fisicos, isto é,

) = v(E,p)e' ) (1.207)
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onde E e p'sdo a energia e momento reais do positrao (antiparticula). A aplicac¢do
dos operadores de energia e momento dao

.0 , = .
Hy = za—f = —E, fopth = —iV1h = —pi) (1.208)
O sinal menos provém do facto que os spinores v nao deixam de ser os estados de
energia negativa das solugoes da equagao de Dirac. Isto quer dizer que os operadores

que dao a energia e momento fisicos nos spinores v sao
HY = —i=, p9 =4V (1.209)

Uma consequéncia desta substituigdo (E,p) — (—E, —p) é que o momento angular
também muda de sinal,
L=7Fxp——L (1.210)
Para que o comutador [Hp, L+ 5’] seja nulo mantendo-se a conservagao do momento
angular total, entao o operador de spin nos spinores v também tem de inverter o
sinal,
S — g (1.211)

Em termos da explicacao de Dirac, isto significa que a auséncia dum eletrao de
energia negativa e spin up é equivalente a um positrao com energia positiva e spin
down. Este mesmo resultado levou a identificacao da Eq. (ver também as
Egs. (1.173) e (1.188) ).

1.7.4 Conjugacao de carga

Da teoria dos buracos emerge assim numa nova simetria de natureza: para cada
particula existe uma antiparticula. Esta simetria designa-se por conjugacao de carga.
Vejamos como a podemos definir. Para isso temos de definir a interacao entre
eletroes, positroes e fotoes. Como veremos na seccao [1.10, a interacao é definida
pela chamada prescricao minima em que,

Pt — AN = 0" — i — g A" (1.212)

onde usamos ¢, para o eletrao (ver convencoes na Eq. (1.324)). De acordo com a
teoria dos buracos devemos ter uma correspondéncia univoca entre as solugoes de
energia negativa da equacao de Dirac para os eletroes

(1) — geA—m)Y =0 (1.213)

e as solugoes de energia positiva da equacao de Dirac para os positroes,

(i@ + geA—m)pe = 0 (1.214)
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onde 1. é a funcao de onda para o positrao. Para encontrar a relacao observemos
que o sinal relativo entre i@ e g.Aé o contrario nas duas equagoes. Isso leva-nos a
considerar o complexo conjugado da Eq. (1.213]). Obtemos

(—iv" O — g™ Ay —m)Y* =0 (1.215)
Usando agora y"T)* = ET e YTy AT — 4T obtemos

[~ (+i0, + qeA,) —m] &' =0 (1.216)

Se encontrarmos uma matriz C', nao singular, tal que
CA*TO~t = —4# (1.217)
podemos entao identificar (a menos duma fase que tomamos igual a 1)

Ye=CP (1.218)

Que existe uma matriz C verificando a Eq. (1.217]) pode ser demonstrado construindo
um exemplo especifico. Na representacao de Dirac é

C=iv*y'=-C'l=-0"=-0" (1.219)
ou mais explicitamente
0 0 0 -1
- 0 —toy) (O O 1 O
¢= (-iO’g 0 ) 10 =10 0 (1.220)
1 0 0 0

E instrutivo ver como é que a Eq. (1.218]) relaciona as solucoes de energia negativa
com as fungoes de onda do positrao. Consideremos um eletrao de energia negativa
em repouso com spin para baixo. Entao

0
=N 8 et (1.221)
1

1
Y. =N 8 e imt (1.222)

e}

isto ¢, um positrao de energia positiva e spin para cima. Portanto a auséncia dum
eletrao de spin | e energia negativa corresponde a presen¢a dum positrao de energia
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positiva e spin 1. Foi este facto que nos levou a identificar v (p,1) com w? (p) e
v (p, ) com w’ (p).

Consideremos agora uma funcao de onda com spin e momento arbitrarios, .
Entao (recordar que e = +1 para os estados de energia positiva (negativa), respeti-
vamente),

2m

. <szb+m> (1 +2'ysf>‘) W (1.223)

Ye = CP =A%
o Em\ (1T L
- o () (R e
_ spT—'—m 1_75féT 0, /%
- () ()

(—515 + m) (1 +275;é> W (1.224)

2m

onde se usou [C, 5] = 0 e 7§ = 5 = 2. Vemos que 1, é descrito pelos mesmos p*
e s mas o sinal da energia mudou. Notar que embora s* seja 0 mesmo, o spin é
invertido como vimos na Eq. . Isto deve-se ao facto de o projetor de spin no
referencial proprio ter a forma HVTOE‘? e a mudanca de sinal vem da matriz 4°. Em
termos de spinores para a particula livre temos

v(p,s) = PIu(p,s)

ulp,s) = €/Pe(p,s) (1.225)

o que mostra que, a parte duma fase, u(p, s) e v(p, s) sdo spinores conjugadas de
carga.

A conjugacao de carga, forma conjuntamente com a paridade e a inversao no
tempo, um conjunto de simetrias discretas muito importantes para a caracterizagao
das particulas e suas interacoes. Para um estudo mais aprofundado em teoria
quantica dos campos ver [12].
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1.8 Spin e helicidade

Para particulas no referencial préprio, os spinores u((E,G),s) e v((E,@),s), sa0
estados proprios do operador S,

1 0 0 0
10 =10 0
=510 0 1 o (1.226)
0 0 0 —1

Isto deixa de ser verdade quando p  # 0. No entanto, para o caso particular do
momento linear ser segundo o eixo dos z, essa situacao ainda se mantém. De facto
se p = £|ples, obtemos das Eqgs. (1.186]) e (1.187),

1 0 0 /iR
E+m
0 1 Flol 0
UT:N +|5] ,U¢:N 0 ,’UT:N E6m ,UizN 1 R (1227)
E+m
0 =0 1 0
e obtemos
— 1 —
Saup(E, £[ple:) = + jur(E, £[ple:)
. 1 .
S.u (B, £|ple,) = — §u¢(E,i\ﬁ\ez)
— — 1 —
Sg”)vT(E, +|ple.) = — S,vr(E, £|ple€,) = +§UT(E, +[ple.)
1
SWhy (B, £|ple.) = — S.u (B, £|ple.) = — 5B, #ple). (1.228)

Portanto para uma particula com momento p'= (0,0, £|p]) os spinores uy, v4 corre-
spondem a spin up e os spinores u, v, a spin down, conforme indicado na Fig. [1.3]

—_ —> ——> —> «— — —— —
us uy s vy up uy (% v
>, 'Z

Figure 1.3: Spinores e spins para movimento segundo =+¢€,.

1.8.1 Helicidade

As propriedades dos spinores para movimento segundo o eixo dos z descritas acima
nao sao particularmente 1teis nas aplicagoes, pois nem as particulas resultantes das
colisoes vao segundo o eixo dos z, nem as solucoes anteriores fornecem uma base
em que expandir os estados pois [Hp, S,] # 0, e portanto nao é possivel definir uma
base simultanea de Hp e S..
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A base mais conveniente leva-nos ao conceito de helicidade. A helicidade é
definida como a projecao do spin na direcao do movimento, isto é
S.p
h p— p p—
F2

Sp
L (1.229)
Iz

7

DN | —

E f4cil de mostrar que [H D e ﬁ} = 0 (ver Problema|l.23)), e que portanto h comuta

com o Hamiltoniano livre de Dirac. Como o spin medido segundo qualquer eixo esta

quantizado e s6 pode tomar os valores j:%, os valores proprios da helicidade sao

, 1 . _ 1
também +3. Designamos estes estados por T ou RH para h = +3 e | ou LR para

h = —%, conforme indicado na Fig. . Notar que o conceito de helicidade nao é

Figure 1.4: Estados préprios da helicidade para spin 1/2.

invariante de Lorentz pois, para particulas com massa, é sempre possivel ir para um
referencial onde se muda o sentido do momento. Ja o conceito de quiralidade que,
como veremos, estd relacionado é invariante de Lorentz. Preferimos a notacao 1, ,
para nao confundir com os estados proprios da quiralidade que veremos depois.

1.8.2 Spinores de helicidade

Para as aplicacoes é 1til ter uma representagao explicita dos spinores de helicidade.
Comecemos pelos spinores u para as solugoes de energia positiva. Queremos resolver
a equacao aos valores proprios,

hu=Au. (1.230)

Podemos escrever esta equacao na forma
1 [¢-p
Lo O pjua) oy jual (1.231)
2pl | 0 o-p] |uB Uup

(G- Plua = 2|p|Aua, (G- plup = 2|p| ugp. (1.232)

Usando agora (7 - p)? = |p]?, obtemos,

donde resulta

|p1Pua = 2|pIN(G - P)ua = 4|plPusr?, (1.233)
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donde resulta A = +1/2 como era de esperar. Vamos agora encontrar os vetores
préprios correspondentes a estes valores proprios. Basta encontrar u4 pois usando
a equacao de Dirac, (p — m)u = 0 obtemos,

(- plua = (E+m)ug, (1.234)
e usando agora a Eq. (|1.232) obtemos
17l
=2\ ) 1.235
up = 22 g ua (1.235)
Para encontrar u 4 escrevemos
p=|p|n, @ = (sinfcose,sinfsin@,cosh), (1.236)

e entao encontrar os valores proprios da Eq. (1.232]), é equivalente a encontrar os

valores proprios de
cos 6

o-n=| .
sin fet®

Este é um problema bem conhecido do spin em mecanica quantica nao relativista
0
coS (2

com o resultado,
) —sin (3)
A= sin (£) e war = cos (4) e ’

onde os vetores estao normalizados e escolhemos as fases globais de tal forma que no
limite # — 0 recuperamos os resultados da Eq. (1.227)). Pondo tudo junto obtemos
para os spinores 1,

(@) ] '
sin (%) €'

:\/m 1Al COS(Q) , Uy

E+m
| B SID (2) Zd)

_l
Os estados préoprios de v obtém-se de forma idéntica, nao esquecendo que S =
—S, e portanto

sin Qe
. (1.237)

—cosf

(1.238)

—sin (g) i
_ B cos( ) i
= ViEtm 7

T sin (5)

_E‘—Zzlm cos (2) Zd)

(1.239)

Sop 1
O resultado final é
[ g sin () o cos (§) ]
L g (2) i L gip (2) 9
_ \/m E+m (92) 7 _ \/m E+m (92) (1241)
—sin (5) cos (—)
cos (g) et sin (2) i

Quando estudarmos as colisoes em QED, voltaremos a este assunto e mostraremos
a sua utilidade nas aplicacoes.
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1.9 Particulas de spin 1/2 sem massa

Na nossa descricao que fizemos da equacao de Dirac consideramos sempre o caso
de fermides com massa. Existem contudo na natureza particulas de spin 1/2 com
uma massa muito pequena, os neutrinos. De facto, as suas massas sao inferiores a
1 eV e em muitas aplicacoes ¢ uma muito boa aproximacao considera-los sem massa.
Além disso, a massa do eletrao é m, = 0.511 MeV o que é muito inferior as energias
tipicas das colisoes nos aceleradores hoje em dia em operagao. Assim deverd ser em
muito casos, também uma boa aproximacao desprezar a massa do eletrao. Por esta
razao é importante estudar o caso sem massa.

1.9.1 Descricao em termos de 2-spinores: Equacao de Weyl

Para o caso de massa nula, a equacao de Dirac escreve-se

o o
iy = i Vi (1.242)

Vemos assim que a matriz [ desaparece do problema. Isto tem uma consequéncia
importante sobre a dimensao minima do espaco dos spinores. De facto a algebra

‘el + ool = 269 (1.243)

pode ser verificada por matrizes 2 X 2, por exemplo, as matrizes de Pauli. Existem
duas escolhas possiveis

d = +5 (1.244)

Para ver a que correspondem, consideremos solucoes da Eq. (1.242)) por ondas planas,
isto é

¥ = x(p,s)e” " (1.245)
Obtemos entao da Eq. ((1.242)

+3 - px(p, s) = Ex(p, s) (1.246)

onde os sinais £ correspondem aos sinais da Eq. ([1.244)).
Consideremos primeiro o caso o = 4+¢. Na representacao usual para as matrizes
de Pauli e tomando o eixo positivo dos zz segundo p a solugao da Eq. ((1.246)) é

X(p,+) = { (1] ] (1.247)

e obtemos (| ' |= E),



1.9. Particulas de spin 1/2 sem massa 39

a.p

WX( ,+) =+x(p,+) (1.248)
Vemos assim que esta solucao corresponde a particulas sem massa com helicidade
positiv] (polarizagao circular direita). Se escolhermos @ = —& temos

0
X =) =1 (1.249)

e

a.p

Esta solucao corresponde a helicidade negativa (polarizacao circular esquerda). Os
neutrinos observados na Natureza correspondem a esta segunda escolha.

1.9.2 Descricao em termos de 4-spinores

Embora a descricao em termos de spinores a 2 componentes seja suficiente para
fermioes sem massalﬂ em muitas aplicagoes é conveniente uma descricao em termos
de spinores de 4 componentes. Para se estudar melhor a relagao entre os spinores a
2 e 4 componentes é conveniente escolher a representacdo quiral para as matrizes :

R ) BT R B

Se escrevermos

| x(+)
b = { ) } (1.252)
obtemos
9 -
igX(+) = —id - Vx(+) —mx(-)
o) = i ()~ mx(H) (1.253)

Vemos que as duas equacoes estao acopladas pelo termo da massa. No limite
em que m — 0 as duas equacoes desacoplam, dando origem a equacao de Weyl,
Eq. (1.242)), para os dois casos @ = +&. Notemos ainda que

90 operador ZF ¢ definido como a helicidade. Os seus valores proprios sao +1.
0A Eq. (1.242) foi discutida para particulas sem massa por Weyl.
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Vh(£) = U () (1.254)
onde
v =X o= (1.255)

mostrando que a quiralidade iguala a helicidade (é oposta para solugbes de energia
negativa).

1.9.3 Relacao entre quiralidade e helicidade com m = 0

Vamos ver em mais detalhe a relacao entre quiralidade e helicidade, mas usando
agora a representacao de Dirac. Nesta representacao

01 171 1 1 1 -1

Consideremos agora os spinores de helicidade, Eqs. (1.239) e (1.241]), no limite
m — 0. Obtemos

coS (g) —sin (g) i
sin (£) e? cos (£) e
w = VE (2)9 Ju, =VE _(29 : (1.257)
cos (5) sin (5)
sin (£) e’ —cos (%) €'
) [ sin() ] [ cos (%) T
2 2
—cos (&) e sin (4) €'
vy =VE v | v =VE o |- (1.258)
— Sin (5) COS (5)
cos (g) e'? sin (g) e’
Usando as Egs. ((1.256)), (1.257)) e (1.258) podemos mostrar facilmente que
PRUTZUT ; PLUT:O X PRuizO ) PLU¢ZU¢ (1259)
PRUT =0 : PL/UT =v PRUlf =v PLUJ, =0 (1260)
o que pode ser resumido na forma seguinte
Particula = Helicidade = Quiralidade (1.261)

Antiparticula = Helicidade = — Quiralidade (1.262)
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1.9.4 Relagao entre quiralidade e helicidade com m # 0

Consideremos agora o caso com m # (0 mas m < F. Entao podemos escrever,

c
set®
w=N| (1.263)

nse'®

onde para simplificar definimos

c:cos(g>,5:sin<g),n: 7! , N=vVE+m (1.264)

2 E+m

Obtemos entao

c c
1 se| 1 E+m se'®
Prur = =(14+n)N SET) VE (1.265)
2 ¢ 2 E ¢
se'® se'®
—_——
UR
e
c c
1 se'? 1 E+m se'®
Ppuy = (1 —n)N = ~(1—1n) VE (1.266)
2 —c 2 E —c
—se' _ g6l
—_———
ur,
onde up 1, sao estados proprios da quiralidade, satisfazendo
VsUR = UR , V5UL = —UL (1.267)

Podemos portanto escrever os spinores de helicidade em termos dos estados proprios
de quiralidade,

U = (PR + PL)UT (1268)

E+m +1(1 ) E+m
u — —_
g URTUETT E

=:%(1%—n) ug (1.269)

Se m < E temos que
n—1 = wu —ug (1.270)

De forma semelhante se podia fazer a identificacao para os outros casos.
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1.10 Acoplamento eletromagnético

A interacao com o campo eletromagnético é obtida através da chamada prescricao
minima, que consiste na substituicao

p — p* — qAH (1.271)
para uma particula de carga ¢ (para o eletrao ¢. = —e < 0). Fazendo a transcrigao
quantica dos operadores temos

0y — 0, +iqA, . (1.272)

Esta relagao tem origem no formalismo Lagrangiano, tanto para a particula nao
relativista como em Teoria de Campo. Nos Complementos e fazemos uma
revisao deste assunto para esses casos.

A equagao de Dirac em interagao com o campo eletromagnético escreve-se por-
tanto

(i7"0y — g7 Ay — m) P(z) = 0 (1.273)

Voltando a forma inicial de Dirac, separando as derivadas em ordem ao tempo e ao
espaco obtemos a generalizacao da Eq. (|1.34)),

z%—f = [—z’&- (V — igeA) + Bm + ¢.A°| ¢
= (Ho+ H')y (1.274)
onde
) (1.275)
H =—qd A+ qA°

Notar a analogia de H' com a expressao classica para a energia de interacao

he = gl At eA” (1.276)
C

classica

o que indica a correspondéncia

Top = €@ . (1.277)

Esta correspondéncia é também clara da expressdo para a corrente (ver também
Problema |1.36)).
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1.11 Limite nao relativista da equacao de Dirac

1.11.1 Particula livre

Para vermos qual o limite nao relativista da equacao de Dirac comecemos pelo caso
da particula livre. Se definirmos

w:(?) (1.278)

X

onde Y e ¢ sao spinores de Pauli (2 componentes) e usarmos a representacao de

Dirac para @ e 8 obtemos o seguinte par de equacoes acopladas para os spinores x

e .

1% = —ig i+ mp
t

0x

) (1.279)
e = —i0 - V¢ —my

No limite nao relativista £ — m < m pelo que fazemos a substituicao

( i ) _ pimt ( i ) ‘ (1.280)

Substituindo a Eq. (1.280) na Eq. (1.279) obtemos

.&p R
I = —i0 - VX
ot (1.281)
19X = iz Vo — 2m
ot — ¥ X

Como y varia devagar com o tempo a segunda equacao € resolvida, aproximada-
mente por

Lo<y (1.282)
m

i =———p (1.283)

que é a equacao de Schrodinger para a particula livre. Assim, no limite nao rela-
tivista as grandes componentes ¢ obedecem a equagao nao relativista e as pequenas
componentes sao desprezadas. Notar que desprezar y corresponde também a de-
sprezar as solucoes de energia negativa. Dai o facto de elas nunca terem surgido em
mecanica quantica nao relativista.



44 Chapter 1. A Equagao Relativista para o Eletrao

1.11.2 Equacao de Pauli

Estamos agora interessados no acoplamento ao campo eletromagnético. Para isso
fazemos a substituicao da Eq. (1.271]) que se escreve mais explicitamente

iV — 7= —iV — ¢.A

1.284)
00 (
igr —igp %A
Entao com a separacao da Eq. (|1.278) obtemos em vez da Eq. (1.281))
z%? =7 -7+ A%
(1.285)

i%zﬁ-ﬁ¢+quox—2mX

onde se usou a Eq. (1.280]). Admitindo que os campos eletrostéticos sao fracos (isto
é q.A° < 2 m ou seja, 13.6 eV < 1 MeV) obtemos,

- =

X=——¢ (1.286)

2m
e portanto obtemos para as grandes componentes

Oy [(6-7)(F-7T) 0
5 = [ 5 + g A" | @ . (1.287)

Para vermos o significado desta equac¢ao notemos que (ver Problema [1.45])

G -7)G-7)=7 "—q0 B (1.288)

Entao

- B+ q,A° 1.289
i 0 -B+qA"| ¢ ( )

2m 2m

8_90 — [(ﬁ_ Qeg)Q de -

que é reconhecida como a equacao de Pauli para o eletrao. Pondo os fatores h e ¢
obtemos

qeh — = — =
H. = — -B=—i-B 1.2
mag cha i (1.290)
com
L qh ( e ) ho
_ — 99— )= 1.291
H 2mco 2me/ 2 ( )

o que mostra que o fator giromagnético é g = 2. O ser capaz de prever o valor correto
para g, foi um dos maiores sucessos da teoria de Dirac. Notar que na equacao nao
relativista de Pauli o fator g tinha sido obtido experimentalmente. De facto, como
veremos, QED permitird calcular correcoes a este resultado. Se definirmos
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9
a= gT (1.292)

a situacao atual é tao precisa [13|14] que se define

a" = af? = (115965218073 4 28) x 10~ (1.293)

e =
usando esta definicao para determinar a constante de estrutura fina. A situacgao
para o muao [15] apresenta alguma discrepancia ao nivel de 2. No entanto ainda

nao ¢ claro se é uma flutuagao estatistica, ou algo de novo. Os resultados sao
e

al’ = (116591841 £81) x 107" (1.294)
at™ = (116592080 + 58) x 10~ (1.295)

A comparacao entre a teoria e experiéncia pode ser observada na Fig. [1.5]

HMNT (e'e inclusive) +——s—FA

DEHZ (2'e” exclusive) ————i
DEHZ (1) —r—
BNL-E821 -

T [ A | I I T i AT SR T | ..il. i
1400 1500 1600 1700 1800 1900 2000 2100 2200
a,- 1168590000 (107

Figure 1.5: Comparacao entre a teoria e experiéncia para o momento magnético
anomalo do muao. Fonte: M. Davier and W. Marciano, Annu. Rev. Nucl. Part.
Sci. 2004. 54:115

Para o caso importante dum campo magnético uniforme, B=VxAed=
%B x 7, a Eq. (1.289) reduz-se a

890 _ p2 Qe 3 o >3

onde L=rxpesS = %6. Mais uma vez podemos ver o fator g = 2 para o spin do
eletrao.
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Complements

Complement 1.1 Definicao de grupo

Embora nao seja um tépico fundamental nesta disciplina introdutéria, facamos uma pe-
quena digressao sobre grupos apresentando a definicdo e dando um exemplo simples. Con-
sideremos um conjunto

C =A{a,b,c,...} (1.297)

e uma operacao que designamos por x. O conjunto C, dotado da operacao *, forma um
grupo se:

1. Para Va,b € C temos axb =c € C.
2. d1 € C tal que Va € C entao 1 xa=a*x1 = a.
3. VaeC,Jattalque a txa=axa t =1.

Em Fisica tém sobretudo importancia os grupos de transformacoes
continuas (ou grupos de Lie). Vamos dar como exemplo as rotagoes
no plano xy, isto é em torno do eixo dos z.

Consideremos a rotacao indicada na Figura. Podemos escrever

x cosf sinf x
<y’ >_< —sinf cos@) <y> (1.298)

ou, numa forma matricial,

¥ =a(0)z
Podemos facilmente verificar as propriedades

o JIdentidade:

e Inverso:

—(6) = a(—8) %< cos sme>(cose —sin9>:<(1) (1)> (1.300)

—sinf cosf sinf cos@

e Carécter comutativo:

a(91)a(02) = a(01 + 92) = a(Gg)a(Gl) (1.301)

A 1ltima propriedade indica que se trata dum grupo abeliano. Costuma designar-se por
0(2).

Complement 1.2 Equagoes de Maxwell na forma covariante

No final desta seccao sobre as bases da relatividade restrita é 1til revermos as equagoes

fundamentais do eletromagnetismo usando um formalismo quadridimensional. Consider-
amos 86 o caso do vazio. A quantidade fundamental é o potencial vetor. A regra é sempre
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que os 4-vetores contravariantes, isto é aqueles que se transformam como as coordenadas,
tém as dimensoes e os nomes da parte espacial. Assim definimos

-,

At = (2 A) (1.302)

SRRSS

Podemos facilmente verificar que a condi¢ao de gauge de Lorenz [4]

. )
V‘A-i-e()uo ¢

— = 1.
ot 0 (1.303)
se escreve nesta notacdo (notar que egup = 1/¢2),
B A" =0 . (1.304)

O outro 4-vetor importante é a corrente J* definida por

=

JH = (cp, J) (1.305)
satisfazendo a equacao da continuidade

op = -
8—5+V-J:0:8NJ“. (1.306)

Os campos eletromagnéticos fazem parte do chamado tensor de Mazwell definido por
F., = 0,4, —0,A, (1.307)

Usando as relagoes usuais [4] entre os potenciais e os campos E e B, obtemos numa
conveniente representacao matricial

0 —E,/¢c —Ey/c —E./c
E;/c 0 -B B
py x z Yy
F E,/e B. 0 B, (1.308)
E./c —By B, 0
ou ainda 1
FY = _—F FU=_ck Bk (1.309)
c

As equagoes de Maxwell ndo homogéneas (isto é com cargas e correntes) obtém-se a partir
da equagao
O F" = poJ"” (1.310)

As equagoes homogéneas sao uma consequéncia do tensor F),, ser anti-simétrico. De facto,
se definirmos o tensor dual (ver Problema [1.13])

1
Fi = e Fyp (1.311)

entao o facto do tensor de Maxwell ser anti-simétrico implica que

9, F™ =0 (1.312)



48 Chapter 1. A Equagao Relativista para o Eletrao

e esta equagao é equivalente as equagoes homogéneas, V- B=0eVxE+— =0. Este
resultado é conhecido por identidade de Bianchi. Finalmente podemos obter facilmente
as transformacoes dos campos numa mudancga de referencial. Devemos ter em geral

F'™ = g a” g FOP (1.313)

onde os coeficientes a*, estdao definidos na Eq. (1.9). Consideremos o caso particular
duma transformagao de Lorentz segundo o eixo do = dada pela Eq. (1.16|). Obtemos para
o campo elétrico,

E/i = —¢ F/Oi — —¢ aoaaig Faﬁ (1‘314)
pelo que
E/l - _¢ aOO all F(]l —c a()l alo FlO - ¢ 72(1 - ,82)F01 — ¢ FOl — El
E? = —cF%=—cdla% F2—ca a2 F1? =~ (E? — BcB?)
E? = —¢F®=—cad%a® F® —ca a3 F13 =4 (E3 + ﬁCBQ)
B/l — _F/23 — _a22 a33 F23 — Bl (1'315)
B/2 — F/13 — alo CL33 F03 + all CL33 F13 =~ (32 + fE3>
B® = _—F"— _glya? F®? _ql a2y F12 =~ <B3 B ﬁE2>
C

Estas relagoes podem ser reescritas numa forma mais compacta

/
1= E
E, = 7<E+c5><1§)L (1.316)
[§]
/ _
| = B
/ 5 1z -
B, = y(B-_AxE) . (1.317)
1

Finalmente escrevemos a equacgao covariante para a forca de Lorentz. Para isso é conve-
niente introduzir o 4-vetor velocidade [4], u*, definido por

u' = (yevBe), utu,=ct, pr=mut (1.318)

Para uma particula de carga ¢ movendo-se num campo eletromagnético, as equagoes rel-
ativistas sao

dp . . de .
@ _ (B *xB), & _eE.7 1.319
a1 ( v at ~ Y (1.319)
e podem ser reunidas numa sé equagao covariante,
dpt
Y 2 (1.320)

dr
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onde 7 = 1/~t é o tempo préprio da particula.
Complement 1.3 Tensores simétricos e anti-simétricos

Na Eq. , que conduziu as relacdes anteriores, simetrizdmos o produto a‘a?. Como
este tipo de situacdo val aparecer varias vezes, expliquemos um pouco mais. Tomemos
como exemplo o espago euclidiano a 3 dimensoes com métrica d;;, mas os resultados sao
independentes desta hipdtese. Seja Tj; um tensor de segunda ordem neste espaco (o
que quer dizer que se transforma como as coordenadas em cada um dos seus indices),
A;; = —Aj; um tensor anti-simétrico e S;; = S;; um tensor simétrico. Entao

Ai;Si; = A12S12+ A21821 + - -
= A12S12 — A12S12 4 - -
— 0 (1.321)

pois é sempre possivel rearranjar os termos para se cancelarem dois a dois. Dizemos
que a contracao dum tensor simétrico com um tensor anti-simétrico é sempre nula. Por
outro lado, um tensor sem simetria definida, pode ser sempre decomposto nas suas partes
simétrica e anti-simétrica, isto é,

1 1
Ty = 5@y +Tyi) + 5 (T — Ti)
= TS +Tj (1.322)
Entao obtemos facilmente
TjAy =T Ai; 5 TSy =T3S (1.323)

Complement 1.4 Precessao de Thomas

Podemos usar a forma explicita das transformagoes de Lorentz para os spinores para
discutir a precessao de Thomas que, como se sabe, corrige por um fator de 1/2 o termo do
acoplamento spin-Orbita. Recordemos o argumento da mecanica quantica nao relativista.
A interacao do spin S do eletrdao com um campo magnético érp, sentido no seu referencial
préprio é dada pOIE

—

- 4ed & B

eg = =

By, (1.325)

onde g é o famoso fator de Landé. Consideremos agora um atomo de hidrogénio num
campo exterior B. No referencial do laboratério (considerado como aquele em que o
protao estd em repouso), os campos eletromagnéticos sao entao (e é a carga do protao)

—

- e T
B, (campo exterior), FE =

p— (campo de Coulomb). (1.326)
TEo

1Como esta é a primeira ocasido em que aparece a carga do eletrdo, aproveitamos para fixar a
nossa notacao. Vamos designar sempre por ¢. a carga do eletrao e por, e > 0, a carga do protao.
Temos portanto,

ge=—€=Q.e<0, onde e>0,Q,=-1. (1.324)
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Considerando o referencial em que o eletrao se move com velocidade instantanea v como
sendo um referencial de inércia e usando as leis de transformacao para os campos eletro-
magnéticos no limite v < ¢, obtemos o campo no referencial préprio do eletrao,

S| = = e - e -
B,=B—- = UxE=B4+—-—<7x0=B+——-—+ L 1.327
P 2" + Admegc?rs v + dmegme?r3 ( )
0 que, depois de substituir na Eq. (1.325)), da
2

eg = = e‘q I
H=—S§B+—F—5-L 1.328
2m + 8megmZc?r3 ( )

O problema com esta equagao, como é bem conhecido [2}3], é que para explicar o efeito de
Zeeman devemos ter g = 2, enquanto que para explicar corretamente o desdobramento fino
o acoplamento spin-6rbita da Eq. ¢é o dobro do observado experimentalmente para
g = 2. Assim parecia que a explicacao correta do efeito de Zeeman estava em contradicao
com o desdobramento fino.

Em 1926 e 1927 L. H. Thomas [16,/17] identificou e resolveu o problema. A origem do
problema tem a ver com o facto do referencial proprio do eletrao nao ser um referencial
de inércia, pois o eletrao tem aceleracao. Isto faz com que o referencial préprio esteja
a ter um movimento de precessao, a chamada precessao de Thomas. Como veremos na
seccao XXsec:F'W, a equacao de Dirac prevé o acoplamento spin-érbita correto, mas pode-
mos usar as transformacoes de Lorentz para spinores para compreender o argumento de
Thomas. O efeito estd relacionado com o facto de que duas transformacoes de Lorentz em
direcoes diferentes serem equivalentes a uma rotagao e a uma transformacgao de Lorentz.
E esta rotagao no referencial préoprio do eletrao que causa a precessao de Thomas.

Seja |0) o spinor do eletrao no seu referencial préprio (isto é onde ¥ = 0). Se quisermos
representar o eletrao num referencial em que ele se move com velocidade 5 = ¥/c, devemos
ter,

1B) = Su(=3)10) (1.329)
onde Sy ( _’) é dada pela Eq. , isto é,
Sp(B) = cosh% —-4- d’sinh% (1.330)
com -
tanhw =8, [B= g (1.331)
No instante t + dt o eletrao tem velocidade E + 55 e portanto
|3+ 08) = Sp(~5 - 67 10) (1.332)

Se quisermos relacionar o estado em S+4§8 com o estado em 8 podemos escrever, invertendo

a Eq. (1.329),
5+ 08) = s1.(-5 - 58)s1.() | 5) (1.333)
Calculemos agora o produto das duas transformacoes de Lorentz da Eq. (1.333]). Definindo
tanhw' = |+ 63| ~ B+ 68 (1.334)
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onde no ultimo passo se desprezaram termos de ordem superior em 3, obtemos,

Si(—B —88)SL(B) = <co 5 + |gi g’ *sinh%

(cosh g - @sinh g) (1.335)
2 2
Usando agora as aproximagoes (desprezando termos de ordem superior em (55),

. 575_555
3 g

~ [+ 5

El Ql

B+5
15+

/

2
cosh% ~ cosh% + %B -0p sinh%

! 2

inh e ~sinh 2 + 1 3.53 o
sinh 5 _smh2 + 5 B -8 cosh 5 (1.336)
obtemos
2
Sp(=p—08)SL(B) = [cosh(;—i—éﬂ-éﬁ sinh%
58 B-o8 CLw Y S w
M he L 3. h
+<5+B ,Bﬁ> (sm2+2ﬁ 56cos2
Wy LW
(cosh 5 — B dsinh 5) (1.337)

O caso geral sera estudado no Problema Aqui basta considerar o caso particular em
que ¥ L 60 e em que v < ¢. Usando

Qi = 6ij + ifijkzk (1338)
obtemos,
Su(-B—o0)Su(B) = 1+ 8B 5 —ish T~ Sp(~&8) Sa(~&0) (1339
onde, para v < ¢
VLA B T (1.340)

A interpretagao é agora facil. Consideremos o estado ‘5 + KB > obtido no instante t + §t

por uma transformacao de Lorentz sem rotacao a partir de ‘/B >, isto é

]ﬁ + AB) = Su(-AB) |5) = Sp(29) |5+ 95) (1.341)

onde usamos a Eq. (| , isto é, o referencial obtido sem rotacdo no instante ¢ + 0t, onde
se devem aplicar as lels da evolugao do spin (ver a Eq. m em baixo) estd rodado dum
angulo Af em relacdo ao referencial que segue o eletrao no mesmo instante ¢ + dt. Isto
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que dizer que o referencial préprio do eletrao parece estar a precessar com uma velocidade

angular

X T
2c2

Para vermos como isto afeta o acoplamento spin-érbita recordemos que no referencial

préprio temos

Or = (1.342)

ds . ,
(dt> —jix By, H=—fi-By (1.343)
rp

com By, dado pela Eq. (1.327)). Pelo facto do referencial do eletrao precessar devemos ter

num referencial sem rotacao,
s s <~ =
sr rp

ds & eg = =
(dt> =S x (— By — QT> (1.345)
ST

ou seja

2m

0 que, comparando com a equacao para o Hamiltoniano, nos diz que o Hamiltoniano

correto deve ser ,
H=2§.B+_—"9 _§.7+5 .Gy (1.346)

- 2m 8megm2cr3

Para o eletrao no campo de Coulomb temos, na aproximacao v < ¢,

(&

pelo que
e? -
O = g reomric (1.348)

Substituindo na Eq. (1.346)) obtemos finalmente o Hamiltoniano correto

e*(g—1) g
8megm2c2r3

Tl

eg = =

H=—5 B 1.349
o + (1.349)

que substitui a Eq. (1.328]) e que explica corretamente o efeito de Zeeman e o acoplamento

spin Orbita.

Muitas vezes diz-se que o efeito da relatividade d4 um fator de 1/2 na taxa de precessao

do eletrao e isto parecia estranho na altura. Por exemplo Uhlenbeck escreveu:

...when I first heard about [the Thomas precession], it seemed unbelievable
that a relativistic effect could give a fator of 2 instead of something of order
v/c... Even the cognoscenti of relativity theory (Einstein included!) were
quite surprised.
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No entanto esta descri¢ao é um pouco enganadora ja que hé dois efeitos de ordem v/c que
se adicionam, como os calculos acima mostram. Voltaremos a esta questdo no Comple-

mento .8
Complement 1.5 Propriedades do operador de Pauli-Lubanski

Mostremos em maior detalhe algumas propriedades deste operador W,,. Comegamos por
definir os dois vetores

jE (J23,J31, J12) ’ K" = (JOI’JOQ’JOPI) (1350)

Entao das relagoes de comutagao do grupo de Lorentz (ver Problema[1.26)) podemos obter
as relagoes de comutacao para estes dois operadores vetoriais. Obtemos

[J%, 7] = ie'dk g* (1.351)
[K*, K7] = —ic'i% J* (1.352)
(K, J7] = i€ K* (1.353)

Estas relagoes que o operador J est4 associado com as rotacoes no espacgo a 3 dimensoes,
obedece & algebra do momento angular e portanto o seu quadrado J? deve ter os valores
préprios j(j + 1) (R = 1). O outro operador deve estar associado as transformacoes de
Lorentz propriamente ditas (boosts). A Eq. mostra que se transforma como um
vetor para rotacoes e a Eq. mostra que a diferenca entre duas transformacoes de
Lorentz é uma rotagao.

Voltando ao vetor de Pauli-Lubanski podemos escrever,

WO — _%GOijk J’Ljpk — %GOijk Jl]Pk

—_ J23P1 —|—J31P2+J12P3

= J.P (1.354)
€
) 1 wpo 05k 1 ijk0
w' = —5€ JvpPo = —€™" Joj P, — 3¢ JikPo
Oidk j0i pk %GOijk Jik po

_ (f? x 13)z + PO (1.355)

ou seja
W=J.P, W=P'J4+KxP (1.356)

Calculemos agora os valores préprios de W2, Para isso vamos para o referencial préprio
da particula de massa m, onde os valores proprios do operador P* devem ser

-,

P* = (m,0) (1.357)
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Obtemos para W,

wl=0, W=mJ (1.358)
e portanto
w2 = (WO —W.W
= —m?J? = —m?s(s+ 1) (1.359)

onde a ultima passagem resulta do facto de que no referencial préprio nao hd momento
angular orbital e portanto J deve ser identificado com o spin da particula. Como W? é um
invariante de Lorentz o resultado da Eq. deve ser verdade em todos os referenciais
de inércia.

Para demonstrar que W?2 é de facto um invariante de Casimir (ver Problema é
conveniente obter as relacoes seguintes

1
[Wua Pa] = _ig/wpcr [Jypa Pa] pPe
1 - DU . v\ po
= _§€NVPU (iP"gh —iPfgy) P
— 0 (1.360)
(]
[W}Lv Jaﬁ] =1 (guaWB - g,uBWa) . (1361)

A Eq. (1.361) mostra que W, se transforma como um 4-vetor.
Complement 1.6 Prescricao minima em fisica nao relativista

Consideremos uma particula, nao relativista, de massa m e carga ¢, em interagao com o
campo eletromagnético. O Lagrangiano para essa particula é

1 S
L= imUQ —qdp+qA-U (1.362)
Vejamos que isto é verdade. Obtemos facilmente (estamos no espago euclidiano a 3 di-
mensoes, pelo que nao fazemos distingdo entre a posi¢ao dos indices. Assim escrevemos
todos em baixo).

L .
05, mx; + qA; (1.363)
‘ oL
axi = —q8i¢> + qf)iij'j (1.364)
Obtemos entao i 6L 54
qion m; + T + q0;j Ai; (1.365)

Portanto a equacao de Euler-Lagrange

doL IL
dt axZ 8331 N

(1.366)
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da
.. 0A; . .
mi; + q0;p + QE +q ((93‘147;.%]' — @;Ajl‘j) =0 (1.367)
ou seja
.. 0A; .
mx; =q| —0;¢ — It +q (GzA] - ajAl) Tj (1.368)
Usando agora
0A;
E;, = —0;0 — 1.369
o (1.369)
e
€ikBr = €k €kmn OmAn
= (5im5jn - 5m5Jm) a77"L14n
= 0;A; — 0j4; (1.370)
obtemos finalmente
mZ; = qE; + q€;jp 1By (1.371)

ou numa notac¢ao mais familiar

dv - -
mZ =g (E 47 x B) (1.372)
dt
o que confirma que a Eq. (1.362) é de facto o Lagrangiano para a particula nao rela-
tivista num campo eletromagnético exterior. Como subproduto deste cdlculo vemos que o
momento canoénico, conjugado da variavel x; é

Pi = - = md; +qA; = " 4 q4; (1.373)
0;

)

0 que nos leva a regra da prescricado minima, pois,

e
—ihV = —ihV —gA
iho" = ihot — gAH
9, — @pﬂ%AM (1.374)

onde q ¢ a carga da particula. Isto justifica a Eq. (1.271]).
Complement 1.7 Lagrangianos em teoria do campo

Na passagem dum sistema com um numero finito de graus de liberdade para a situagao
em teoria do campo onde temos infinitos graus de liberdade é conveniente estabelecer o
seguinte diciondrio:
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Sistemas Finitos Teoria do Campo
graus liberdade

t Tt

q o(x)

] Ou9(x)
S = / dtL(q,q) | S = / d*zL(p,0,0)
d oL 0oL “ola oL _ % _0
dt 8(] 3q “8((3#@5) o

E facil de verificar que para o campo real de Klein-Gordon a seguinte densidade La-
grangiana

L=— #gb@“gb — —m?¢? (1.375)
reproduz a Eq. (1.29). Para o campo de Dirac temos que tratar o spinor e o seu adjunto

como graus de liberdade independentes (tal como acontece no campo escalar complexo,
ver Problema [1.19)). Assim é facil de ver que a seguinte densidade Lagrangiana

— Dy — i (1.376)

conduz a equacao de Dirac. De facto As equagoes de Euler-Lagrange sao, para o caso do
campo de Dirac,

oL oL _ . ., 0L 9L _
500 o0 =" Yo ov " (1.377)

Do Lagrangiano, Eq. (1.376]), obtemos

n

oL 8£
— =0, =iy"0 1.378
e portanto
(19"0p —m) v =0, (1.379)

como queriamos mostrar. A densidade Lagrangiana de Dirac tem uma propriedade notavel.
E invariante para as transformagoes

V' (x) = 9% () : @l(x) =) e M (1.380)

com « constante. Isto corresponde a redefinir a fase da funcao de onda, que certamente é
arbitraria. Contudo o facto de « ser constante apresenta um problema potencial. Como
é que eu sei que fase escolher para comparar experiéncias em dois laboratoérios difer-
entes? Seria melhor que a fase pudesse ser escolhida independentemente em qualquer
sitio. Matematicamente isto quer dizer que deviamos ter o = a(z). Contudo neste caso a
Eq. deixa de ser invariante devido ao termo da derivada. Contudo se modificarmos
a densidade Lagrangiana para

L = ipy*Dyp — myyp : D, = 9, +igA, (1.381)
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ela ¢é invariante para as transformacoes da Eq. (1.380) se
A; = A, — Oy (1.382)

Ora esta transformacao é ja nossa conhecida. Ela é a transformacgao de gauge do eletro-
magnetismo [4]. Esta transformagao deixa invariante o tensor de Maxwell, Eq. (1.307]),
pois

F/’W = F, — 0,0, + 0,00 = Fyy, (1.383)

Somos portanto conduzidos ao resultado que se generalizarmos a derivada para incluir o
campo eletromagnético mantemos a densidade Lagrangiana invariante para transformagoes
de gauge locais. Temos que completar adicionando o termo de Maxwell ao Lagrangiano.
Somos assim conduzidos & densidade Lagrangiana de QED que é

L = ipy*Dyyp — mapnp — iFWF‘“’ (1.384)

Vemos assim que a prescricao minima da Eq. (|1.272)) corresponde a definicao da derivada
covariante da Eq. (|1.381)). Por outro lado a densidade Lagrangiana de interacao, isto é,
com mais de dois campos, é

Lint = —qePV" YA, = ey A, = —JH A, (1.385)

onde se definiu

Thn = qepb = —epytep (1.386)

Ora da fisica cldssica sabe-se que a interacao ¢ precisamente dada por —J#A,. A inter-
pretacao de J4, como a densidade de corrente elétrica também ¢é intuitiva pois é o produto
de carga pela corrente de probabilidade.

Complement 1.8 A equacao BMT para o spin

Vamos voltar a equacao para a evolugao no tempo do spin e obter uma equacao covariante.
Essa equacao permitird compreender como é que é possivel medir com tanta precisao o
momento magnético anémalo do eletrao e do muao. No referencial proprio a equagao de

movimento para o spin é (ver Eq. ((1.343))

Lg:ﬁXE/ZQQe

T 2m§/ x B’ (1.387)

onde §’, t' e B’ sao medidos no referencial em que a particula estd em repouso.

i) A equagao de movimento covariante (equagao BMT)

Pretendemos escrever uma equacao covariante que se reduza a Eq. no referencial
préprio. Como vimos na secgao a generalizacao covariante de S é o 4-vetor S* que
satisfaz S¥p, = 0 ou seja

Stu, =0 (1.388)
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Usando as leis de transformacao dos 4-vetores devemos ter num outro referencial

§*=~f8-5

) (1.389)
5 & ~ 7 o\ A
§=3 +7+1(6 S)B

A generalizagao 6bvia do lado esquerdo da Eq. (1.387)) é dS*/dr (ver Eq. (1.320))), onde 7
é o tempo proprio. Para o lado direito devemos exigir que seja um 4-vetor linear no spin

e no campo exterior. Da Eq. (|1.320)) resulta que

du' g
Wb puvy, (1.390)

dr m
pelo que podemos escrever a forma mais gera]lﬂ

n @
ﬁ =k F*"S, + k‘QSaFaBu5 ut + kgSadL ut (1.391)
dr dr

para determinar as constantes k; notemos que da Eq. (|1.388]) resulta

as* du
[l 1.392
7 U +S I 0 (1.392)
o que d&, usando a Eq. (1.391]),
d
(k1 = ko) SaF*Pug + (ke +1) S* =2 =0 (1.393)

Para que esta equacao seja valida mesmo quando a origem da for¢a nao é eletromagnética,
devemos exigir que os dois termos se anulem separadamente. Isto da

ky = koc®,  kzc® = —1 (1.394)

Substituindo na Eq. (1.391)) obtemos

ds* 1 1 du
_ B v
? = kl <FMVSV + gSaFa uﬁ Uu> — ? Sl’ﬁu” (1395)
Para obter ki tomamos o limite do referencial préprio, E = 0. Entao u* = (¢,0) e
St = (0,5"). Obtemos a partir da Eq. (|1.395])
s’ = =
W - k;]_S/ X B/ (1396)
pelo que, comparando com a Eq. (|1.387)),
fy = L (1.397)

 2m

12Pode-se mostrar [18] que outros termos ou sdo nulos, ou se podem escrever em termos dos
escolhidos.



Complements 1 59

Particularizando para o caso em que a forca é de origem eletromagnética, Eq. (1.390)),
obtemos finalmente a equagdo BMT de Bargmann, Michel e Telegdi [19],

dst g |g 1 g
& e\ Ipwg, 4 (7 - 1) " S B 1.398
dr m [2 vt 2 \2 W Padt S ( )
ii) Relagao com a precessao de Thomas

Usando o resultado

= N
SH% _ 8. B (1.399)

podemos escrever a partir da Eq. (1.395))

0 >
ds” = [0 A2 <5;w>

dr T
ds . dg\ =
— = F - —_— 1.4
dr ( dr > b (1.400)
onde o 4-vetor F'* é dado por
_ QQe v 1 aﬁ

Usando as Eq. (1.400) Eq. (1.389)) podemos finalmente escrever
(dﬁ X 5) X §’] (1.402)
s’ 1

@:ﬁ_ ol FO 4+ 7
dr v+1 y+1

No referencial proprio obtemos

onde o primeiro termo corresponde ao bindario, Eq. (|1.387)), e o segundo termo é a precessao
de Thomas (ver Problema [1.43). Para movimento em campos eletromagnéticos onde

A 4 (2, 2 5 (7 F
- yme [Eﬂv@’ xB—p (/BE)} (1.404)
© 1 1
7"/_9‘]6"/ > i "." 37 '
F =8 x [B T (5 B)B CﬁxE] (1.405)

obtemos finalmente a equacao de Thomas (ver Problema [1.44))

ds’ Qe = g 1\ = g ¥ > o\ = g ¥ gxﬁ
dt mSX[<2_1+'y B_(i_l)TH(B'B)B_ i_r—kl c
(1.406)
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iii) A constancia da polarizagao longitudinal

Usemos agora a equagao de Thomas, Eq. (|1.4006]), para determinar a taxa de variagao da
componente longitudinal da polarizacao ou helicidade. Temos

i(g.g)_@.cng;{gf_@.g/)g}.cf (1.407)

Usando a Eq. (1.404)) e Eq. (1.406]) podemos escrever

—

509 -t (@) (2-0) 5] o

Esta equacao mostra uma propriedade notavel duma particula com g = 2. Num campo
magnético a particula movimenta-se de tal forma que a sua polarizacao longitudinal per-
manece constante. Isto permite medir com grande precisao qualquer pequeno desvio de
g = 2. Notar que no limite ultra-relativistico (f — 1), o mesmo acontece também em
campos elétricos.
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Problemas

Natural units and relativistic kinematics

1.1 Considere o sistema de unidades natural utilizado em Fisica de Altas Energias,
isto € h = 1, ¢ = 1. Neste sistema todas as grandezas fisicas podem ser expressas
em unidades de energia ou suas poténcias.

a) Exprima 1s, 1 Kge 1 m em MeV.
b) Exprima o seu peso (72 Kg), altura (1.70m) e idade (71 anos) em MeV.

1.2 O tempo de vida média 7 duma particula instavel (que decai noutra) é definido
como o tempo ao fim do qual o nimero de particulas é reduzido a 1/e do seu valor
inicial, ou seja

N(t)=Ny e~

onde Ny é o nimero de particulas no instante inicial e 7 é referido ao referencial
no qual a particula se encontra em repouso. Sabendo que os pides carregados tém
T.=26x10"%s e m, = 140 MeV calcule:

a) O fator v para um feixe de pides de 200 GeV.
b) O tempo de vida média no referencial do Laboratério.

c) Calcule a percentagem de pides que decaiu ao fim de percorrerem 300 m no
Laboratorio. Se nao houvesse dilatacao no tempo qual seria a percentagem ao
fim da mesma distancia?

1.3 Uma particula de massa M e 4-momento P“ decai em duas particulas de massas
my e ma.

a) Use conservacao de energia e momento (P® = p{ 4+ p3) e a invariancia dos
produtos escalares para mostrar que no referencial em que a particula que
decai esta em repouso temos para as energias das particulas 1 e 2

M? +m? — m3 M? + m2 —m?
Elz ’ E2:
2M 2M
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b) Mostre que a energia cinética da particula i no mesmo referencial é

onde AM = M — m; — msy é 0 excesso de massa.

c) O piado carregado (M, = 139.6 MeV) decai num muao (m; = 105.7 MeV)
e num antineutrino (my = 0). Calcule as energias cinéticas do muao e do
neutrino no referencial do pido. (Nota: Foi usando o resultado deste exercicio
que foi descoberto o piao em 1947).

1.4
Considere o declinio 7~ — p~ 4+ ¥ descrito no problema [1.3] Calcule:

a) O momento linear do 1~ e do 7 no referencial do centro de massa, isto é onde
o T~ estd em repouso.

b) O momento linear do = e do ¥ no referencial do Laboratério (p, = 10 GeV)
supondo que o 7 tinha sido emitido no CM na direcao e sentido do 7.

c) Repita b) supondo que era o u~ que tinha sido emitido no CM na direcéao e

sentido do 7.

1.5 Um fotao pode ser descrito como uma particula de massa zero e 4-momento
k* = (w, k) onde w = 27v = 27/ e |k| = w no sistema de unidades onde i = ¢ = 1.
Se o fotao colidir com um eletrao de massa m, em repouso, sera difundido com um
angulo # e com uma nova energia w’.

a) Mostre que

0
N — )\ =2\, sin? 3 onde Ae =

b) Mostre que a energia cinética de recuo do eletrao é

1.6 Considere os dois processos
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a) Mostre que a reagao (1) nunca pode ter lugar.

b) Calcule a energia minima dum fotao incidente num eletrao em repouso para
que a reagao (2) possa ter lugar.

1.7

Suponha que a energia do v, no referencial do laboratério (onde o eletrao esta em
repouso) é o dobro da energia minima necessaria para que o processo v, + e~ —
1~ + v, seja possivel. Sabendo que o tempo de vida média do muao é 2.2 x 10795
qual é a distancia média percorrida no laboratorio pelo muao antes de decair?

1.8 Considere o processo
A+B—>C’1+C’2++Cn

O feixe de particulas A tem energia F 4 no referencial do Lab, onde a particula B
min

estd em repouso. Escreva a expressao para a energia minima, E}"", necessaria para
que a reacao possa ter lugar, em funcao de my, mp e M = meg, + me, + - mg

n

1.9 Um feixe de mesoes K incide num alvo de hidrogénio liquido para se estudar
0 Processo
Kt+p—> K +p+r" +7"

No referencial do Lab, onde o protao estd em repouso, determine a energia minima
do feixe de mesoes K para que o processo possa ter lugar. Dados: mg+ = 493 MeV,
m, = 938 MeV, m,+ = 140 MeV.

1.10 Um feixe de eletroes com energia E, = 50 GeV, colide frontalmente com
um feixe dum laser com energia £, = 1eV. Qual ¢é a energia dos fotoes que sao
difundidos para tras, isto é, na direcao do feixe de eletroes.

1.11 O acelerador HERA, que funcionou no DESY em Hamburg a partir de 1991,
fazia colidir um feixe de protoes com energia £, = 920 GeV, com um feixe de eletroes
de E, = 27.5 GeV. Calcule a energia do feixe de eletroes que seria necessaria para
se ter a mesma energia no centro de massa, se os protoes estivessem em repouso
(experiéncia de alvo fixo).

1.12 Considere uma colisao elastica na qual uma particula de massa M com mo-
mento pr.p, incide numa particula de massa m em repouso no laboratério. Mostre
que a perda de energia da particula incidente na colisao se pode escrever

2
AE = PLab (1 —cosfcnm)
s

onde s é o quadrado da energia no CM e ¢y é o angulo de difusao no referencial do
CM.
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Classical Field Theory

1.13 Considere o tensor do campo eletromagnético F,, = 9,A, — 0, A,. A partir
deste tensor define-se o chamado tensor dual

a)

v 1 vpo
FH = 2 e

Mostre que as equacoes de Maxwell sao
O =J"

e que estas reproduzem as leis de Gauss e Ampere (incluindo a corrente de
deslocamento introduzida por Maxwell).

Mostre que se tem

. F" =0

Verifique que esta equagao contem as chamadas equacoes de Maxwell ho-
mogéneas, isto é, V-B = 0, e VxFE = -0B /Ot. Verifique que aquela
relagao é equivalente a forma mais usual (identidade de Bianchi)

OuF,p+0,F,, + 0,F,, =0
Exprima os invariantes F),, F*", F,,F* e F,,F" em termos dos campos E e
B.

Mostre que se E e B sao perpendiculares num dado referencial, entao sao
perpendiculares em todos os referenciais de inércia.

Considere um referencial S onde se tem E #0e B = 0. serd possivel encontrar
um referencial S" onde E'=0e B # 07 Justifique.

Defina
fP=F,F", f'=F,F"’F,,F" (1.409)

Mostre que

(FuFr)? = 4ft—2(f2)? (1.410)

1.14 Considere o Lagrangiano seguinte

a)

L=0,6"0"¢p—m*¢*¢

Verifique que as equagoes de movimento sao as equagoes de Klein-Gordon.
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b) Verifique que o Lagrangiano é invariante para as transformagoes

¢ = e ¢ : a = constante

¢) Mostre que se a agdo

5= [ de(0.0,0
¢ invariante para uma transformagao

¢ = bi —ichij ¢;

onde € ¢ infinitesimal e \;; sao constantes, entao existe uma corrente conser-
vada, isto é

o, J" =0
onde
oL
S U d
J (NF (9(@(1%) b;

Este resultado é conhecido pelo nome de teorema de Noether .
d) Aplique este resultado ao Lagrangiano dado e obtenha a corrente J*. Notar
que para o caso do Lagrangeano dadao em a) com as transformagoes em b)

temos A\ = —q com ¢ = « infinitesimal.

e) Mostre que se & = «a(z) o Lagrangiano

L= (0, —iqAu) ¢" (O +igA,) o — m?¢"¢

¢ invariante para as transformacoes

¢/ _ eiqa(ax) ¢

se A, se transformar de forma apropriada. Qual? Comente.
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1 Vs s Y5 yH ol

V5

V5

oP

(1.411)

Table 1.1: Tabela de multiplicacao de matrizes vy

Spinors and Dirac v matrices

1.15 Preencha as entradas da tabela de multiplicacao das matrizes v indicada na
Tabela[l1.1] Esta tabela torna-se muito 1til em calculos préticos. Para estabelecer a
tabela tenha em atencao que qualquer produto de matrizes v se pode escrever em
termos das 16 matrizes independentes e que com as nossas convencoes

80123 — +1

Epvpe = —MP7

80(51’715150[52’&62 = Z(_l)Pglﬁi[BQg:yyfggf]
P

% =17 = =i

Capmae™ ™ = =2 (9305 — 93:937)

50[/375150[6762 = —6g§f

onde (—1)” é +1 (—1) para uma permutagao par (impar) de (B27202).
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1.16 Mostre as relacoes seguintes:
(T9)? = +1
Tr(I') =0 ,Va #s
Vv =45 "= =297 M = 49”0
VAP =" = g 4 gt + i s

1.17 Mostre que os spinores w’ (p) satisfazem as relagoes

(# —em)w"(p) = 0; @' (p) (p—erm) =0
_T(ﬁ)wr, (p) =2m dppe,

Zer (PYT5(P) = 2m S5

wi (e, )w” (epP) = 2B 6,

1.18 Admita que 7, se transforma como um 4- vetor, isto ¢, v'* = a,7”. Mostre
que
= U_l/ygirac U

Sugestao: Considere o caso particular duma transformacao segundo o eixo x!, isto
é

2% = coshw 2 — sinhw z*
2t = coshw 2! —sinhw z°
IEIQ — ZE2
NI

onde tanhw = V/e.

1.19 Representacao de Majorana e representacao quiral.

a) Mostre que é possivel encontrar uma representacao, dita representacao de Ma-
jorana, onde Re (vfdaj) = 0 e portanto a equacao de Dirac é real. Verifique a

matriz U .
1 09
U=— 1.412
V2 (02 —1) a2



68 Chapter 1. A Equagao Relativista para o Eletrao

leva através duma transformacao de semelhanca
fyltt/[aj = U_l’y]girac U
a uma solucao do problema.

b) Mostre que é possivel encontrar uma representacao, dita representagao quiral,

onde
(1 0
75 - 0 _1

U— % G _11> (1.413)

leva através duma transformacao de semelhanga

Verifique a matriz U

I N g e S
’}/Quiral =U VDirac U

a uma solucao do problema.

1.20 Prove a decomposicao de Gordon:

1 o
U(p1, s1)7 u(pe, 52) = Dy U(p1, s1) [(p1 + p2)" + 0™ (p1 — p2)u] u(p2, 52)

Sugestao: Use a identidade
@p = a'b, — ia"b" o,

1.21 Verifique as seguintes relacoes

u(p, s)u(p, s’) = 2m by

v(p, s)v(p, s') = =2m bes

ul(p, s)u(p, s') = 2B, 3y

vl (p, s)v(p,s’) = 2E, sy

o(p, s)u(p,s’) =0

v (p, s)u(—p,s") =0

> luap, s)us(p, )] = (p+m)as

S
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> [va(p, $)Ts(p, 8)] = —(—p +M)ag

S

> lua(p, $)Ts(p, 5) = va(p, )0s(p, 8)] = 2m ag

S

Dirac equation

Construa o Hamiltoniano H da equagao de Dirac para particulas livres no
espaco dos momentos.

Calcule o comutador [H , E], onde L = 7 x P é o momento angular orbital.

>) ¢ o momento angular intrinseco ou

Calcule o comutador [H , 5], onde § =

spin.

N |

Use os resultados anteriores para calcular [H , j], onde J = L + §. Comente.

Considere um eletrao descrito pela equacao de Dirac.

Mostre que no caso do eletrao livre se tem,

d(i-ﬁ)zo
dt

. (30
(0 %)

Qual o significado desta lei de conservagao?

onde

Considere agora que o eletrao estd num campo eletromagnético exterior A,
independente do tempo. Calcule agora
d(S - 7)
dt

onde T = p— eA é o momento candnico.

Em que condicoes
A% - 7)
dt
Qual o interesse pratico deste resultado?

=07
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Sugestao: Para um operador O que nao dependa do tempo tem-se

%zi[H,O]

onde H é o Hamiltoniano do sistema. Nao esquecer que H é diferente nas alineas
a) e b).

1.24 Considere a equacao de Dirac para um eletrao livre de massa m. As solugoes
de onda plana sao estados proprios do Hamiltoniano H = @ - p'+ fm e do momento

p. Mostre que
- (07 (1 0
)oa=(50) -0 )

Utilize este resultado para mostrar que o operador helicidade (% - 7)/|p] é uma
constante do movimento com valores proprios +1.

QL ©

— = —-2a X p, com iz(%

1.25 Utilize as expressoes explicitas

0 -~ = .0
Sp = cos—=+if-Xsin—
R 5 +1 5
w w
Sy, = h— — & - dsinh —
L cosh o —w 5
para verificar que para transformacoes finitas também temos

SIS = at Y

1.26 O grupo de Poincaré é constituido pelo grupo de Lorentz mais as translacoes.
Se J,,,, designarem os geradores do grupo de Lorentz e P, os geradores das translagoes,
as relagoes de comutacao sao

[‘]l“/’ JPU] =1 (ng‘]MU - gVUJup - gupJI/U + guat]up) (1414)
[POM J,Lw] =1 (g,uozpu - gz/aP,u) (1415)
[P/n P,,] =0

Mostre que

[P, J,] =[P*P,] =0 (1.416)
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172, ) = [W2, B.] = [IW2, P?] =0
onde

1 v o
W, = —5Cwpe J"P P

é o vetor (operador) de Pauli-Lubanski.
1.27 Mostre que o operador de spin

W.s
m

1
= — € 1.417
2m75;é1’5 T ( )
comuta com o operador (p+e,.m) e portanto as solugoes para a particula livre u(p, s)
e v(p, s) sao fungoes préprias simultaneas do Hamiltoniano e do spin.

1.28 Mostre que para a equacao de Dirac o valor préprio de W2 é

W2:_§ m2

4

1.29 Mostre que as Eq. (1.136)) e Eq. (1.135]) sao compativeis. Para isso mostre que

se definirmos

(61,62,63) = (w23,w31,w22), E = (jgg,jgl,jlz) (1418)
onde )
Jy =i(2,0, — x,0,) (1.419)
é a parte orbital do gerador do grupo de Lorentz, entao para rotagoes obtemos
1 -

1.30 Mostre que a equacao de Klein-Gordon descreve spin zero.

1.31 Construa os spinores normalizados ut e u™ representando eletroes com energia
positiva e momento p’ e helicidade +£1, isto é, que sao vetores proprios do operador
(P X)/|p], com valor préprio +1. Para isso siga os passos seguintes:

Jr
a) Considere o caso de helicidade +1. Seja u™ = ( Zﬁ ) com uj = ( Zl ) ¢
I 2
UE’ = < s ) Mostre que n_ —pZ+ |151 .
Uy U2 Dz + LDy

= : + < +
b) Use a equacdo de Dirac para escrever uj em funcao de u}.

¢) Normalize o spinor u™ de acordo com a condicao (u™)' u™ = 2F ou se preferir,
utu™ = 2m. Obtenha assim a expressao final para u™.
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d) Quais as alteragdes para u~7

1.32

a) Prove a identidade (definimos p = p/|p)):
57 71455 i Y15
1- 2P ) - (1= 1
( E—l—m) ( E—l—m) 2 +( +E—i—m 2

b) Considere um campo fermiénico com massa, com quiralidade esquerda, definido
por

I —7s
= 5 ¢

onde 1 é um spinor de energia positiva. Mostre que se pode escrever,

1489 1—&-9p ,
¢L:N<_11>{OZP —+J p+aN g-p Y e T

{3

onde N é uma normalizagao e y um spinor de duas componentes. Determine
ap e ay (a menos duma normalizac¢do). Qual o seu significado?

¢) Define-se a polarizacao do fermiao quiral ¥;, como sendo

_ lap? — Jan/?
ap|? + |an|?

Mostre que P = —|p]/E = —f. Discuta o valor limite quando |p] > m.

1.33 Considere que para t = 0 temos uma solucao de energia positiva com spin up
localizada, dada pela expressao

W70, 5) = (rd®) " =3 w(0) (1.421)

Num tempo ¢t > 0 sera

vlo) = / (;Z:}T];?’ % > [b(p. s)ulp, s) e+ d*(p, s)v(p, s) €]

a) Determine b(p, s) e d*(p, s).

b) Mostre quando é que as amplitudes correspondentes a energia negativa sao
importantes.
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= \

Figure 1.6:

1.34 Considere um eletrao incidente da regiao I com energia E conforme indicado
na Figura[1.6], Admita que a particula incidente tem a func¢ao de onda

1

ik1z 0

winc =ae™ k1
E+m

0

a) Calcule a onda refletida e a onda transmitida.

b) Mostre que a corrente refletida e transmitida obedecem a

Jtrans o 4T Jreﬂ (1 - T>2

Jinc (]- + T)Z , JinC (1 + T)2

isto é, aparentemente tudo bem pois

Jinc = Jtrans + Jreﬂ

contudo
kg E +m
r=— = e se Vo>E+m entao r<0
kk E—Vo+m 0
Portanto

Jref > Jinc

Comente este resultado.



74 Chapter 1. A Equagao Relativista para o Eletrao

1.35 Mostre que a densidade de probabilidade e a densidade de corrente se podem

escrever na forma (decomposi¢ao de Gordon)

P = Pconvectiva T Pinterna
j = _(;onvectiva + jnterna
onde
_ i |z 0y
Pconvectiva — 9m |:w at - at w:|
Jconvectiva = ﬁ [E V¢ - (Va) w:|
(§
Pinterna _6 ' ﬁ
- . . 0P
Jinterna =V XxM+ E

Determine P e M. Compare com a equacao de Klein-Gordon. Comente. Mostre
que as correntes conectivas e internas sao conservadas separadamente.

1.36 Demonstre as relagoes de Ehrenfest

d

%f’op =i [H,Top) = cd
d _ . d . o -
2 op = i [H, Top| + 5y op = e <E + Upp X B>

onde

—

Top = iV — qe/T
H=—i@ -V+pm-—qada-A+qA°
1.37 Suponha que para a particula em repouso o vetor polarizacao é dado por
st =(0,17) com 7-7=1
a) Mostre que no referencial onde a particula se move com velocidade 5 o vetor
polarizacao é dado por

V2677 B)
v

I 2.3 7
s (’m B, 17+ 1
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b) Mostre que satisfaz s> = -1 e s-p=0 com p = m(v,v,@).

c) Mostre que o vetor polarizacao longitudinal, isto é, 57, || 3, é dado por

st = (76,75/B>

1.38 Resolva a equagao de Dirac num campo magnético uniforme. Sugestao: Faca
P = e (p, x)T e elimine y. Obtém assim a equacio para um oscilador harménico.

Hidrogen Atom

1.39 Introduza na equacao de Klein-Gordon o acoplamento minimo
ih0, — ih0, — q.A,
e considere as solugoes estacionérias do dtomo de hidrogénio, isto é (h = ¢ =1)

Qe
Arr

(7t = o) e 5 Ay = -

a) Mostre que a equagao de Klein-Gordon se escreve
an 2

|:—V2+m2— <E+?> } ¢(F) =0

b) Mostre que esta equagao se pode resolver exatamente pelos métodos usuais
dando as energias

m n =12
Ene 1+ o ’ {12 =0,1,---,n—1
(n—a/)2
onde
1/2
— 4! (42 ]
Ey = 5 5 [0

¢) Expandindo em poténcias de a compare com os resultados da teoria de Schrodinger
incluindo correcoes relativistas.
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Non-relativistic limit of Dirac equation

1.40 Faca os calculos da transformacao de Foldy- Wouthuysen para obter

y — eg 2 4 e
2m &m 2m

(e G B s Ep) - S B

8m?
1.41 O momento magnético do eletrao é dado por fi = g 7= S onde S = %5 eo
fator ¢ = 2. Entao poderia pensar-se que a interagao spin-orbita era dada por

Hgo = _,J Bhrest onde Brest = UXFE=—-— - —
m r 87"

Nesta tltima expressao admitiu-se um potencial central e v < ¢. Assim obtemos

ge 1 av ~ -
- L 1.422
2m r 87’5 ( )

que é o dobro do valor dado pela experiéncia e pela equagao de Dirac. A explicagao
estd na precessao de Thomas e deve-se ao facto do referencial do eletrao nao ser de
inércia. Mostre que devido a nao comutatividade de duas transformacoes de Lorentz
o referencial proprio do eletrao precessa com uma velocidade angular

ﬁfsozg

. I-
WO = =00
2

para v < c. Entao

ov
ar

[ 7 — QC 1 ~ _’
HSO:HSO+L'UJT:2_(9_ - —=-5-
m r
que ¢é o resultado dado pela teoria de Dirac.
1.42 Calcule o desdobramento hiperfino do estado 'S /2 do dtomo de hidrogénio.

1.43 Mostre que, quando nao se faz a aproximacao nao relativista, as expressoes
corretas para o movimento de precessao do eletrao (ver Complemento , Sa0

- . . . -1 - .
AB =~253) + 108, Af= 7755 x (1.423)

O que conduz a expressao relativista para a frequéncia de precessao de Thomas,

G = vﬂ—ngx g (1.424)
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1.44 Deduza a equacao de Thomas, Eq. (|1.406)),

| (§-re ) - (3 2 ()3 (§- 1) B2E

para isso reproduza todos os calculos do Complemento [1.8]

1.45 Mostre que

onde

1.46 Considere o Lagrangiano nao minimo para a interacao do eletrao com o fotao

A9 e

e . s 1 v A v
L = ipy"(0, + ig.A,) Y — mypr) — ZFWF” + 5 4o Yo F*

a) Qual a equagao de movimento para o eletrao?

b) Mostre que o fator g do eletrao serd entao g = 2 + Ag. Sugestao: Encontre
o limite nao relativista de a).
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Chapter 2

Quantization of Free Fields

In the last chapter we obtained the Feynman rules for QED using the initial method
of Feynman based on Green’s functions. As we mention before, there are two other
methods of tackling the same problem. One is through the so-called second quan-
tized field theory, the other is using the Feynman path integral. Although this last
method is the only one possible for the non-abelian gauge theories that are the basis
of the standard model, it is beyond the scope of this course to study this subject
here. However, QED is an example of a theory where you can apply any of the
three methods. So, in this chapter we will see how to apply the second quantized
formalism to derive the Feynman rules for QED. In the process we will learn Wick’s
theorem and understand those signs that were difficult to understand by other meth-
ods. We will follow the text of Mandl and Shaw [20], although our notation can
differ slightly at some places.

2.1 The Schrodinger, Heisenberg and Interaction
Pictures

These three different ways of dealing with quantum systems differ in the way they
describe the time evolution of a system. The Schrodinger Picture (SP) is the usual
representation used in non-relativistic QM where the states are time dependent and
their evolution is governed by the Schrodinger equation

L d
ih— [, t)s = H |46, ) | (2.1)

for a given state [¢,t). This equation can be formally solved to find the time
evolution of the state

[0, t)s = U |, to)g (2.2)

where U is the unitary operator
U=U(tty) = e ) (2.3)

79
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We can use this unitary operator to go to the Heisenberg picture where the time
dependence is transferred to the operators and the states are time independent. To
do this we define the state in the Heisenberg Picture (HP) through

[, tyy = UT |1, t)g = |, to)g - (2.4)

At t = ty the states are the same in the two pictures, showing that the HP state
vectors are constant in time. The time dependence is carried by the operators. To
find the way they change in time we require that the matrix elements are the same
in the two representations, that is,

S<¢27 t| OS W)l?t)S = H<w27 t| OH(t) |¢17t>H = S<I/}2’ t| UOH(t)UT W)l’t)S ) (25>

and therefore
Of(t) = UTO%U . (2.6)

The time evolution of the operators is obtained from Eq. (2.6) by taking the time
derivative. Assuming that the operator is time-independent in the SP we get in the

HP

Y

d
ihEOH(zﬁ) = [0"(1), H] . (2.7)
For the study of the second quantized free fields the HP is the one we should use,
as the fields are now operators, evolving in time. However, for the study of the
interactions and to setup a perturbation theory it is important to introduce a new
picture, the Interaction Picture (IP). To get the IP we split the Hamiltonian in its

free and interaction parts, that is
H = H() + Hint . (28)

The states in the IP are defined as evolving in time only with the free Hamiltonian
in relation to the sates in the SP, that is, we define

0, t)y = Ul [ih, ) (2.9)

where .
Uy = e~ ntoli=to). (2.10)

By requiring that
S<,l/}27t| OS W17t>s = I<¢27 t| Ol(t) |w17t>l = S<,l/}27 Zf| UOOI(t>Ug Wl; t>S ) (211>

we obtain

O\(t) = U 0%, . (2.12)

Thus the relation between IP and SP is similar to the relation between HP and
SP, with the only difference that the time evolution in the IP is governed by the
unperturbed Hamiltonian Hy. We also note from Eq. (2.12)) that we have

H! = HS = H,y. (2.13)



2.2. Brief review of second quantized free fields 81

By differentiating Eq. (2.12)) we get the time evolution of the operator in the IP,
d
ihEOI(t) = [0'(t), Hy] . (2.14)

As for the states, from Eq. (2.1) and Eq. (2.9) we get
d

d
L a _ @ t
Zhdt ’¢7t>1 Zhdt <U0 |,l/}7t>S)

L d . d

= — HU{ [, t)g + USH |9, t)g
=(—Ho+H') [¢,t); , (2.15)
and therefore q

We will see in section how to use this representation to set up a perturbation
theory for the S-matrix.

2.2 Brief review of second quantized free fields

To fix the notation we will review here the basic results from the second quantization
of free fields. We will not derive any result, just collect them. Some of these
derivations are left as exercises. For those that are not familiar with the subject we
refer to any standard text in Quantum Field Theory. I will follow the conventions of
my text Advanced Quantum Field Theory |12] that differ, mainly in normalizations,
with respect to the text of Mandl and Shaw [20] that I follow here more closely.

2.2.1 Real scalar field
The real scalar field is described by the Lagrangian density

1 1
L= 58"@@@ — §m2apgo. (2.17)
The conjugate momentum is
oL
=— = 2.18
and the equal time commutation relations are
[o(Z, 1), (2", 1)] =[x (2, 1), w(2, £)] = 0
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The Hamiltonian is given by,
0 3 s (1o Lo o 1 5,
H=P = | dr2H= | d’x 37T +§|Vgp|—|—§mg0 : (2.20)
and the linear momentum is
ﬁ:—i/d%mﬁw. (2.21)
In order to define the states of the theory it is convenient to have eigenstates of
energy and momentum. To build these states we start by making a spectral Fourier

decomposition of (7, ) in plane wavedT}

o(Z,t) = /671; [a(k)e ™" + al(k)e™ "] | (2.22)

~ &k /1715 )

is the Lorentz invariant integration measureﬂ. As in the quantum theory ¢ is an
operator, also a(k) e a'(k) should be operators. As ¢ is real, then a'(k) should be
the hermitian conjugate to a(k). Their commutation relations are

where

[a(k), al (k)] =(27)32w;,8° (k — k') (2.24)
[a(k), a(k)] =[a'(k),a' (k)] = 0, (2.25)
We then see that, except for a small difference in the normalization, a(k) e

a' (k) should be interpreted as annihilation and creation operators of states with
momentum k*. To show this, we observe that

H :% dk wyi [at(k)a(k) + a(k)at (k)] , (2.26)
P :% dk K [a'(k)a(k) + a(k)al (k)] . (2.27)

Using these explicit forms we can then obtain
[P*, ol (k)] = Kal(k), [P, a(k)] = —K"a(k), (2.28)

showing that a'(k) adds momentum &* and that a(k) destroys momentum k*. That
the quantization procedure has produced an infinite number of oscillators should

IThe operators a and al are really functions of k, that is a(k) and a (k). However to simplify
notation we use a(k) and af (k) being understood that this is simply a notation.
2Beware that are many different conventions in the literature.
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come as no surprise. In fact a(k), a’ (k) correspond to the quantization of the normal
modes of the classical Klein-Gordon field.

By analogy with the harmonic oscillator, we are now in position of finding the
eigenstates of H. We start by defining the base state, that in quantum field theory
is called the vacuum. We have

a(k)|0), =0 ; V. (2.29)
Then the vacuum, that we will denote by |0), will be formally given by
|0) =11 |0), , (2.30)

and we will assume that it is normalized, that is (0|0) = 1. If now we calculate the
vacuum energy, we find immediately the first problem with infinities in Quantum
Field Theory (QFT). In fact

OH10) = 3 [ dF i (0] [al (Wa(k) + alk)a! ()] 0)
= 5 [ @ w0l i)' ()] )

— %/d?’k wr63(0) = 00 (2.31)

This infinity can be understood as the (infinite) sum of the zero point energy
of all quantum oscillators. In the discrete case we would have, >, %wk = oo. This
infinity can be easily removed. We start by noticing that we only measure energies
as differences with respect to the vacuum energy, and those will be finite. We will
then define the energy of the vacuum as being zero. Technically this is done as
follows. We define a new operator Py , as

Pl, = % dk k" [at(k)a(k) + a(k)at (k)]
L[~
—5 [ dkk [a(k), ' (k)]

= / dk k'al(k)a(k). (2.32)

Now (0|P} o |0) = 0. The ordering of operators where the annihilation operators
appear on the right of the creation operators is called normal ordering and the usual
notation is

: %(aT(k)a(k) + a(k)a'(k)) .= a'(k)a(k). (2.33)

Therefore removing the infinity of the energy and momentum corresponds to choos-
ing the normal ordering to our operators. We will adopt this convention in the



84 Chapter 2. Quantization of Free Fields

following dropping the subscript " N.O.” to simplify the notation. This should not
appear as an ad hoc procedure. In fact, in going from the classical theory where we
have products of fields into the quantum theory where the fields are operators, we
should have a prescription for the correct ordering of such products. We have just
seen that this should be the normal ordering.

Once we have the vacuum we can build the states by applying the the creation
operators a'(k). As in the case of the harmonic oscillator, we can define the number
operator,

N = / dk ot (k)a(k) . (2.34)
It is easy to see that N commutes with H and therefore the eigenstates of H are
also eigenstates of N. The state with one particle of momentum k* is obtained as

a' (k) |0). More precisely
1K) = Neal (k) 0) (2.35)

where Ny is some normalization (that we will discuss in Section below). We
then have

P* |k) =P"Nya'(k) [0) = k*Nyal (k) |0) = k" [k) ,
N |k) =NNga'(k)|0) = Npa®(k) [0) = |k) . (2.36)

In a similar way, the state a'(k)...a'(k,) |0) would be a state with n particles.
Notice that because of the commutation relations such a state is symmetric under
the interchange of any two particles and the particles described are bosons.

2.2.2 Charged scalar field

The description in terms of real fields does not allow the distinction between particles
and antiparticles. It applies only to those cases were the particle and antiparticle
are identical, like the 7. For the more usual case where particles and antiparticles
are distinct, it is necessary to have some charge (electric or other) that allows us to
distinguish them. For this we need complex fields with the Lagrangian given by

L= 0"0"0,0 —mPolyp:, (2.37)

where we are already assuming the normal ordering. The classical theory given in

Eq. (2.37) has, at the classical level, a conserved current, 0, J" = 0, withﬂ

Jr=iptd" . (2.39)

3We define o
10 @2 = $10" P2 — (0"¢1)02 - (2.38)
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Therefore we expect, at the quantum level, the charge @)
Q= [daiilelo-dte)s, (2.40)

to be conserved, that is, [H, Q] = 0. To show this we need to know the commutation
relations for the field ¢. These are

[m(Z,1),0(5.0)] = [7'(Z, 1), ¢ (5.1)] = —i8°(7 — ), (2.41)

where
r=¢ ; wl=¢. (2.42)

The plane waves expansion is then
o(z) = / dk [a+<k)e*m + af_(k)eikﬂ ,

o (z) = /EZ\/% [a,(k)e”'k'x—l—ai(k)eik'“’} , (2.43)

where the operators as (k) and is al. (k) have the following non-vanishing commuta-

tion relations,
[y (k) al (K)] = [a-(k),al (k)] = (2m)*2u6°(k = k') , (2.44)
therefore allowing us to interpret a, and ai as annihilation and creation operators

of quanta of type +, and similarly for the quanta of type —. We can construct the
number operators for those quanta:

Ny = / dk al.(k)as (k). (2.45)
The energy-momentum operator can be written in terms of the + and — operators,
pr— / ak K ol (k)a (6) + ol (k)a_(8)] | (2.46)

where we have already considered the normal ordering. Using the decomposition in

Eq. (2.43)), we obtain for the charge Q:
Q= [Eziidlo-¢to):

:/dk [ai(/ﬂ)w(k) _“T—(k)a*(k)]

=N, —N_. (2.47)
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Using the commutation relation in Eq. (2.44]) one can easily verify that
[H,Q] =0, (2.48)

proving that the charge @) is conserved. The Eq. allows us to interpret the +
quanta as having charge +1. However, before introducing interactions, the theory
is symmetric, and we can not distinguish between the two types of quanta. From
the commutation relations we obtain,

[Pr,al (k)] = k*al (k). [Q,ak (k)] = £ak(k), (2.49)

showing that al (k) creates a quanta with 4-momentum k* and charge +1. In a
similar way we can show that al creates a quanta with charge —1 and that ay (k)
annihilate quanta of charge 41, respectively.

2.2.3 Time ordered product and the Feynman propagator

The operator o' creates a particle with charge +1 or annihilates a particle with
charge —1. In both cases it adds a total charge +1. In a similar way ¢ annihilates
one unit of charge. Let us construct a state of one particle (not normalized) with
charge +1 by application of (' in the vacuum:

T(,1)) = '(Z,1)[0) - (2.50)

The amplitude to propagate the state |¥) into the future to the point (2’,t") with
t' >t is given by

O — 1) (WL (&, )] W4 (7, 1)) = 6 — 1) (O](&, )" (7, 1)[0) . (2.51)

In o (Z, t) |0) only the operator a, (k) is active, while in (0] (&, ') the same happens
to ay (k). Therefore Eq. is the matrix element that creates a quanta of charge
+1 in (#,t) and annihilates it in (2',¢') with ¢ > ¢.

There exists another way of increasing the charge by +1 unit in (#,¢) and de-
creasing it by —1 in (27,¢'). This is achieved if we create a quanta of charge —1
in 7’ at time ¢’ and let it propagate to Z where it is absorbed at time ¢ > t'. The
amplitude is then,

Ot — ') (U_(Z,8)|0_(Z,¢)) = (0] (&, t)p(2, ¥)[0) O(t — ') . (2.52)

Since we can not distinguish the two paths we must sum of the two amplitudes in
Eqgs. e . This is the so-called Feynman propagator. It can be written in
a more compact way if we introduce the time ordered product. Given two operators
a(x) and b(2’) we define the time ordered product T by,

Ta(x)b(x") = 0(t — t")a(x)b(x") + 0(t' — t)b(z")a(x) . (2.53)
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In this prescription the older times are always to the right of the more recent times.
It can be applied to an arbitrary number of operators. With this definition, the
Feynman propagator reads,

Ap(z' —x) = (0|Tp(z')¢"()]0) . (2.54)

Using the ¢ and o' decomposition we can calculate A (for free fields, of course)

Ap(r' —z) = /Zl\l; [Q(t' —1)e”* @) L gt — ¢)eth (@) (2.55)

4 .
= / (dk ' etk (@' =a) (2.56)

2m)4 k2 — m? + ie

d4k —ik-(2' —x
[ Gt

where .
Ap(k) = i (2.57)
Ap(k) is the propagator in momenta space (Fourier transform). The equivalence
between Eq. and Eq. is done using integration in the complex plane of
the time component k°, with the help of the residue theorem. The i ¢ prescription
assures that positive energy propagates to the future and negative energy to the

past. The position of the poles to perform the integration in is shown in Fig. [2.1

4 Im(p°)

/I +m? X Re(p?)

Figure 2.1: Position of the poles in the complex variable &° plane.

Then we get
d*k ) gy
A o _ —ik-(z'—x)
oo =0 = | Gy
_ / &’k otF (@ =) d_ko ¢ o kO (2020
(27)3 o k2 —m?2 + ie

3 . —ikO (20 —20
_/ﬂ@(t’ —1) eik'(f'—f)g
(27‘()3 2k0

Bk I ikO (20 —20)
+ / OF gt~y @9
2n)? 20
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- / dk [e(t'—t)e—ik~<x’-x> +0(t—t’)eik'(””/_x)] (2.58)

where in the second term we have done the change of variables k — —k. This
completes the proof of the equivalence between between Eq. and Eq. (2.55).

Also applying the operator (O, + m?) to Ap(z’ — x) in any of the forms of
Eq. one can show that

(@, +m*)Ap(2) — 1) = —id*(2' — x), (2.59)

that is, Ap(2’ — z) is the Green’s function for the Klein-Gordon equation with
Feynman boundary conditions.

In the presence of interactions, the Feynman propagator loses the simple form
of Eq. . However, as we will see, the free propagator plays a key role in
perturbation theory.

2.2.4 Second quantization of the Dirac field
The Lagrangian density that leads to the Dirac equation is

L= iy 0,0 —m) : . (2.60)
The conjugate momentum to 1, is

B i, (2.61)

Ta
while the conjugate momentum to v} vanishes. The Hamiltonian density is then
H=m)— L= (=@ -V + pm) :, (2.62)
which gives the Hamiltonian
H =: /d%ﬂﬁ(—i&ﬁ + Bm)Y - . (2.63)
We also obtain for the linear momentum [12]

P = / Pt (—=iV)p : (2.64)

We can also identify a conserved current, d,7* = 0, with j* = y*1), which will give
the conserved charge

Q =: /d3ww: . (2.65)
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The plane wave expansions are

_ / dp 3 [y, s)ulp, s)e 7% + d\(p, s)o(p, )], (266)

/dp Z [0 (p, s)u' (p, 5)et™* 4 d(p, s)v" (p, 5)e™ 7] | (2.67)

where u(p, s) and v(p, s) are the spinors for positive and negative energy, respectively,
introduced in the study of the Dirac equation and b, b', d and d are operators obeying
the anticommutation relations (fermions)

-

{bY(p, s),b(k, s)} = (21)32k°0° (P — k)b

{d'(p, ), d(k,s)} = (2m)2K°0% (5 — k) dss (2.68)
and all the other anticommutators vanish. With the anticommutator relations both
contributions to P* have the same sign. As in boson case we have to subtract the

zero point energy. This is done, as usual, by taking all quantities normal ordered.
Therefore we have for P*,

pr= [0S (0105 k) — k), )

s

:/EIZ K9S0l (k, s)b(k, s) + d' (K, s)d(k, s)) | (2.69)

s

and for the charge

Q

[ viaia)
_ / a7 61 (K, $)b(k, 5) — d (k, s)d(k, 5)] (2.70)

which means that the quanta of b type have charge 41 while those of d type have
charge —1. It is interesting to note that it was the second quantization of the Dirac
field that introduced the — sign in Eq. , making the charge operator without
a definite sign, while in Dirac theory was the probability density that was positive
defined. The reverse is true for bosons. We can easily show that

Q.01 (k,s)] = b (k,s)  [Q.d(k,s)] = d(k,s),
[Q,b(k, )] = =b(k,s) [Q,d'(k,s)] = —d(k,s),
4We do not go here into the arguments that forced us to use anticommutation relations for

fermions. The important point is that the signs in Eq. (2.69) and Eq. (2.70) are correct. For a
more detailed discussion on the relation between spin and statistics see Complement

(2.71)
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and then

Q4] =—v; [Q Y] =4. (2.72)

In QED the charge is given by ¢.Q = —e@ (e = [e| > 0). Therefore we see that ¢
creates positrons and annihilates electrons and the opposite happens with .
We can introduce the number operators

N (p,s) =bl(p,s)b(p,s) ; N (p,s)=d (p,s)d(p,s), (2.73)
and we can rewrite

pro— /E[/% B S (N (k) + N (h, ), (2.74)

S

0 = /Ez% SOV (k5) — N (K, 5)) (2.75)

2.2.5 Feynman propagator for the Dirac Field

For the Dirac field, as in the case of the charged scalar field, there are two ways of
increasing the charge by one unit in 2’ and decrease it by one unit in x (note that
the electron has negative charge). These ways are

9<t, - t) <0|¢a(‘xl)wﬁ($)‘0> ) (276>
0t — 1) (O[5 )b )]0) (2.77)

In Eq. an electron of positive energy is created at & in the instant ¢, propagates
until 7 where is annihilated at time ¢ > ¢t. In Eq. a positron of positive
energy is created in 2’ and annihilated at x with ¢ > /. The Feynman propagator is
obtained summing the two amplitudes. Due the exchange of ¢3 and 1), there must
be a minus sign between these two amplitudes. We get for the Feynman propagator,

Sea’ = 2)as =0(t' — £) (O1bu ()8 (2)[0) — (¢ — ) (O[5 ()b (a)]0)

= (0|T4a(2')p5(2)|0) (2.78)
where we have defined the time ordered product for fermion fields,
T(w)x(y) = 0(" = y")n(@)x(y) — 0(y° — 2")x(y)n(z) . (2.79)

Inserting in Eq. (2.78)) the expansions for ¢ and ¢ we get,
Sea’ = Dhas= [ @b [(f+m)agb(t' = O 5 (< + m)aaf(t — ¢)c )]

/ d*k Z(k + m)aﬁ e—ik-(w’—x)
(

2m) k2 — m? + ie
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d4k —ik- (2’ —x
E/WSF(k)age e( ), (280)

where Sp(k) is the Feynman propagator in momentum space. We can also verify
that Feynman’s propagator is the Green function for the Dirac equation, that is,

(i@ —m),, Sp(r' — x)ap = 10350 (2/ — z). (2.81)

2.2.6 Electromagnetic field quantization

The free electromagnetic field is described by the classical Lagrangian,

1 v
L= —ZFWF” , (2.82)
where
F.=0,A, —0,A,. (2.83)

When we try to apply the canonical quantization to the potentials A* we imme-
diately run into difficulties. For instance, if we define the conjugate momentum
as,

T = a.ﬁ , (2.84)
8(14#)
we get
0
R TSN Sy
(AR Oxk
S (2.85)

Ay
Therefore the conjugate momentum to the coordinate A° vanishes and does not allow
us to use directly the canonical formalism. The problem has its origin in the fact
that the photon, that we want to describe, has only two degrees of freedom (positive
or negative helicity) but we are using a field A* with four degrees of freedom. In

fact, we have to impose constraints on A* in such a way that it describes the photon.
This problem can be addressed in three different ways:

i) Radiation Gauge

Historically, this was the first method to be used. It is based in the fact that
it is always possible to choose a gauge, called the radiation or Coulomb gauge,
where

A'=0 ; V-A=0, (2.86)

that is, the potential A is transverse. The conditions in Eq. 1' reduce the
number of degrees of freedom to two, the transverse components of A. It is then
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possible to apply the canonical formalism to these transverse components and
quantize the electromagnetic field in this way. The problem with this method
is that we lose explicit Lorentz covariance. It is then necessary to show that
this is recovered in the final result. This method is followed in many text
books, for instance in Bjorken and Drell [11].

ii) Quantization of systems with constraints

It can be shown that the electromagnetism is an example of an Hamilton
generalized system, that is a system where there are constraints among the
variables. The way to quantize these systems was developed by Dirac for
systems of particles with n degrees of freedom. The generalization to quantum
field theories is done using the formalism of path integrals. This is the only
method that can be applied to non-abelian gauge theories, like the standard
model, but it is beyond the level of this introductory course. There are many
excellent textbooks (see for instance my text [12]).

iii) Undefined metric formalism

There is another method that works for the electromagnetism, called the for-
malism of the undefined metric, developed by Gupta and Bleuler [21,22]. In
this formalism, that we will study below, Lorentz covariance is kept, that is we
will always work with the 4-vector A,, but the price to pay is the appearance
of states with negative norm. We have then to define the Hilbert space of
the physical states as a sub-space where the norm is positive. We see that
in all cases, in order to maintain the explicit Lorentz covariance, we have to
complicate the formalism. We will follow the books of Silvan Schweber [23]
and Mandl and Shaw [20].

2.2.7 Undefined metric formalism

To solve the difficulty of the vanishing of 7%, we will start by modifying the Maxwell
Lagrangian introducing a new term,

1 1
I wy = . 2
L=~ FuF" — 5(a A)?, (2.87)

where £ is a dimensionless parameter that acts as a Lagrange multiplier for the
Lorenz condition d, A* = 0. Now we obtain for the conjugate momenta

oL 1
n T O g0 . A) 2.88
m oA, ég( ) (2.88)

that is
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Now we can proceed with the quantization that leads to (we take £ = 1, the so-called
Feynman gauge),

[A,u(fv t)’ AV(ZJ? t)} = [Au(f> t)v Au(gja t)] =0 s
[Au(,1), Ay (G, 1)] = iguwd® (F — §) . (2.89)

If we compare these relations with the corresponding ones for the real scalar field,
where the only one non-vanishing is,

[2(Z, 1), 0(F.1)] = —i6°(F — 7) , (2.90)

we see [g,, = diag(+, —, —, —)] that the relations for space components are equal
but they differ for the time component (hence the name of indefinite metric). This
sign will be the source of the difficulties previously mentioned in quantizing the
electromagnetic field. It turns out that we can keep going with this covariant for-
malism and that for physical states only the two transverse photon polarizations
will contribute. The contributions from the time component will cancel those from
the longitudinal one just leaving the transverse degrees of freedom.
So we do not worry about this sign, and expand A, (z) in plane waves,

A (z) = / dk > [alk, Nt (k, e + af (k, N)e (k, \)e™ ] | (2.91)

where e#(k, \) are a set of four independent 4-vectors that we can assume to be real,
without loss of generality’] We will now make a choice for these 4-vectors. For this
we need to introduce, besides the photon four momentum k*, another four-vector
n* linearly independent of the previous four-vectors. We choose €#(1) and £*(2)
orthogonal to £# and n*, such that

ek, N)eu(k,N) = =y for A, N =1,2. (2.92)

After, we choose ¢*(k, 3) in the plane (k*,n#) orthogonal to n* and normalized, that
1s

e(k,3)n, =0 ;5 €'k, 3)e,(k,3)=—1. (2.93)

Finally we choose e#(k,0) = n*. The vectors e*(k,1) and e*(k,2) are called trans-
verse polarizations, while #(k,3) and e*(k,0) longitudinal and scalar polariza-
tions, respectively. We can give an example. In the frame where n* = (1,0,0,0)
and k is along the z axis we have

€H<k70) = (1707070);5#(’1{;7 1) = (07 1707());5”(’1{;72) = (0707 170);5#(]{7 3) = (070707 1)
(2.94)

5As they can also be taken as complex, in general we take the complex conjugation.
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In general we can show that

Sk - R X) = g, ST NN = g (295)
A

Inserting the expansion (2.91) in (2.89)) we get
[a(k, X), al (K, X)] = —g™2K°(2m)°5°(k = k), (2.96)

showing, once more, that the quanta associated with A = 0 has a commutation
relation with the wrong sign. See, for instance, Refs. [12,20] for more detailed
discussion. For our purposes we will use this covariant formalism without showing
all the details.

2.2.8 Feynman propagator for the Maxwell field

The Feynman propagator is defined as the vacuum expectation value of the time
ordered product of the fields, that is

Dy(x,y) = (0[TAu(z)A,(y)|0)
= 0(z" —4°) (0] A (2)Au(y)]0) + 0(y° — 2°) (0] Ay (y) Au(2)]0) . (2.97)

Inserting the expansions for A, (x) and A,(y) we get

DW(:E . y) _ —g,w/;lE [6—ikz.(r—y)9<x0 _yo) _|_eik~(a?—y)(9(y0 . xo)}

d*k ) -
= _g/w/— ! - e~k @=y)
(2m)* k% + ie

d*k e
/WDW(k)e k(z=y) (2.98)

where D, (k) is the Feynman propagator on the momentum space

_ _ig v
Du(k) = 5 (2.99)

It is easy to verify that D, (x —y) is the Green’s function of the equation of motion,
that for £ =1 is the wave equation, that is

O, D, (7 — y) = igudt(z —y). (2.100)

These expressions for D, (z —y) and D, (k) correspond to the particular case of
& =1, the so-called Feynman gauge. For the general case where & # 0 the equation
of motion reads

[Dmgg _ (1 _ %) aﬂap] A(z) = 0. (2.101)
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For this case the equal times commutation relations are more complicated (see Prob-
lem [2.5). Using those relations one can show (see Problem [2.6]) that the Feynman
propagator is still the Green’s function of the equation of motion, that is

ng—(1-%)&@4mum%@A%wmy:mwﬁ@_yy (2.102)

Using this equation we can then obtain in an arbitrary ¢ gauge (of the Lorenz type),

Kk

Tk (2.103)

. Guv .
D’w,(]{?) = _Z#—f-i&: + 2(1 — 5)
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Complements

Complement 2.1 Spin-Statistics Theorem

In simple terms the spin-statistics theorem states that integer spin particles should be
quantized with commutation relations and those with half-integer spin should be quantized
with anticommutation relations. The integer spin particles are called bosons and obey the
Bose-Einstein statistics and those with half-integer spin are called fermions and obey
Fermi-Dirac statistics.

The complete proof of the theorem is quite complicated [24-27]. Normally it consists in
showing that we get a pathological flawed theory if we do not follow the spin-statistics
assignment. There are three main ways of going about this:

1. Using the Lorentz invariance of the S-matrix
2. Requiring the energy to bounded from below (stability)
3. Requiring causality to hold.

We will not say anything about Lorentz invariance, but we can easily indicate the problems
with stability and causality. We will follow the arguments of Mathew Schwartz [28].

The Stability Argument

This is the simplest argument, and in fact we have already discussed it although we did not
emphasize it. Let us start with the real scalar field. We have seen that the Hamiltonian
density when written in terms of the annihilation and creation operators was given by

Eq. (2.26), X

H=g / dk w [aT(k;)a(k) +a(k)al (k)| . (2.104)
The next step was to remove the infinite energy of the vacuum. This was done normal
ordering the Hamiltonian, that is bringing the annihilation operators to the right of the
creation operators. Let us fro a moment assume that we do not know if we have to

use commutation or anticommutation rules for the operators. Then one would get, after
discarding the c-number that would result from the commutation (or anticommutation)

H= % / k. [at (K)a(k) + af (K)a()] (2.105)

where the + is for commutation and the — for anticommutation. It is clear that we only
get a sensible result if we use commutation for the scalar field.

Now consider the case of the complex scalar field. There we would get, after bringing the
operators to normal order

—~ 1 1
PH = /dk kH [al(k)a+(k)2(1 +1)+ aT_(k)a_(k)i(l + 1)] (2.106)
It is interesting to note that for the charge

Q= / dk : [al (W)a (k) — a_(K)al (k)] :
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_ / dk [l (K)o () F a_(k)al(k) (2.107)

where here the — is for commutation and the + for anticommutation. So we see that for
scalar fields we have to have commutation relations for the theory to make sense.

Now consider the case of fermions. Before using any commutation or anticommutation we
get,

pr :/Eié Kt [bT(k,s)b(k,s) —d(k,s)dT(k,s)} :
Q :/EZE : [bf(k,s)b(k,s) +d(k,s)df(k,s)} : (2.108)

Then immediately we see that if we use commutation relations, the energy is not bound
from below, the creation of antiparticles will lower it. Also the charge looses its mean-
ing. In summary we have to quantize bosons with commutation rules and fermions using
anticommutators, for the theories to be well behaved.

The Causality Argument

Causality here means that the commutator of two observables must vanish outside the
light cone, that is for spacelike separation. For spin zero fields this means.

[6(x), 6(y)] =0, (z—y)* <0 (2.109)

There is no equivalent for spinors as they are not observables. We can construct observables
out of bilinears like

{0(@)e(@), dWv(y)} =0, (z—y)?* <0 (2.110)

However this does not imply that spinors have to anticommute, as Eq. (2.110) can be
satisfied if the spinors commute or anticommute at spacelike separations.

Now these commutators and anticommutators can be calculated and look to see if the
above conditions are verified. We get

[6(), ¢(y)] = iA(x —y) (2.111)

where

iANz—y) = / dk [e—“‘*(x—w — k(@) (2.112)

This function can be evaluated although it is not a simple problem. We change variables
tot =20 —9° 7= & —jand r = |]. The integration is then done in spherical coordinates
in momentum space,

iz —y) = / Bk [e o) _ ikt

1
:(21)2 / d;u‘kQ / dcosf [e—iwkteikrcose _ 6iwkt6—ikrcos6']
™ Wk J-1
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2
_ z/ dck 281H (VK2 + m?t) sin(kr) (2.113)
272 VEZ +m2 kr
The result can be expressed in terms of the Bessel Function Jy. We have [2§]
Jo(mvVt2 —r2)  t>r
1 0
At,r) = —— 0 t 2.114
()= 3o < (2114)
—Jo(mVt2 —r?) t< —r
As the function A(z — y) is Lorentz invariant we have
A(Z—179,0)=0 (2.115)

which ensures that the commutator of two spin zero fields vanishes for space-like separa-
tions. Note that A(x — y) also satisfies the relations

(Oz +m?*)A(z —y) =0
Alx —y)=—-Ay — ) (2.116)
We also note that
Az — y)|0myo = —03(Z — §) (2.117)

ensuring the equal time commutation relation. If we had quantized with anticommutators
one would get

} /dk —ik my+ezk(x y)}

:(22/6121<:l<:2/ dcosf [e—iwkteikTCOSQ_’_eiwkte—ikrcos€:|
s Wi _1

_ L dkk:2 cos(Vk? + m?t) sin(kr)
272 VEk2 +m? kr

=il (t, 7') (2.118)

The function Aq(¢,7) is given by [2§]

iYo(mvit?2 —r?) t>r
1 0
Ai(t,r) =———7-1 Ho(ivr? —t?) t<]|r| (2.119)

4mr Or
iYo(mvit? —r?) t<—r

where Y] is the Bessel function of second kind and Hy = Jy+1Y) is the Hankel function. We
see that it does not vanish for spacelike separations, and the causality would be violated.

Now for fermions. We start with commutators. We get

()] = [ T [ m)e 0 = (= et
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=(17"0y +m) / dk [e—ik'@f—y) + ik (=)

and therefore the commutator does not vanish for space-like separations. However for the
anticommutator

{¥(@),¥(y)} _/El\/;: [(% + m)efilc-(a:*y) T (k- m)eik'(zfy)}
=(iy" 0y +m) / dk [e—ik'(ﬂf—y) _ eih(m—y)}
=(iy"0y + m)iA(t,r) (2.121)

which vanishes outside the light cone. This is a sufficient but not a necessary condition
for causality to hold.
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Problems

2.1 Show that Eq. (2.22) can be inverted to obtain
a(k) = i/d?’xeik'xgogo(x)

a(k) = —i/d3xe_ik'x3090(x) (2.122)

Use this result to derive the commutation rules in Eq. .

2.2 Verify the results of Eq. .

2.3 For the charged scalar field derive the results in Eq. and Eq. .
2.4 For the Dirac field derive the results in Eq. and Eq. .

2.5 Show that for the general case of £ # 1 we have

[Au(T,1), Ay(5,)] =

(A (T, ), A (7,1)] = g [1 = (1 = €)g0] 0°(F — 7)

[Ai(#, 1), A;(5.)] = [Ao(@,1), Ao(F.£)] = 0

[Ao(@,), Ai(,)] = i(1 — £)0,6°(T — §) (2.123)

2.6 Use the results of Problem to show that, in the general gauge with £ # 1
we have

[Dmg“p — (1 — E) oo } (0|T AP (2) A” (y)|0) = ig"" 6% (z — ¥) (2.124)

(Dg“p - (1 - E) R, ) AP =0 (2.125)

where



Chapter 3

S-Matrix, Wick’s Theorem and
Feynman Rules for QED

3.1 The S-matrix

In the previous section we described the free field quantization using the Heisenberg
Picture (HP). Now we want to study the interacting fields. For this we begin by
separating the Lagrangian in its free and interacting part,

L= 'CO + /Cint . (31)
For instance for QED we have
Lo = W0 () — mip(a)(a) — 7 () Fuu(a) - (3.2)
and B
Ling =: ep(x)y, A (x) « . (3.3)

The separation in Eq. (3.1)) leads to a corresponding separation in the Hamiltonian,
H= HO + Hint . (34)

As we saw in section [2.1] this is precisely the separation that is at the basis of the
Interaction Picture (IP). In the IP the operators satisfy equations of motion similar
with those of the HP, but evolving with the free Hamiltonian Hy, Eq. (2.14)). The
other important point is that if the interaction Lagrangian does not have derivatives,
then the momenta canonically conjugate to the free fields and interacting fields are
equa]ﬂ. As the IP and HP are related by an unitary transformation, the interact-
ing fields in the IP satisfy the same commutation relation as the free fields in the
HP. These means that we can use the algebra of the free fields for the interacting

"'We will comment on section on this assumption, but for the moment we will only consider
this case, as it happens in QED.

101
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fields in the IP. They share the same plane wave expansion and the same Feynman
propagators.

The equation of motion for states in the IP is Eq. that we write now as
(we go back to h = 1)

.d
1= |8(t)) = Hine [2(2)) (3:5)
where the interaction Hamiltonian in the IP is (see Eq. (2.12))),
Hipy = /000 HE emtHolt=to) (3.6)

with HS, being the interaction Hamiltonian in the SP. In this equation and from
now on, we will drop the mention to the IP as we will only be considering this case
and this simplifies the notation. Eq. is the Schrodinger equation for a time
dependent Hamiltonian. As the Hamiltonian is hermitian the probability of the

sates is preserved,
(BO)[(t) = (i) (3.7)
where at some initial time, ;, we have |®(t;)) = |i).

This formalism is particularly adapted to the scattering processes we are inter-
ested in. At ¢ = —oo we prepare some initial state |i) that we then let evolve with
time and interact with other fields. At time ¢t = oo all these interactions took place.
The S-matrix is defined as the relation between |®(00)) and |®(—o0)) = |i). More
precisely,

|@(00)) = §[B(—00)) = Si) . (3.8)

The state |®(c0)) contains all the final states, but normally we are interested in
the probability of going into a particular final state | f). This amplitude is therefore,

(f1®(00)) = (fI5li) = Sfi - (3.9)

Using the expansion of |®(oc0)) in a complete set of final states one can show the
unitarity of the S-matrix, namely

SISl =1, (3.10)

f

ensuring the conservation of probability (not of particles) (see problem [3.1]).
To find the S-matrix we have to solve the differential equation, Eq. (3.5 with
the initial condition |®(—o00)) = [i). We can write the integral equation

[©(1)) = \i>+(—i)/ dty Hini (1) | @(11)) (3.11)

—0o0

which is equivalent to Eq. (3.5) with the proper initial condition as t — —oo. It
should be clear that we have not solved the problem, because the state |®(t)) appears
on both sides of the equation. However, this form is particularly useful to set up
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perturbation theory. If the interaction Hamiltonian has some small dimensionless
parameter (like the fine structure constant a = 1/137 in QED), then we can solve

Eq. (3.11) by iteration. In a first step we get

B(1)) = |i) + (i) / dty Hg (1) 1) + (—1)? / ity / 'ty Hi (1) Hi () | 0(82))

) (3.12)
Iterating further and noticing that ¢, — —oco in this process, we get

20} = Y (-i)" | i [t [ H ) Hua(t) - Huae) [200))

(3.13)
and using the definition of the S-matrix we get

o0 S t1 tn—1
S = Z(_Z)n/ dtl/ dty - - / dtp Hine (1) Hing(t2) - - - Hine(tn) . (3.14)

n=0 -

Noticing that in Eq. (3.14]) the times are time ordered, because t > t; >ty > -+ >
t,, we can use this to write the S-matrix in the form (see problem [3.2)

S = i (—nll)" /Z dt, /Z dty - - /Z dt, T (Hing (1) Hing (t2) - - - Hing(t0)) - (3.15)

The final step is to write the S-matrix in terms of the Hamiltonian density Hiy,

S = i ﬂ /d41‘1d4;p2 R d4;1jnT (,Hint(xl)Hint(l'z) .. 'Hint(ﬂjn)) ’ (316)

n!
n=0

where now the integrations are over all spacetime. This equation was derived by
Dyson [29,30] and is known as the Dyson expansion of the S-matrix. This will the
starting point to establish the perturbative series.

There are some fine points regarding the specification of the initial and final
states |i) and |f). These are eigenstates of the unperturbed Hamiltonian Hy. The
question that arises is how these states get perturbed before the transition we are
studying. We will comment on this further on section but for now it is enough to
say that if we keep to the lowest order in the non-vanishing contribution to a given
process there is no problem.

3.2 Wick’s Theorem

In doing actual calculations we will be dealing with the problem of calculating S-
matrix elements between given initial and final states,

Sy = ({fISli) , (3.17)
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where the states |i) and |f) are obtained from the vacuum by use of appropriate
creation operators and for the S-matrix we use the Dyson expansion in Eq. (3.16)).
For instance, the state with one electron with momentum p and spin s will be given
by

i) = [p) = Nyb'(p, 5)10) . (3.18)

where [V, is some normalization. In section |3.4] we will discuss the normalization and
we will discover the value of N, in order to make contact with the usual definitions.
For the purpose of this section we just want to look at the structure of the matrix
elements and relative signs, and therefore we can simplify the expressions by Settingﬂ
N, =1.

Now consider, for definiteness, that we want to calculate the scattering the Mgller
scattering, e~ (p1) + e~ (p2) — e (p3) + e (p4), in second order in QED. We then
want to look at the following term in the expansion of the S-matrix

Sy = <_2—,)2 / A" (O1b(ps)b(pa) T (e (1) Hine (22)) b (p2)b1 (p1)|0) , (3.19)

where, for simplicity we have suppressed the spin indices and the interaction Hamil-
tonian density is given byf]

Hine(7) = —e : p(x)y"h(z) AL (z) « (3.20)

As the fields in Eq. have the free field plane wave expansion, the method to
evaluate that expression is to move all the annihilation operators to the right and
all creation to the left until they hit the vacuum. This is straightforward but a bit
lengthy to do in every case. That is where the theorem of Wick comes to rescue
us. This theorem relates the time ordered product that appears in Eq. with
a sum of normal ordered terms and some c-numbers. As the normal ordered terms
have already the annihilation operators to the right and the creation operators to
the left, the process is very much simplified.

Before given the general form, let us consider first the case of just two fields.
This will enable us to introduce the appropriate notation to state the theorem. We
start with two scalar fields. Then

T (p(z1)p(z2)) =: w(x1)p(z2) : + c-number , (3.21)

because each of the fields have a creation and annihilation part, and the process
of doing the normal ordering will give the commutators that are c-numbers (that
is, they are not operators). In fact it is very easy to calculate this c-number. For

2In fact, in section we will see that it is possible to choose a consistent normalization where
N, =1

3To simplify notation, in this chapter we are already assuming QED and that we are dealing
with electrons, with @), = —1 already included explicitly and e > 0 as everywhere.
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that we take the matrix element between two vacuum states and use the results
(0] : ... - ]0) = 0 and (0|0) = 1, to write

c-number = (0|7 (p(z1)p(x2)) |0) = Ap(z1 — 22), (3.22)
that is, the c-number is the free field Feynman propagator (Ag is the propagator

for the real scalar). It is conventional to use a name, contraction, and a notation for
this operation, that is,

T () ple2)) = plan)oles) - +plan)g(a), (3.23)

where, clearly, the contraction is the Feynman propagator,

o(e1) () = (OIT (p()2(22)) 0) = Ay = 22) (3:24)

For the other types of fields we have an expression similar to Eq. (3.23) with the
following correspondence,

(1)) =Ap(wr = 72) (3.25)

o(21)¢" (v2) = o' (22)p(21) =Ap (1 — 72), (3.26)
Yal(21)0s(w2) = = Dyle2)a(r1) =Sras(ar — z2), (3.27)
A1) A" (22) =D} (w1 — ), (3.28)

where the minus sign in Eq. comes from the anticommutation rules for
fermionic fields.

We are now in position to state the theorem of Wick. To simplify we omit all
indices and spacetime coordinates. We have

T(ABCD .. WXYZ)=:ABCD .. WXY Z:
+:ABCD ... WXYZ :4+:ABCD. WXYZ:+---+:ABCD.. WXY Z:
L L L

+:ABCD..WXYZ:+-+: ABCD... WXY Z :
[y L
4oen (3.29)

where in the first, second, third line, we have respectively no contractions, one con-
traction, two contractions and so on in all possible ways. As the contractions are
c-numbers they can be taken out of the normal products. When we actually sub-
stitute the contractions for the Feynman propagators, the correct signs for fermions
have to be taken in account, as in Eq. . Wick also proved an extension of the
theorem for the cases where some of the operators inside the T-product were already
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normal ordered, as it happens with H;,;. In this case we should not do contractions
among the fields inside the normal ordered product, at the same spacetime point.

Wick’s theorem is proved by induction. We will leave the proof for appendix [B]
Here we just give a non-trivial case to show how it works. Let us consider a case
that will be useful in the next section, the term that comes from second order in the
QED interaction, where we have,

T (Hint (1) Hint(22)) = T (: —ep (1)t (1) A" (1) 1 —etp(w2) 1) (w2) A” (5) )
= (=)’ [T (: L1t AT = domaba A5 2] (3.30)
where we are using a simplified notation. We then get
T((=1/e)Himt (1) (—1/)Himt(22)) = T (: Y171 AT 2 Yyt Ay )
= D Ay e Af
o D AP e AY <+ O ANt AL

+ Yt Ay aba Al

+: ?1%?11‘1‘1@'2%1?21‘15 T @1%1#11%%%%2145 :

+ Y Ay abe Al

+ Ell'yuq{}lfl;llalfyul@fl; :

= 1 Y11 Ayt Ay

— SFpa(®2 — 21)  (Yut1), AT @2%)5 Ay
+ Spapler — x2) : (P17) , AT (b)) s A
+ D (w1 = @2) s Oty s
— Srpa(®2 = 1) (V) gor SPavs (T1 — T2) (W) g1+ ATAS
— Srgalws —21) D (1 — 22) + (Y01, (V2)
+ Sras(r — @) DI (21— 22) 1 (V17,). () s
= SFpa(®2 = 1) (V) gor SFarp (21 — T2) (1) g D (21 — 22) , (3.31)

where no contractions were made between fields in the same interaction Hamiltonian
as they are already normal ordered.
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We will use this expansion in the next section, but let us remark, that if we take
the amplitude of Eq. (3.31]) between two vacuum states only the last term gives a
non-zero result, that is

(O|T (Hint (1) Hint(22))[0)
= (=1)(=e)* Tr [Sp(z2 — 21)7,Sp (21 — 22) 0] D (21 — 7). (3.32)

that corresponds to the diagram of Fig. [3.1] We will discuss this type of diagrams
T, W To,V

Figure 3.1: Bubble corresponding to Eq. (3.32).

in section Notice also the minus sign connected to a closed loop of fermions.
We will come back to this in the next section.

3.3 Feynman Diagrams in configuration space

Now we will calculate the S-matrix elements using the Dyson expansionﬂ We want
to calculate the amplitudes

Sy = {fISli) , (3.33)

for a given final and initial state using the expansion in Eq. (3.16]), for the QED
interaction

Hin () = —e : ()7 (x) A(2) - . (3.34)

The idea is to perform a few examples and then the complete set of rules will emerge
clearly. To this end we realize that in order to obtain a non-zero result, a certain
combination of creation and annihilation operators have to appear in S to annihilate
or create the particles in |i) or |f). Obviously the n = 0 term in the S-matrix
corresponds to no interaction. In QED, the n = 1 term will also not contribute to
physical processes. This is because it could only contribute to processes like

e e +7y, y—e +et, -, (3.35)

that are forbidden by conservation of four-momentumP} So the lowest order term
contribution is the second order term. In the previous section we have already illus-
trated the use of Wick’s theorem using precisely this term. Let us write separately

4For a derivation based on the Feynman approach see, for instance chapter 3 of Ref. [1].

5This only true if we consider the photon as a quantum field. If we consider scattering of
an external classical field these processes are allowed. See section for a discussion of the
corresponding Feynman rules.
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the various terms grouping them in a way that they will contribute to different
physical processes. We have

F

5@ =357, (3.36)
i=A
where ,

8(2) _ (& d4 d4 LT A'LL_ Al, .

AT g rrd g sy AT e Ay (3.37)
e? — — _ _
51(32) =5 d*zrd s [ : ilﬂﬂu?ﬂp‘lﬁth%?{}zz‘lg D Y AV A ;] ,
(3.38)
e? _ _ )

SéZ) =5 /d4x1d4x2 1Y 01 A Ve AY (3.39)

62 A A v A A v
Sg) =5 /d4a71d4x2 [ : 1?17%#14‘1%2%@{’2142 N ¢1%¢1AT¢2%¢2A2 3} )

91

(3.40)

62 _ i
S(E?) — —5 /d4x1d4$2 . 1?17111,’1'#114?1427112?2145 “ (341)

: IS

62 _ —
51(3) ~ o /d4x1d4$2 P Y01 Ay e A (3.42)

o (1 I1 I2 v 2

Now let us discuss the various types of processes that correspond to these different
terms

. 2
Processes in SE, )

This term does not contribute to any physical process. The two vertices with co-
ordinates x; and s are not connected to each other and can only be connected to
external particles like in S, being forbidden by energy-momentum conservation.

. 2
Processes in SJ(B )

Let us look now at processes in Sg). There are two terms in Eq. 1) but they
are not independent. In fact we can relabel (z1, 1) <> (x2,v) in the first term (just
a change of integration variables) and then we get

: ?2711@02145%1%&@{’114’{ = El'Yud’lAleQ%@DQAZ i (3.43)

and therefore it is equal to the second term, cancelling the factor 1/2!. This is in
general true, in QED the factors 1/n! will always cancel. In getting Eq. (3.43) there
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was an even permutation of fermion fields and therefore no minus sign. So after this
we get

51(32) = —62/d4l‘1d4l‘2 LY, 0 Aoy e Al ¢ (3.44)

In Eq. we have a fermion propagator connecting the internal vertices with
coordinates x1, x5 and two uncontracted fermion and two uncontracted photon fields.
The creation and annihilation operators in these fields have to annihilate the corre-
sponding annihilation and creation operators in the initial and final state. Therefore
this term contributes to processes with two fermions (electrons or positrons) and two
photons. The possible processes (conserving electric charge) are

e +y—e +y, et+y—=et+y, e +et 5 y+y, y+y—e +et. (3.45)

To see how this works let us look at the first process, e™ +~v — e~ +, the Compton
scattering. This process corresponds to select the positive frequency part ¢ (z3) of

(z5) to annihilate the initial electron and the negative energy part ¢/ () of ¥(z;)
to create the final electron. But for the photons we have two possibilities, either
Al (1) or Af(z9) can absorb the initial photon, and A (x1) or A (72) can emit the
final photon. So we have two possibilities,

S~ +7 = e 4+9) =852+ 852, (3.46)

where
S[(f) = —62/d4x1d4x2 P ()Y Sp(x — $2)7VA;(x1>Aj($2)¢+($2) , (3.47)

where we have written the contraction in terms of the Feynman propagator and
have put the operators in normal order, so that we can take out the : symbol. For
the other possibility we have

SISQ) = —62/d4x1d4x2 P ()Y Sp(x — $2)7VA;(x2>A:($1)¢+($2) . (3.48)

These two possibilities correspond to the Feynman diagramg’| of Fig. [3.2]

vy Y Y Y
ezi_»_i ei eiﬂ ef
X9 T T2 €1

Figure 3.2: Diagrams for Compton scattering corresponding to Eq. (3.47) and

Eq. (9.

The other processes in Eq. could be obtained in the same way. In all
of them there is a plus sign between the two diagrams as they only differ by the
exchange of the photon field that is a boson. We leave to the next section how to
proceed in finding the Feynman rules in momentum space.

SFrom now on, we will use the usual convention of drawing the diagrams with time flowing from
left to right.
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. 2
Processes in 5 é )

Now we look at Sg ). As we can see from Eq. there is one contracted photon
line, that will give an internal photon propagator and four uncontracted fermion
lines. So we can have all processes with two electrons or positrons in the initial and
final state. The only requirement is to conserve charge. So the possible processes
are

e +e e +e, ett+et set e, e +et we et (3.49)

To see how this works let us look at the first process in Eq. (3.49)), e”+e~ — e +¢7,
known as Mgller scattering. The initial state is defined as

i) = b (p2)b" (p1) 10) - (3.50)

Now the electron 1 with momentum p; can be absorbed either by ¢ (x;) or ¢ ().
In the end both possibilities will give the same result after an interchange x; <> x»
and will cancel the 1/2! factor. So we assume, for definiteness, that electron 1 is
absorbed by ¥ (z1) and that the 1/2! factor is already taken care of. We still have
two possibilities, as the final electrons emitted by ¢ (1) or ¢ (22) in Eq. (3.39),
can be connected to electrons 3 and 4 in two different ways leading to the Feynman
diagrams in Fig.|3.3] These two diagrams have a relative minus sign. We will do the

1 1o

1 >

> 3 1 3

o €2
Figure 3.3: Feynman diagrams for Mgller scattering.

full calculation in momenta space in the next section, but let us explain in simple
terms the relative sign. The starting point is

Xy = (0] b(p3)b(pa) : bryutrtbyytba : b (p2)b (p1) |0) (3.51)

where we are not writing the photon contraction. Each of the fields can be separated
in the positive and negative frequency parts,

b=t T, D=9 49 . (3.52)

From Eqgs. and we can see which particles each of these components
absorb or emit. We collect this useful information in Table 3.1l

As we already have assigned that electron 1 is absorbed by ¢ (1), then electron
2 has to be absorbed by ¢ (x3). Therefore we must have,

Xy = (0b(p3)b(pa) : ¥ (z1)7u00 ™ (@1)Y (@2) 0™ (22) : b (p2)b' (p1) |0)
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Field | Operator Action
(as b(p) Annihilates an electron
(I d'(p) Creates a positron
E+ d(p) Annihilates a positron
v b (p) Creates an electron

Table 3.1: Correspondence between positive and negative energies and annihilation
and creation operators.

= (0] bsba : ¥ (z1)7 0T (21)0 (22) %00 (22) = 3BT |0)
= (0 b3bs (¥ (21)7)a (@ (22)7)5(V T (22))5 (0T (21))ablb] [0) . (3.53)

where we have simplified the notation (b; = b(p1), .. .), and removed the normal order
symbol after moving all annihilation operators to the right and creation operators
to the left. There is no sign, because we made an even number of permutations.
Now, in the initial state we have to move ¢*(z1) to annihilate bl. In the next
section we will see the details, but here as we just want to count signs, we use the

notation [w+(x1)b§] for that operation. So we get, taking care of the signs for the

anticommutation,
X = = (01 bsba (@ (@0)7)a@ (@2)0)s | (6 (22))s ] [0 (@1))abl] 0}, (3.54)

Now the creation operators in v (1) and ¢ (23) have to hit the operators bs
and by. This can be done in two different ways and taking care of the number of
commutations we get,

X = 0] [bo(@ (21)3)a] [0 (@2)w)s] | (@F(22))s 8] [ (1))a ] 10)
= (O] |bs(@ (e2)%)s ) [ba@ (20)m)a] |0 @) B8] [(0F (@1))a bl 10)

=X, + X} (3.55)

[n

corresponding, respectively, to the left and right diagrams in Fig. [3.3]
As another example with positrons, we consider the process e~ +et — e™ +e™,
known as Bhabha scattering. The starting point is now

Y = (0] bady : Eﬂ;ﬂ?lEQ%wQ : dEbI |0) , (3.56)

where we consider that 1,3 are electrons and 2,4 positrons. Again to take care of
the 1/2! we choose electron 1 to be connected to x;. This means that we should
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have ¢*(z1). This also forces the creation of the final positron, particle 4, to be at
x9 through ¢~ (z9). We have therefore

Yy = (0] bady : (1) 7,00 (1) (22) 700~ (02) = dibl |0) . (3.57)

Now for 1)(x;) and 1)(x5) we can have two possibilities, either E+(a:1)af (x2), an-
nihilation of a positron at x; and creation of an electron at x5 or Ef(xl)EJr(a:g),

creation of an electron at x; and annihilation of a positron at xy, corresponding to
the two diagrams of Fig. 3.4 We write therefore,

1 3 1 1

Y
Y
w

I X9

Z2

Figure 3.4: Feynman diagrams for Bhabha scattering.

Y =Y +Y) (3.58)

mv

where
Vi, = (0] boda 0 (1) (@0)0 (2230 (w2) : dbp] [0)
= (01 bada® (w2) 3t (w2) 0" (1) 700" (1) db} [0)
= — (01 byds® ™ (w2)t™ (@2) | (@ (@) )adb) |47 (21)a bl 10)
=01 [bs(@ (22)%)s] [da (22)5] [0 (@) vadb] [0F (@)abl] 10}, (359)
and
Vi, = (0 bady : O (@) (2)8 (22)7,0 (x2) : dbb} [0)
= (0] byda(B (1) )a ™ (22)3 0" (21)a (B (w2) )5 ] 10)
= (0] byda (B (1) )0 ¥ (22)s | (8 (z2)w)s db] [0" (@) b]] [0)
= = (0] [P (@) 3)a] [da v (2)5] [ (@2)m)s db] [ (@0)atd] 10, (3.60)

showing the relative minus sign between the two diagrams. The remaining processes
in Table can be worked along similar lines.
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. 2
Processes in Sj(j)

In Sg), Eq. again we have two terms that are symmetric under the interchange
T > o, taking care again of the 1/2! factor. This diagram corresponds to an
electron being annihilated at z; and an electron being created at x5 (we consider, as
before this order), with an electron and photon being exchanged. After this choice
we have,

51()2) = — 62/d4x1d4l’2 : ?17#1&14?@2’71/1?2/45 :

_ e / By d ey (22) S (23 — o)y (21) D (0 — 1), (3.61)

corresponding to the Feynman Diagram in Fig. [3.5 This diagram conducts to a

N

1 T2
Figure 3.5: Feynman diagram for the electron self-energy.

divergent integral that will be studied in chapter [J]

. 2
Processes in SSE)

Consider now the term Sg). We have two fermion propagators and two photon in
the external lines. When connected to real external photons these can be connected
in two ways that again compensates for the 1/2! factor. We choose the photon to
be absorbed at x;. Then the element of the S-matrix reads

51(52) =— 62/d4$1d4$2w17 Y1y Vb Ay VAT
o

= — ¢ / d*z1d zo(—1)Tr [Sp(xy — 21)7"Sp(1 — 22)7"] A, (22) Al (21),  (3.62)

corresponding to the diagram of Fig. [3.6f The important point to notice here is

Figure 3.6: Feynman diagram for the vacuum polarization.

the extra minus sign due the anticommutation of fermionic fields. This happens to
all closed fermion loops. This diagram is also divergent and will be discussed in
chapter [9]
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. 2
Processes in Sz(r )

Finally, the processes in Sg) were already discussed in Eq. 1) and in Fig. .
They correspond to the so-called vacuum-vacuum amplitudes or bubbles. We will
discuss them in section [3.6

Term in S® QED Process
Sf) No physical process
Sg) e +y—=ev,et+y—=ety e +et 5yt y+y e et
S(CZ) e +e —e +e et et et +efem et we et
Sg) e~ — e (1 loop) Electron Self-Energy
Sg) 7 — v (1 loop) Vacuum-Polarization
S}(wz) Vacuum-Vacuum Amplitude (Bubbles)

Table 3.2: QED processes contained in S@, Eq. (3.36).

3.4 Feynman Diagrams in momentum space

In the last section we discussed the QED processes contained in the S-matrix at
second order. We were able to see which processes corresponded to the different
contractions and discussed the relative signs given by the Wick’s theorem. As a
final step in showing that we get the same Feynman rules by this second quantized
approach as we did before, we must go to momentum space. We will leave the actual
calculations of the QED processes to chapter |5, but will perform the calculation to
the point where we can read the invariant amplitude M for each process and from
there abstract the Feynman rules. We will do that just for a few processes, but
before we have to be more specific about the normalization of states.

3.4.1 Normalizations and definitions

The subject of normalization of the states always brings some confusion, as many
different possibilities appear in the literature. To explain our conventions, let us
start by indicating the places where the different choices usually appear. Let us
define,

[a(D),d"(Q)] = Nuut 8° (7 — @), (3.63)
_ [ d&p

o(x) = N,

la(p)e™ P + dl (p)e?] (3.64)
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) = Npal (9)[0) | (3.65)
(2m)*6* (Zpl — pr>] NypiM. (3.66)
i !

Using Eq. (3.63)) and Eq. (3.65]), we get by obviously
(P1q) = NNt 8 (0 — @) (3.67)

Now different authors have different choices for these normalization factors. In
Table [3.3] we collect the conventions of a few standard textbooks. So, with our

Sﬁ = 5f7; +

Author Nt Ny N, Ny
This Text (2m)32pY | (2m)32p° 1 1
Peskind&Schroeder (2m)% | (2m)3\/2p° 2p° 1
Schwartz (2m)% | (2m)%\/2p° 2p° 1
Maggiori 2m)® | (2m)3\/2p° V200 1
Tong (2m)3 | (2m)3\/2p° 2pY 1
Pokorski (2m)32p° | (27m)32p° 1 1
Lancaster&Blundell 1 V(2m)32p0 | \/(2m)32p0 | 1

Table 3.3: Normalization constants for different textbooks.

conventions, a state of momentum p (we omit the arrow) is given by,

Ip) = a'(p) |0) (3.68)

with the normalization
(P1q) = (2m)>2p° (5 — @) - (3.69)
We will use this normalization both for fermions as well as for bosons. [l Now we

consider the effect of positive energy part of the quantum field, /" (x), applied to a
state of momentum p. We have,

V(@) Ip) = v (@)1 (p. ) [0)
— [ 3 [ )utw e W 910

d3p’ —ip'-x
:/ Gy 2V WS W = ey, e [0)

= 0) u(p, s)e"", (3.70)

"We did not include in our table older books, like Bjorken& Drell, Itzykson& Zuber and Mandl&
Shaw that have different normalization for bosons and fermions.
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where we have used Eq. (2.68]). For future use we collect here the results for all
cases. For the initial states,

Ot () |p) =0 (2)b (p) |0) = |0) u(p)e #* (3.71)
O (2) |p) =" (2)d'(p) |0) = |0) B(p)e P, (3.72)
A () [k) =AF (2)al (k) [0) = |0) e, (k)e ™, (3.73)

and for the final sates,

(plv (2) =(0lb(p)i () =7(p)e™ (0], (3.74)
(pl v~ () = (0] d(p)y~ (x) = v(p)e™ (0], (3.75)
(k| A () = (0| a(k)A; (z) = €(k) e (0] . (3.76)

The other point that it is necessary to be precise, is the relation between the
S-matrix element and the invariant amplitude M. Here we will define,

(2m)*o? (Z i — pr)
i f

where we incorporated an extra ¢ in the definition of M. Note that this convention
is not universal in the literature, in some books there is a minus sign. However, that
this will not change any physical result, as we will always need |[M|. To get i M
we have to factor out the expression in square brackets. The definition of |M] in
Eq. corresponds to extract from the S-matrix all the kinematical factors. We
will see that this is very useful when we will look at the cross sections in section [4.2]

With the previous definitions we are now in position of evaluating the invariant
amplitude for various processes. We just calculate a few of them to be able to
enunciate the Feynman rules for QED.

Sfi = 5fi + IM, (377)

3.4.2 Compton scattering

To learn how to handle electrons and photons in the initial and final state, we
consider as a first process the Compton scattering,

e (p) + (k) = e (p) +7(K). (3.78)

The S-matrix element is obtained from Egs. (3.47) and (3.48). We use the
convention for the momenta defined in Eq. (3.78). We obtain

S;i =—é / d'zyd (0] a(k/)b(Pl)E_@l)V“SF(!ﬂl - $2)WVA; (xl)Ai_($2)¢+($2)

b (p)a’ (k) [0)
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=-c / d*z1d"ws (0] a(K) AL (21)b(p) (217" Sp (21 — 22)7 %™ (22)b' (p)

A7 (2)a’ (k) |0)

2 d4q — I\ v *
=—e u(p' )" Se(a)7 up)e, e
/ d4x1d4x2€—i(p-x2+k.m2)e—z‘q.(xl _$2)€i(k"$1+p’~$1) ’ (379)

where we have used Eq. (2.80) to express the Feynman propagator in momentum
space and Eqgs. (3.71)) and (3.74) to evaluate the amplitude. We are left with calcu-
lating the integral

— . . —70- p— ; l. ,.
/d4l’1d4l’2€ z(pxg—i—k:rfg)e iq-(z1 xg)ez(k x1+p’ 1)

_ / d4xleix1~(—q+k’+p’) /d4x2€—ix2~(p+k—q)
=(27)'6"(q—p — k)(2m)"6* (¢ — ' — k). (3.80)
Inserting in Eq. (3.79)) we get
St = —eu(p" )y Sr(p + k)y”u(p)eZel,(Qﬂ)454(p +k—p — k)
— |@m) 6 (p+ k= o — k)| ) (ier) Se(p + B)(iey Julp)epe,  (381)

which gives
I MO = T(p) (i) S (p + k) ier* Yu(p)es (K e (k) (3.82)

Tn a similar way
Sh= ¢ [ oty (O|al)DE)D (27" Selar 227" A, () 4] (22)0 (22
b (p)a' (k) 0)
== [ dnidtny (O1alk) A, V)T (001" Sr(an — 270 (220 (0)
Af ()l (k) [0)
= — U(p' V" Sr(p — K )Y ulp)ese, (2m) ' (p+ k —p — k)
= 206" (0 + k= — ¥)| @) (ier") S (p — K)(ier" ulp)eues (3.83)

which gives
i MP = (p) (i) Si(p — k) (ie* Ju(p)ea(R)es (k) (3.84)
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Now that we have the expressions for the amplitudes, Eq. (3.82) and Eq. (3.84]) we
want to learn how to extract the so-called Feynman rules for this process. These
rules allow us to look at a diagram in momentum space and write the corresponding

amplitude without all the previous calculations. We begin by showing the momen-
tum space version of Fig. [3.2] which we show in Fig. 3.7]

€, k e,k €,k e, k'
p P p P

Figure 3.7: Diagrams for Compton scattering in momentum space.

Let us look first at the electron leaving the diagram. We have a spinor u(p’ )E]
This spinor has an index in Dirac space that should be contracted so that the final
result is a 1 x 1 matrix in Dirac space. If we look at Eq. we see that this
corresponds to the fermion line

u(p)(iey”)Se(p + k) (iey")u(p) (3.85)

From here we immediately see that we should write this line starting from the tip
of the arrow. In succession, we have u(p’) for the outgoing electron, then a factor
(zey”) for the interaction (vertex) with the outgoing photon of momentum £, then
an electron propagator Sr(p + k) for the electron internal line, followed by another
interaction (iey*) with the initial photon of momentum £*. The line is then closed
by a spinor u(p) for the initial electron, resulting in a 1 X 1 matrix, in other words
a complex number. There is momentum conservation at each vertex (the electron
propagator has momentum p + k). Finally we should multiply by the polarization
vectors (k) for the initial photon and €” (k') for the photon in the final state. Now
if we apply these rules to the second diagram of Fig. we immediately get the
corresponding amplitude, Eq. . Notice that the momentum of the electron
propagator is now p — k' by momentum conservation.

It should be stressed that the understanding, by Feynman, that everything could
be done with a small set of rules was an enormous breakthrough, just look at all the

calculations that lead to Eq. (3.82) and Eq. (3.84).

3.4.3 Bhabha scattering

To have an example of positrons in external lines, we choose Bhabha scattering,

e (p1) + e (po) = e (p3) + e (ps) . (3.86)

8For simplicity we are omitting the spin labels.
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Again we have the two diagrams of Fig. with a relative minus sign. From

Eq. we get
Sh =~ 82/0545171614‘932 (O] [b(p3)($(932)7u)ﬁ] [d(pa)Y™ (22)5 ]

(@ ) )ad ()] [0 (@0)a (1)) 10) D (1 = )

== Calp)0(e) [ G DE @Tw)al)

/ d4$1 d4:1326_w1 “(p1+p2+q) el (p3+patq)

= (27)454(271 +p2—Pp3— p4)]

U(ps)(iey, )v(pa) D (p1 4 p2)0(p2) (iey,)u(pr) (3.87)
and therefore
M = ﬂ(m)(i@%)U(M)D?gj (p1 + p2)®(ﬁ2)(@'€%)u(p1) . (3.88)

In a similar way

Sh == (=1) [ d'aidtes (0] [bp) @ (22) 0] [dp1) 0 (22)5]
(@ (@295 d'(p2)] [ (21)a b1 (p1)] [0) DI (1 = 2)
= [(2ﬂ)454(p1 +P2—p3— P4)}

(—1)u(ps) (iey,)u(pr) Dy (ps — p1)v(p2) (iev)v(ps) ,  (3.89)

and

i M" = (=1)u(ps)(iev,)u(pr) Dy (ps — p1)u(p2) (iev, )o(pa) - (3.90)
To read the Feynman rules from Eq. and Eq. , we start by showing the
momentum space diagrams for Bhabha scattering in Fig. |3.8]

We verify that we obtain the same rule for the vertex, and for the initial electron.
However there are two new rules. The first one has to do with the positrons. Their
line is backwards in time, but like before, its fermion line always starts at the tip
of the arrow. We have a spinor T(p,) for the initial positron and a spinor v(p,)
for the final positron. The second rule is that there is a minus sign between the
diagrams. This minus sign comes form Wick’s theorem and there is no easy way to
spot it, unless you go back to the use of Wick’s theorem. Luckily, nowadays there

exist software that can automatically give the correct sign for you as we will see in
chapter [7}
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p1 . D3
e~ e
et 3 ) et
P2 P4

Figure 3.8: Difusao Bhabha

One can easily verify that all the processes in 51(92) and Séz ) are obtained using
the same Feynman rules. We leave for the next chapters the evaluation of the cross
section for these processes.

3.4.4 Closed loops

Before we close the section let us see an example of the rule for closed loops. Let
us consider the vacuum polarization as an example. We start by the term Sg)
in the S-matrix expansion, given in Eq. and the contribution to the photon
propagator is

Sp=— 62/d4x1d41:2(—1)Tr [SF(QCQ — 21)7,SF (21 — 932)%}
(0] a(k") A~ (w9) A* ¥ (1 )a' (k) |0)

= AN ®) [ GRS [Se)Sen

—q /. — —q . — —q . 7 /.
/d4$1d4l‘26 i’ (z2 x1)6 ip-(z1 x2)e zkx1€zk To

=~ AN ) [ G ST [Sr0 ) Sen

@2m)'s*(p —p—k)2m)'5 (p —p' + I

= [2m)6'(k = k)| (= De(me (k)

d*p ' '
/WTI [Sp(p + k)(ze%)SF(p)(le%)] ; (3.91)

and therefore
iM = (=1)e"(k)e™ (k) / (;ZTP;ALTF [SF(p + k)(z'e%)SF(P)(ie%)] ) (3.92)

In momentum space this corresponds to the diagram of Fig. [3.9
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p+k

Figure 3.9: Vacuum Polarization.

This example gives us two extra Feynman rules. The first one tells us that when
we have a closed loop, we have to choose an arbitrary momentum, say p, for one of
the internal lines and multiply (integrate) by the factor

/ (57:;4 (3.93)

using energy momentum conservation at each vertex of the diagram. The second
rule comes from Wick’s theorem, there is a global minus sign for every closed loop
of fermions. We will study this process in chapter [9]

3.4.5 Feynman Rules for QED

We have done enough examples to obtain the Feynman Rules for QED. These are
obtained from the Dyson expansion of the S-matrix using second quantized fields.
We emphasize that Wick’s theorem is crucial in giving the correct signs for all cases.
Also, it should be noted that second quantization is indeed necessary to understand
the creation and annihilation of particles.

The Feynman rules to evaluate processes in this theory are the following:

1. For a given process, draw all topologically distinct diagrams.

2. For each electron entering a diagram a factor u(p, s). If it leaves the diagram
a factor u(p, ).

3. For each positron leaving the diagram (final state) a factor v(p, s). It it enters
the diagram (initial state) then we have a factor o(p, s).

4. For each photon in the initial state we have the vector £”(k) and in the final
state ™ (k).

5. For each internal fermionic line the propagator

P mas (3.94)
pe —m* + 1€

5 > 5 Sr.s(p) =1
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6.

7.

9.

10.

11.

12.

For each virtual photon the propagator (Feynman gauge, £ = 1)

qu\/\/\/\/k\/\/\/\/\,v Dy (k) = —i %’ (3.95)
For each vertex the factor
o
W iey" (3.96)

For each internal momentum, not fixed by conservation of momenta, as in the
case of loops, a factor

/ <;qu)4 (3.97)

For each loop of fermions, take the trace and multiply by —1.

A factor of —1 between diagrams that differ by exchange of fermionic lines. In
doubt, revert to Wick’s theorem.

In QED there are no symmetry factors, that is, they are always equal to 1.

The result of applying these rules gives i M.

3.5 Scattering by an external field

In section we said that there were no physical processes originating from the
n = 1 term in the Dyson expansion. This was because the photon is massless and
the processes were forbidden by energy-momentum conservation.

There is however an important situation where we have only conservation of
energy, the elastic scattering off an heavy nucleus, where we assume that there is no
recoil. Let us derive the Feynman rules for this case.

We start from the expression for S,

S = / 0 (] (—e) : Bl Pp(a) A2 (2) - i)
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—ic [ a5 @) (1] Bl s ) (3.98)

where the second line follows from the fact that Af () is a classical external field,
that we define trough its Fourier transform

A0 = 40 = [ G5 (3.99)

To proceed we take the initial state to be an electron of momentum p and the final
state an electron of momentum p’ (spin indices omitted for simplicity), that is

i) =1p), |f)=1p) (3.100)

which would correspond to the scattering of an electron from the electromagnetic
field of a massive nucleus, the so-called Coulomb scattering. We have then

0 ie [ ey (a) ) T oto) < o)
i / e AL(T) (0] T ()"0 () |p)
—ie / d'z AS(Z)a(p' )y u(p)e'® P (3.101)
Fourier transform in Eq. (3.99)) to obtain

where we have used Eq. (3.71) and Eq. (3.74). Now we introduce Af,(Z) through its
(3-99

dq

1)@ E

d3

S :ieﬂ(p')vuu@)/ 0B~

—(2m)8(E' — E) ieu(p)1*u(p) / &g A3 8T~ + P)
—(2m)6(E' — E)ieu(p' ) u(p)AS(T = — P)
= [(27r)5(E’ - E)] iM (3.102)

where we have defined

iM =u(p)(iey")u(p) A7 (q) (3.103)
with the momentum transfer given by
I=7 -7 (3.104)

So, to account for these cases we have to modify the Feynman rules with two
additional rules,
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13. In Eq. (3.77)) relating the S-matrix element with the invariant amplitude, M,
we have to make the substitution

@) (> pr =Y _pi) = (2m)3(E' — E) (3.105)
f i

14. For each interaction of a charged particle with the external field Af(7) we

write a factor g
[ SANANNANNNANX

c o 3 —iq-T AC (=
A%(7) —/d ze "TTAL(T) (3.106)

where ¢ is the transfer momentum and the cross marks the external source.
Energy, but not momentum, is conserved at the vertex. For the case of
Coulomb scattering we have,

7 -
A7) = 25 A =0, (3.107)

- |arz)’
and taking the Fourier transform (see Complement we get,

ze

(3.108)

3.6 Some points we swept under the rug

In this section we will address some questions that we avoided discussing so far. The
reason for that is that the final result for the Feynman rules is correct despite the
points that we will see below. Therefore we can be less technical and proceed with
the calculations.

3.6.1 Initial state being a free particle

The first point is our definition of the initial and final states. We consider them as
free particles. However, we know that this is not true because quantum fluctuations
will change these states, even if initially they were free particles.

To address correctly this question it is necessary to use the formalism of Lehmann,
Symanzik e Zimmermann (known as the LSZ formalism [31]) for in and out states.
This is explained in many books in QFT, for instance in my text [12] but it is beyond
the level of this introductory course and we will not go into this any further, except
in connection with the next question.
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3.6.2 What happens to the bubble diagrams?

We saw that in the Dyson expansion of the S-matrix there were terms fully con-
tracted. These terms cannot connect to external particles and are known as vacuum-
vacuum amplitudes and sometimes as bubbles, for obvious reasons, see Fig.
They can appear just like in Fig. [3.I] but also in higher order processes like those of
Fig.[3.10] These diagrams are called disconnected, because two parts of the diagram

\ 4 Y
y Y
N\ \N\\Y
y A\

Figure 3.10: Disconnected diagrams.

are not connected by any interaction. What should we do with these disconnected
diagrams? It turns out that the proper definition of asymptotic states in the LSZ
formalism also solves this problem. In fact the corrections to the vacuum exactly
cancel these contributions from the S-matrix. So we can safely consider only con-
nected diagrams as we have been discussing up to now. For the details of this
procedure see my text, Ref. [12].

3.6.3 And what about interactions with derivatives?

There is a final point in this discussion. Remember that when we discussed the IP,
we said that we were considering interactions without derivatives, like in QED. The
reason for this was that in this way we could be sure that the conjugate momentum
would be the same for the free and interacting fields and we could use the free field
expansion and (anti)commutation relations.

It turns out that this is just a technical complication and that the Feynman
rules can be worked out giving similar results. This is not much discussed in the
literature, but you find a discussion in the books of Itzykson and Zuber [32] and
of Weinberg [33]. The interactions with derivatives are important in the standard
model, because they are present in the non-abelian gauge interactions. The reason
why they are not much discussed in the canonical formalism, is that to quantize
those theories you need the Feynman path integral formalism, instead of second
quantization, and there the problem does not appear. It is very interesting that
the path integral formalism solves both difficulties. However its study is outside the

level of this course, the interested reader can see my text Advanced Quantum Field
Theory [12].
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Complements

Complement 3.1 Fourier transform of the Coulomb potential

The evaluation of the Fourier transform of the Coulomb potential has some subtleties. We

show here the steps that lead to Eq. (3.108]). We have

1 o—iTE 1 00 o
FT[T‘] :/di’rx|_,| = 277/ dcos&/ d|fHa—;|eﬂ|q‘Hm|cos
x 1 0

| %

2 [° o o
—iZ" | dlz| |e 9Tl _ gddllzl | 3.109
) ] ] (3.109)

The problem comes from the oscillatory behavior of the exponentials in the previous
expression. To handle this problem we substitute the Coulomb potential by another that
is well behaved and gives back the Coulomb potential in some limit. We take,

1 eflu'lf‘

— = 1li A1
7] w0 |7 (3.110)
where the parameter p has dimensions of mass. We then get,
FT[L] = tim i 2% [ a7 e eI _ =Gl
7 w=0|ql o
I 27 [ 1 1 ]
= lim i— — — ,
w1l [p+ild =il
2r =21
n=0 - |q] p® + 141
4 4
ﬂ ” (3.111)

=lm - = —_
R EAF L

in agreement with Eq. (3.108)).
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Problems

3.1 Using

[@(c0)) = D 1) {f1Po0) = > 1) Spi (3.112)

f f
prove Eq. (3.10).

3.2 Show that

/ dtl/ dtoHing (t1) Hing (t2) / dtl/ dtoT (Hing(t1) Hine (t2)) - (3.113)

3.3 Show explicitly that the states are normalized as in Eq. (3.69),

(plg) = 2B (27)°8° (P — q) - (3.114)
Show that this normalization is Lorentz covariant, that is
2F (27)38%(p — @) = 2B (27)*6* (' — ) (3.115)

where F,p, ¢ and E',p',{ are the energy and momentum in frame S (5’), respec-
tively.

3.4 Consider a real scalar field with the interaction Lagrangian

L= —% cot (3.116)

Evaluate the S-matrix up to second order in the coupling \.

3.5 Calculate the invariant amplitude M for the Mgller scattering, e~ + e~ —
e~ 4+ e, and show that it coincides with what one would get from the application
of the Feynman rules.

3.6 Calculate the invariant amplitude M for pair production, v+~ — e~ +e™, and
show that it coincides with what one would get from the application of the Feynman
rules.

3.7 Calculate the invariant amplitude M for pair annihilation, e™ + et — v + 7,
and show that it coincides with what one would get from the application of the
Feynman rules.
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Chapter 4

Cross Sections and Spin Sums

4.1 Introduction

In this chapter we want to go from the theoretical expression for the S-matrix am-
plitude, given in Eq. , to the physical measured quantities, the cross sections.
We will explain this below, taking special care about the conventions for the nor-
malization of the states.

In the relevant cases particles have different polarization states, like the spin of
the electron or the polarization of the photon. In practice, in most of the experi-
mental situations, we do not measure those polarization states, so to compare with
experiment we also have to average over the initial state and sum over the final state
polarizations. We will explain in detail in this chapter how this can be done.

Finally, the procedure described above, although straightforward can become
quite tedious and time consuming. Nowadays this difficulty is solved with dedicated
software. In the final part of the chapter we review a few of these software packages
that we will use in the following chapters.

4.2 Cross Section

We start with the expression for the S-matrix amplitude, Eq. (3.77), that we recall

here.
(2m)*o* (Z pi—> pf)] iM. (4.1)
i !

Now we go through the various steps in the construction of the cross section.

Sfi = 5fi +

4.2.1 Transition rates

We start by defining the transition rate per unit time, that is,

wy; = lim 1 M (4.2)

T=oo T' (1) (il2)

129
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There are two points in this definition that deserve explanation. The first is why
divide by 7. The reason for this definition lies in the fact that Sy; stands for all
transitions for all time, that is in the limit 7" — oco. As the experiments take a
finite time, that can be different between different experiments, we want to have a
normalized definition that allows to compare those different experiments. We will
see below that V,T will cancel out in the final result. The second point has to do
with the normalization of the states. Our states are not normalized to unity, in fact
we saw in Eq. that we have,

(pld) = (2m)°2p"0° (P — @), (4.3)

and this is the reason why we have to have to include the normalization in Eq. (4.2)).

4.2.2 Delta function

In the expression in Eq. appears the square of a delta function. As this might
appear a difficulty we will go over it carefully.

We start with the case of just one delta function, for the energy conservation and
then generalize the result. We consider transitions in the time interval (=7"/2,7/2).
We have then

T/2 '
(2m)o(Ey — Ei) = lim dteEr—Eit
T—o0 —T/2
in [T/2(E; — E;
_ g S IT/2(E — B (4.4)
T—o0 Ef _ ‘E'z

For fixed T, this curve is shown in Fig. [£.1 and the area limited by the curve is

2 sin (T/2(E—E9))
E—&

ALY A A
AR

Figure 4.1: Representation of the approximation for the Dirac delta function.
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finite and equal to 27, as it should be if we look at the left-handed side of Eq. (4.4)).
To see this we define v = Ey — F; and § = Ix. We have then

oo 9 i T
/_Oodl’ smx(gx) :/_Ood£2s1§n§ 4/0 dgsnflf (4.5)

where we have used the result,

o siné  ow
/0 = =3 (4.6)
Noticing that from Eq. we have
T/2
276(0) = lim dt = lim T'=T (4.7)
T—o0 —T/2 T—o00

we finally arrive at the correct expression for the square of the delta function,
276 (Ey — EZ)]2 =218(0)278(Ey — E;) = 2nT6(Er — E;). (4.8)

Now we are in position to generalize this result to the case of the delta function
in Eq. (4.1). We have four delta functions giving energy-momentum conservation,
so we must have

[(27?)454 (Z P — szﬂ i = VT (2r)** <Z P — sz> (4.9)

4.2.3 The phase space

Up to now we have evaluated the transition rate per unit time and volume to a
given final state. To evaluate the cross section we have to sum over all final states
allowed by energy-momentum conservation. To be more precise we use the following
convention, pi, ps are the four momenta of the initial state and ps, p4, . . ., p, are those
of the final state with n — 2 particles.

We have then to sum (integrate) over the number of states with momenta in the
intervals p3 to p3 + dps, - -+, p,, and p,, + dp,, given by

n

d3 d3 d3n d3i
vy Sy S v S (4.10)
=3

(2m)? " (2m)? (27)3 (27)°

4.2.4 The incident flux

The last ingredient going into the cross section is the incident flux. When we com-
pare two experiments we want to have results that do not depend on number of
incident particles, so we have to normalize dividing by the incident flux. For the
normalization that we are using for the states, the volume V' contains one scattering
center and the incident flux is

[ e 1= 5| | (4.11)

where v, is the relative velocity of the two incident particles.
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4.2.5 The cross section

We have now all the ingredients to evaluate the cross section. Using the previous
results we get for the transition rate,

VEr)*st (O pi— Y py) f:?/” (4.12)

Now we have to discuss the normalization of the states. For one particle of momen-
tum p we have,

(plp) = (27)*2p"5°(0) (4.13)

From our discussion on the delta function should be clear that we have
(27)38%(0) =V (4.14)
therefore, for one particle state we get,

(plp) = 20"V (4.15)
Using this result we get for the initial and final state normalizations,

2

iy = [Tv2E), (f1f) = [1(v2E)) (4.16)

i=1 !
where the sum in f runs over all the final state particles.

To obtain the expression for the cross section we divide by the flux and sum over
all the final states to get,

%4 Vd3p;
d J
g wa ’Urel ]ig (27T)3

—0)' (=3 ) 4E1E2vrel HzE( (4.17)

j=3 7/

where we notice that all factors of V' exactly cancel. For future use we note that,
for head-on collisions we have,

P2 Dl .
AE, By v =4p0p% |22 — BL1 = 41305, — )
b2 P
24\/(191 +p2)® — mim3 (4.18)

where the last expression shows that it is a Lorentz invariant quantity. To arrive
at Eq. (4.18) it is necessary to assume that py e py are collinear, which the normal
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situation, either for fixed target or collider experiments. Now we use Eq. (4.18) to

rewrite the cross section in a more suggestive form,

1 = o &Py
0= = Mgl (2m) 6 (o1 +p2 = ) pj (4.19)
/ 4\/(171 - p2)?— mims ]z; ’ ]1;[3 27r)32p
which our master formula. In Eq. (4.19) there are three distinct parts:
e Initial State
The factor .
(4.20)

4\/(]91 ']92)2 - m%m%

has to do only with the incident flux and the target, which is completely

known.

e Final State
The factor

n

(2m)*6* (o1 +p2 — ) p)) H 4 (4.21)

3
= (2m)32p?

corresponds to the final state. Either of these two factors are Lorentz invari-

aniﬂ which is particularly useful in calculations. The invariance of the
state phase space results from,

final

[ 55 = [ at s - m2o0") (422

Another, more explicit way of showing this, is given in Complement

e The matrix element
Finally the physics is in the matrix element | My; |* that, has we have
we associate to Feynman diagrams and are written using the Feynman
for the theory.

’ 2

seen,
rules

4.2.6 The cross section for scattering from an external field

There is a final case that we have to address, that is the case of scattering

from

an external field like in Coulomb scattering. We have seen the modified Feynman
Rules in Eqs. (3.105)) and (3.106)). If we go through the previous procedure we get

for the transition rate

M
(1) le)

'More precisely for Lorentz transformations along the collision direction.

wp = (2m)0(Ey — E;)
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11 :

= (2m)0(Ef — Ei)VQEiVT@ |

(4.23)

To get the cross section we have to divide by the incident flux v;/V and multiply
by the final states available. We get

. V QVdgpf
do —wfiv—i‘./\/l’ (271')3
1 d3p
=(27)8(E; — E; 2 ! 4.24

Notice that the dependance on V' cancelled out. Now we observe that v; E; = |p;| =
15;| = |p] and that d®p; = |p|EfdE;dS to finally obtain

do 1| 2
dQ 1672

To proceed we need to know M, that we have already discussed in section The
cross section will be discussed in section (.11

(4.25)

4.3 Kinematics

In this section we will explain how to evaluate the cross sections for the case of
two particles in the final state. We can evaluate the cross section in two reference
frames, the so-called laboratory frame where one of the particles is at rest, and the
center of mass frame where the total 3-momentum vanishes for the initial and final
state. As this two frames are connected by a Lorentz boost along the direction of
the incident particle, the area perpendicular is not affected and the same happens
to the cross section. However the explicit formulas are very different and normally
much more complicated in the Lab frame.

4.3.1 Laboratory frame

In this frame one of the particles is a rest, p» = 0 and the kinematics is indicated in

Fig. where

Figure 4.2: Kinematics of the Lab frame.
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P11 = (Ehﬁl) b3 = (E37]73)

- ) (4.26)
pa = (m,0)  pa= (Ey+my— B3, i)
We get
\/(p1 cp2)2 —mimi = \/m%Ef —m2m3 = p1pMe (4.27)
and therefore
1 2 (5, 454 d*ps  dPpy
= | Tmgpr M 2070 —ps - 4.28
7 /4m2p1Lab [ My [ 2707 p1 4 p2 = ps =) (27)32pY (2)32p8 (4.28)
1 d*ps
=St | o PP Mo (4.20)
1 d|ps||ps|*d<
 GATZmapy / 20 ) o(py + Py — 15— pa) | Myi |2 (4.30)

Finally we integrate in |p3| leaving only two independent variables, the scattering
angles of particle 3.

do 1 /d|103||p3|2

aa 2 221 m | p 0 2
d} 647T2m2p1Lab p3 (\/| | + |p3 | |p1 H P3 | cost +mz

+ \/|ﬁg |2 —i-mz — Moy —E1> |Mfi|2

55|~ 2
= d|ps||ps|? _ M 4.31
~6an2m | |/' W o 5 T8 1 T 17 Teosg il (43D

where we used the properties of the delta function in Eq. (4.31]) (see Complement

to obtain,

d 1 - i |2
= = 75| | My (4.32)
dQ  64m?my |P1| my + By — |10‘11E|5 cos 0
where Fj5 e psy,, are implicitly defined in terms of the scattering angles 6. For each
0 we can obtain them. We get in the Lab frame

ps = (£3,0,papa 800, p3p 4, cos )
pa = (E1+mg— E3,0,=p3pp,Sin0, pipay, — P3pan cos0) (4.33)
Using p3 = m3, it is possible to obtain psy,;,

B+ +vB?—- AC
P3Lab = P (4.34)

with

A = 4(Ey +my)? — 4pi,,, cos® 0
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Figure 4.3: CM kinematics.

B = 2pjp,,cosb [(El + m2)2 — mi + m§ — prab]
2
C = 4mj (Ey+my)’ — [(Byr +ma)” —mi +m3 — i) (4.35)

To find the final result we would have to introduce | My; |* in Eq. (4.32) and perform
the angular integrations. This will depend on the process. We will come back to
this later.

4.3.2 Center of mass frame
In the center of mass frame (CM), we can define,
Pout = (v/5,0) = piem + paom = Paout + Pac (4.36)

where /s is the total energy in the CM frame. Using Eq. (4.36) we can than show
that,

o S+mi—m3 o s+mj—mi
p1cM_2—\/§’ pQCM_Z—\/E
s+m2—m? s +m? —m?
Piem = #7 Picw = # (4.37)
L AMWsim,me) L A5 ms, my)
D1 em = NG » slom = 2/s
where
A,y 2) = V(22 =y = 22) = 422 (4.38)

Let us specialize for the important case of elastic scattering when m; = m3z e mqy =
my4. Then |pi |y = |P3lcy- The kinematics is shown in Fig. It can be useful to
relate the Lab reference frame with the CM frame. Noting that

PLab - (El + mQ,ﬁlLab)v PCM = (\/57 6) (439)

we get

Vs = 7<E1+m2—g'ﬁ1Lab>
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0 = 7 (B — BBy +ma)) (4.40)
and finally

g: PlLab = Ey 4 my
E1+m2’ \/E ’

With these relations we can get

s=m2+mi+2Em; . (4.41)

- . = mo
pPicm = ’Y(p1Lab - BEl) = 7§p1Lab

- 7 ma
- = — DL 4.42
P2cMm B ma \/gplL b ( )
and therefore verify
piem + Pacm = 0 . (4.43)

We will now turn to the differential scattering cross section in CM frame. The
general expression is again Eq . To calculate the flux term we note that from
the definition p; + pa = (/s O) we get

2 2

: (4.44)

P1-pP2 =

Then

41 po)? — mimd = 2X(V5, i ma) = 4V [Bica (445)

and therefore

do /d|p3 |103|2 < 0 042 9 2) 2
i S — Pa — —ms5+m M
70 647T2\/_\p1CM| p3 p4 \/_ Ps3 \/(pg) 3 i)l f ‘
dp5 ‘p:’)CM‘ 5( ) 2
_ My 4.46
647r2\/_\pch\ / 1+ p_g My (440
o
and finally
do 1 [Psoul, e (4.47)

dQ) 647T S |pch\

For elastic scattering we have |picm| = |Pscm| and we get,

do 1 i

dQ ~ 64n’s iz ™M (4.48)

To proceed we will need to know the matrix element My;. This is where the dy-
namics is and it is given by the Feynman rules of the theory. We will see examples
in QED in the next Chapter.



138 Chapter 4. Cross Sections and Spin Sums

4.3.3 Mandelstam variables

Before we leave this section, let us discuss, for the important case of the scattering
142 — 344, a set of very useful invariants, the Mandelstam variables. For this
case we have

D1+ P2 = p3+Da (4.49)

and we define the Mandelstam variables by,

s=(p+p)? t=(p—p) u=(p—p) (4.50)

We will see that when we apply the Feynman rules for the Feynman diagrams these
are named after the Mandelstam variable the corresponds to the squared of the
transferred momentum in that diagram. The variables s, t,u are not independent.
In fact

s+t4+u = (pr+p2)°+ (pr—ps)* + (p1 — pa)?
= mi+m5+2py - py +mi +m3 — 2py - ps +mi +mi — 2p1 - py
= 3mi +m3 +m3 +mi+2p1- (P — ps — pa)
= 3m]+ms+m3+mi—2m]
= mi +m5+mi+m;] (4.51)

where we have used Eq. (4.49). Notice that ¢ and u are normally negative while s
is always positive.

4.4 How to evaluate spin sums for fermions

In most situations the spin of the initial and final state particles is not known, and
to compare with experiment one should sum over all polarizations and divide by
the initial state number of different polarization combinations. To have a concrete
example consider the scattering e™ +e™ — p~ 4+ p* in QED, that is just with the
photon exchange diagram of Fig. [f.4l Using the Feynman rules one get for the

- N b3 -

(& > > e
Y oP1—Dp3
I > > I
b2 y2

Figure 4.4: Scattering e” =~ — e~ ™.
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invariant amplitude

i M =u(ps)(iey")u(p) LWQ U(py)(iey” )u(p2)

(p3 — p1)
=i & ) ulpn) T () (452
or 2
M = S lpa, s ulpr, 5. )(p, 5, (P2, 5,) (4.53)

Now the spin averaged squared matrix element is

1 _ _ 9 et
(Myil? = Z | My |*= Z |@(pa, 8,7 (D2, 50 )U(P3, 5,,)Vutt(P1, 5,) | 5} (4.54)

splns spins

4.4.1 The Casimir trick: traces of v matrices

Let us evaluate the spin sums in Eq. (4.54). We have

— _ 2
Z ’U(pg, S/e)fy'uu(pla Se)u(p47 8;)"}/“1(/(]?2, S,u)| =

spins

— v — T
- Z p37 e ’Y u pb 56) (p47 S;L)’YHU(]QQ, Su)] [U(pg, 8;)7 u<p17 Se)u(p47 SL)%U(ZU% 8#)}

spins

- Z [E(P&S,ewﬂu(phSe)ﬂ(plaSe)VO(VV)TVOU(pg,s’e)] X

spins e

> [a(pa, 8 vute(pa, 50 (p2, 5,07 (1) 1 u(pa, 5),)]

spins

= Z [@(ps, s.)v u(p1, se)(p1, se) 77 u(ps, s,)] x

spins e

Z [ﬂ(p4, S:J’Y,uu(p% S,u)ﬂ<p27 S,u) %u(m, SL)} (455)

spins
where we have defined, for any combination of v matrices, I', the quantity
I'=,1ty0 (4.56)

With this in mind we can get a general result. Consider the electron line but use a
general combination I' of v matrices as will appear in other problems.

> [alps, s)Tu(py, se)u(py, se) Tulps, s,)]

spins e

= > [Ualps, s.)Taptis(pr, 5e)s(p1, se) Tor 7 (ps, 51)]

spins e
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= Z [UT (p3, 8.)Ta(p3, 5.)Capup(Pr, se)Us(p1, se) Tor }

— v (s + m)D(y + m)T] (4.57)

where we have used the result,

Y a5 )us(p,8) = (h+m)as. (4.58)

spins

This is the important result known as Casimir’s trick [34]. The sum of spins of a
fermion line can be transformed in a trace of v matrices. This is an huge simpli-
fication, as we do not have to use the explicit form for the spinors and the traces
can be automatized as we will explain below. To be complete we have now for our

problem in Eq. (4.54)),

2

[ Miil? = A%QTT (D3 + me)y™ (D1 + me) 7] Te [(Pa + )7 (P2 + M), ] (4.59)

4.4.2 Theorems on traces of v matrices

We just saw that the sums of spins of fermions can be transformed in traces of
~ matrices. To use this powerful result one needs to be able to evaluate these
traces. The first observation is that the traces are independent of the representation.
This results from the general rule connecting different representations of the Dirac
matrices, known as similarity transformation,

AE = U0 (4.60)

and from the cyclic property of the traces. We are going to present the relevant
results in the form of theorems, some of which we will leave as exercise for the
reader.

Theorem 4.1 The trace of an odd number of v matrices is zero.

Proof:

Trldydy---dt,] = Trldi---d, V575
= Tr[vsd, ¢,
= (=1)"Tr[d, ¢, (4.61)

Then for n odd the trace vanishes.

Theorem 4.2 The traces of 0 and 2 v matrices are
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Trl =4
Te[dp] = Tr[(pd)] = 3 Tr[(dp + p)] = a - b Trl (4.62)
=4a-b

Theorem 4.3 The trace of n (even) v matrices can be obtained by recurrence from
the traces of n — 2 (even) vy matrices.

Tr[%"'ﬁn] = a1- a2 Tr[¢i3-~-¢in]—a1-a3 Tr[¢i2¢i4---¢in]
+---4ay-a, Tr [¢i2...¢in_1} (4.63)

To prove this theorem one uses

oy, = — ity + 2a1 - ag (4.64)

to bring ¢, to the end of the string and then the cyclic property to bring it back
to the beginning again. This recurrence relation can be used to make an automatic
evaluation of any trace.

This theorem has an important corollary,

Corollary: For the case of 4 matrices v we have:

Tr [dy dodistty] = ar-az Tr[dgd,] — ar - az Tr[dodty] + ar - ag Tr [gods]

= 4fa;-ag az-aq4 —ay - az az - ag+ ay - ag as - agl (4.65)
Theorem 4.4 The traces with s are obtained from the following result:ﬂ
Trly] =0

Tr [ysp] = 0 (4.66)
Tr [ysdpid] = —4icpeatb”cPd .

The next theorem is not on traces, but it is important because it can be used to
reduce the number of v matrices in the traces to be evaluated.

2Qur definition of the Levi Civita tensor has €123 = 1.
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Theorem 4.5
Y =4
YY" = —24
Vufip" = 4a.b (4.67)

Vb = —2(bd
Vudtbid" = 2 [ddhe + (i)

and finally a very useful result,

Theorem 4.6

Tr [¢i1 T ¢’2n] =Tr [¢i2n T ¢i1] ) (4.68)

that can be obtained from the fact that, for any matrix M, one has

Tr[M™] = Tr[M] (4.69)

4.5 How to evaluate polarization sums for gauge
fields

This was already explained in the previous sections. We just collect here the results
for completeness.

Photons

For photons we can show that (see Complement [4.3))) that we have

N e o
ek, et (k,\) = =g — + 4.70
; (k, A)e™ (k, A) et (4.70)

where n* is a time-like unit vector not proportional to £, otherwise arbitrary. Dif-
ferent choices correspond to different gauges. Therefore the polarization sum has
the form,
Z e"(k, \)e (k,\) = —g"” + terms proportional to k. (4.71)
A

The terms proportional to k& do not contribute due to gauge invariance (see also the
discussion in Complement [5.1]). Therefore, when we have photons we simply take,
without loss of generality,

> ek, Ntk A) = —g™ (4.72)
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Massive gauge fields

In this case the gauge fields have three polarizations and the sum over polarizations
gives

> Mg Ne (g, N) = —g" ('S 4.73
q, € (Q7 ) - g + M2 ( : )
A \%4

We will see specific examples in chapter
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Complements

Complement 4.1 Properties of Dirac ¢ function

In the derivation of Eq. (4.32) we used the following property of the Dirac delta function,
Z 7 ow = xz (4.74)

where z; are the zeros of f(x). To understand the origin of this expression let us consider
a simple case of a function just with one zero. In the neighborhood of this zero one should
have,

f(x) = f(xo)(x —20) +--- . (4.75)

Therefore we obtain
[ dzgt@)ar(a)) = [ dag@)6(f @) - a0)
3y —yo)
/ W9 T

\f’( )I

where we have made the change of variable y = |f’(x)|z, and the absolute value comes
from the fact that the delta function is an even function of its argument. The generalization
to several zeros is immediate.

(4.76)

Complement 4.2 Lorentz invariance of phase space factors

Here we show in another way the Lorentz invariance of the phase space factor,

d3p

— 4.
(2m)32F (477)
For this we consider a Lorentz transformation along the z axis
dp’, dp’,
d*p’ = dpl,dp,dp’, = dpydpy——=dp. = d’p ——= . (4.78)
dp. dp:
Using
OFE p
! =~(p. — BE), E' =~v(E - Bp,), — = — , 4.79
p. =7(p: — BE) V(E — Bp2) op. B (4.79)
we get
dp, OF ju 1 E'
@z _ (1 _ _ (1_ 7)27 E—Bp,) = — 4.80
. 7< Bapz) v(1=8%) = g1 E=Bp:) =4 (4.80)
implying
d3p/ d3p

as we wanted to show.
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Complement 4.3 Polarizations Sum for Photons

We are going to show here Eq. . First of all the photon is described by a real field
and we can always choose its polarization vector real. However it can be useful to consider
it being complex, like in classical electromagnetism we do for left and right polarized light.
Note that the field defined in Eq. is always a real field. The polarization vector
should obey (remember a plane wave propagating in the z direction with transversal
degrees of freedom),

k,kt =0, : ekt =0 : g et =—1 (4.82)

Consider now a reference frame where the photon moves along the z axis. In this frame
one can choose the transversal polarization along x and y, that is,

k* = (k,0,0,k), e*(k,1)=(0,1,0,0), &"(k,2)=(0,0,1,0) (4.83)
If we define
P = et (k, N)e™ (k, A) (4.84)
A

we get in this frame,
PY =p*2 =1 P =0, for all other cases. (4.85)

The problem now is how to write this result in a covariant form. As a first try one could
suggest that P*Y = —g"¥. This assignment works for p, v = 1,2 but would give P = —1

and P33 = 1 in disagreement with Eq. . We could think of adding a term of the form
b k*Ek¥. The problem is that we can choose the value of b to make P% or P33 to vanish,
but not both at the same time. This leads us to choose another 4-vector not proportional
to k. The choice here is arbitrary (would lead to different gauge choices). We choose in
the above frame;

Now we have enough freedom to be in agreement with Eq. (4.85)). Using the fact that P*¥
is a second rank symmetric tensor, we can write,

P* = agh” + bk*EY + ¢ (MK + 0" k") 4+ dnf'n” (4.87)

and determine the coefficients a, b, c e d. As e* is orthogonal to both k* and n* and has
the normalization of Eq. (4.82)), we multiply Eq. (4.87) by &, to get

—ct=acet (4.88)
which gives a = —1. Using now that k,P*" = n,P" = 0 we get two equations
0 = —k"+c(k-n)k”+d(k-n)n” (4.89)
0 = —n"+bk-n)k"+c(k”+ (k-n)n")+dn” (4.90)
that have as solution ) 1
b:_(k-n)Q’ CZT‘U’ d=0 (4.91)
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and therefore
kP kY nrkY 4+ nVkH

(k- m)? k-n

in agreement with Eq. (4.70). Note that in our frame, Eq. (4.86)), we have P! = P?2 = |
e PO = p33 = p03 — p30 — ( as required.

P = _ghv (4.92)
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Problems

4.1 Show that scattering cross section for p; + ps — p3 + ps can be written in the
CM frame as

do 1 |psom]
dQ  64n2s |piom|

|M;i]? (4.93)

where [picm| and |psom| are the 3-momenta of particles 1 and 3 in the CM frame.
Simplify the expression for the case of massless particles.

4.2 Consider the decay of an unstable particle of mass M and 4-momentum P, in n
particles (n > 2) with 4-momenta ¢;. Show that the expression for the decay width,
defined as the transition rate per unit time and unit of volume and for one decaying
particle is given by,

n

d*q;
al’ = |Mfz|2 (2m)*6* ( qu) H g (4.94)

4.3 Using the results of problem [£.2] show that for the decay P — ¢; + ¢o the
expression for the decay width is the rest frame of the decaying particle is,

d_F_ 1 |Q1CM|
Q- 32w

where P? = M?, and @iy is the 3-momentum in the CM frame.

’Mf2|2 (4.95)

4.4 Consider the definition T' = 4°T'f4? for any combination I' of Dirac matrices.
a) For the matrices in the basis I'* (see section D evaluate T'4.

b) Consider the matrix I' defined by

I' =+"(gv — gavs) (4.96)

where gy and g4 are constants. Show that

r=r (4.97)



148 Chapter 4. Cross Sections and Spin Sums

c) Evaluate v#Pp e y*Pg.

4.5 Prove theorems 4.3, 4.4, 4.5 ¢ 4.6.
4.6 In the space of Dirac matrices we can define a basis of 16 matrices as follows,
Fo =110 =% Tww = YW1 Do = 9107001 Livor = Y0 Y0701

where T’
by,

s are the completely antisymmetric products of, n, v matrices defined

1
F#lmmun = ﬁ Z <_1)P7M17M2 " Yon
" permP

One can show that any matrix in Dirac space can be written as

4
1
M — Z Z _TI. |:M1_‘U1M2--.Mn:| F/ln---ﬂ?ul .

n!
n=0

Show that the relation with the more familiar basis of section [1.4.4|is,

Iy =—tou
— a
F,uup = =1 €uvpa 57
Fuupa = =1 €uvpos-

4.7 When one uses the Mandelstam variables it is also important to express the
angles in an invariant form, as the angles are frame dependent. In the scattering
of two particles into two particles with p; + po = p3 + p4 that scattering angle 6 is
usually defined by the angle made by p3 and p;. Now this angle is related with the
Mandelstam variable ¢t = (p; — p3)?. Use this fact and the formula in Eq. to
show that we have,

do 1 1

dt ~ 64ms Ip1eMm|?

M2, (4.98)

where M = M(s,t,u) and

1
Valpionl = /(1 p2)? = mimd = SA(5, my,ma), (4.99)

and (see Eq. (4.38)) )

Az, y,2) = /(a2 — 2 — 22)% — dy?22. (4.100)

max

4.8 When m, > msy there is in the lab frame a value for eggg and another for 67"
Let us determine these angles.
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a) Show that the relation between the scattering angle in the lab and CM frames
is,
p3cm Sin fom

v (pscm cos Oem + BE3cm)
with 8 = piom/Eacm and v = 1/4/1 — 2.

b) In our case we consider elastic scattering so pjcm = psem and Eq. (4.101))
simplifies to

tan HLab = (4101)

sin QCM

y (cos Ocn + E3CM>

Eacm

tan HLab = (4102)

c¢) This relation allows us to determine ™%, Tt is to see that this angle is much
smaller then in the CM, due to the Lorentz boost factor 1/. To determine
01, we consider the derivative of tan 0, in order to 0., and find where it
vanishes. We get

Escm
1+ Eaom COS 9@1\/[

(tan Op.p) = - (4.103)
Y (COS QCM + gzgx)
which show that it vanishes for
E.
cosboy = — 3O (4.104)
Esom
Substituting in Eq. (4.101) we get after some algebra,
2
m
tan? ., = 2 (4.105)
Efon — Eiou
where we have used Fycy = yme. Finally we get from Eq. (4.105))
. ma
o = — 4.106
sin 0725 = (1.106)

If my > m, there are no limitations and the maximum angle would be 7.
However if m; > msy there is a limitation given by Eq. (4.106]). Notice that
this relativistic result is the same as in non-relativistic mechanics.

4.9 Consider the elastic collision of two particles of masses m; and ms.

a) Show that the components of the momentum of the scattered particle, p3, in
the lab frame obey the equation,

(pz P —E3CM)2
Y\ 2 3 CM
E
(1723) + 2201\/1 1 (4.107)
bem (vPem)

where y1 = /1 — 32 with 8 = pcy/ Facu-
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b)

Use the previous result to justify the following construction for the momenta
in the lab frame:

mi > Mo mi1 < mo

The point C' runs along the ellipse with smaller semi-axis pcy and larger semi-
axis ypom-

Show that when m; > ms the angle 6123 given by Eq. (4.106) can also be
obtained from Eq. (4.34) with the condition B*> = AC. Interpret graphically

this result.
Show that the relation between the angle « in the figure and the angle f¢yy is,

sin GCM
\/SiIl2 QCM + ’)/2 cos? 9(}1\/{

sino =

Use this relation to show that when 6cy runs its domain of variation, Ocy €
0, 27], then also « € [0, 27]. Interpret graphically this result.

Discuss what happens in the previous item and figure in the non-relativistic
limit, that is, v >~ 1.
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Simple Examples in QED

We are going to study simple processes in QED using the techniques that we have
learned. If we limit ourselves to two particles in the final state the number of
processes is quite reduced. In table there is a summary, where we also indicate
where the process is studied.

Process Comment Section

e~ + Nucleus(Z) — e~ + Nucleus(Z)
vyt+e —y+te
e +et —pu 4+ put

Coulomb scattering
Compton scattering
In QED

5.3
+ blems
+ Problems

e +e —e Fe” Mgller scattering Problems
y+y—e +et Pair creation Problems
v+ Nucleus(Z) — Nucleus(Z) +e~ +e* Pair creation Problems

e +et e +et Bhabha scattering
e +et o> y+7y

e~ + Nucleus(Z) — e+ Nucleus(Z) +v

Pair annihilation

Bremsstrahlung

Table 5.1: Simple processes in QED.

5.1 Coulomb Scattering

As a first example we are going to evaluate the cross section for Coulomb scattering.
This is the scattering of an electron off the an heavy nucleus, represented by an
external classical field. We have seen in Eq. that the differential cross section
is given by

do 1

2
aQ 1672 M|

(5.1)

151
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where M is given by Eq. (3.103)),
iM =u(p)(iev,)u(p) AL (q) (5.2)
and
Al(q) = /de e AL(T). (5.3)
The solid angle in Eq. (5.1]) corresponds to the solid angle of the scattered elec-
tron, as shown in Fig.

/

p
N

P 0
— -l -> 2

Figure 5.1: Kinematics for Coulomb scattering.

To proceed we consider the Coulomb field of the nucleus,
A
AN(T) = {|4 ‘i' 0,0 o} (5.4)

Taking the Fourier transform of the Coulomb field (see Eq. (3.108)) we get,

AAD = (5.5)

HZ

As we discussed in section we normally do not measure the polarizations
of the particles and therefore we are interested in the unpolarized cross section,
summing over the spins of the final state and taking the average for the initial state.

a1
dQ 1672

M (5.6)

For this problem we have two polarizations for the initial state and thus

M =3 37 M
(|(ﬂ > Z [a(p') (iey”)u(p)|? (5.7)
1 Z2%e* , 0 0
=5 T [ G+ )] (5:8)

Now using the results from the theorems on traces of Dirac v matrices we get

Tr (¢ + m)" (p+m)y"] =Tr [ py"] +m*Tr [°1]
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=8EE —4p-p' + 4m? (5.9)

It is usual to write the cross section in terms of the scattering angle . Then
(E = E),
p-p =E*~|§|*cosf =m?+2B°E*sin? (0/2) , (5.10)

and we get therefore
%Tr (P +m)V°(p + m)y°] =4E* (1 — B%sin®(6/2)) (5.11)

and
| q[P=41p [ sin® (6/2) (5.12)
Putting everything together we obtain (5 = |p]/E),
do Z%a?
dQ 4| p|? f2sin? (6/2)

[1— B*sin® (6/2)] (5.13)

which the so-called Mott [35] scattering cross section. In the limit 5 — 0 it reduces
to the Rutherford formula,

ZQ 2,42
do___ Zom (5.14)
dQ 4| p|*sin®(0/2)

where we used 3 — 0 in the parenthesis and 3% — |p]?/m?, as in the non-relativistic
limit £ — m.

5.2 Compton scattering

As a second and more difficult problem we are going to evaluate the differential cross
section for Compton scattering.

5.2.1 The amplitudes

As we saw in section [3.4] we have two diagrams for Compton scattering, shown in

Fig.[5.2
€, k e, k' e, k e k'
p P p P

Figure 5.2: Diagrams for Compton scattering.
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The total amplitude is

M= M+ M, (5.15)

where (Q. = —1, e > 0)
iMl :(Ze)Q(p—i-k;)—Q—m?ﬂ(pI)%(ﬁ + k + m)’yuu(p)e”(k)a”’*(k') (516)
Mo =(ie)! T = K+ ) R () (507

Therefore we can write, in a compact form,

M; = —u(p, s )Tiu(p, s) (5.18)
where
Dy =g+ e (6 ) (0, ) (5.19)
—e2
Ly =5 = ¥+ ) (k. ) (K, ) (5.20)

To evaluate the cross section we have calculate |[M|?. Besides this, normally in
most experimental situations the beams are not polarized and we do not measure
the final state polarization. So we have to sum over the final state polarizations and
take an average over the initial state to be able to compare with the experimentﬂ.
Therefore the quantity of interest is

1
ZZZWF (5.21)
s,8" AN
Let us first concentrate in the spin sums for the electrons. First we note that,
M2 = M + [Maf? + MM, + MM] (5.22)

We start with the first term,

STIMPE = >, S)ulp, s)ul(p, s)y ulp’, s))

/ s,s’

= > $Tulp, s)a(p, )Tru(p', ) (5.23)

s,8

where, like in Eq. (4.56)), we have defined,

T, =4°TiH° (5.24)

"'We will explain later how to handle polarized beams.
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As we saw in the section fermion spin sums can be transformed in traces
of the v involved. For this, as we have seen one uses the relations,

S ta(p. $)s(p, ) = (h+ m)as (5.25)

and

> valp, 8)0s(p, 8) = (h = m)as (5.26)

We get then for Eq. (5.23]
D M =Te [(f +m)Ty (p+ m)T] (5.27)

8,8’

For the other terms we collect here the results easily obtained,

Z|M2\2 Tr [(f' + m)Ta(p + m)T] (5.28)

and

Z(le\/@ + Mi{Ms) = Tr[(f + m)I1(p+m)Ts]

s,s’

+Tr [(F + m)Ta(p+ m)T] (5.29)

For the photons the polarization sums are done using the relation (see Comple-

ment

Z&t“(k, Ne™ (k,\) = —g"” + terms proportional to k (5.30)

However gauge invariance as the consequence that the terms proportional to the
photon momentum % do not contribute to the amplitude (see Complement [5.1)),
therefore in the following we always use the simplified relation

> et (kN (k,A) = —g™ (5.31)

Relation in Eq. , together with the trace technique allows us to easily com-
pute Zspins |M|? for any process in QED. At this point one can ask the question
what happens if we do have the beams polarized or measure the final state polar-
izations. For the case of the photon one have to write explicitly the expressions
for e#(k,A) in the frame where we are doing the calculation. For the case of the
electron, the best way to use the trace technique is to introduce a spin projector.
Then we substitute,

w(p, s) — - +2”5’é w(p, ) (5.32)

where s* specifies the chosen polarization. After this we can reduce to traces. The
only difference is that now the spin projector appears inside the trace, but as it is
also a 4 x 4 matrix in Dirac space this really not a problem.



156 Chapter 5. Simple Examples in QED

5.2.2 The Compton cross section

In the historic experiment of Compton, the electron is at rest in the lab frame.
Therefore we have the kinematics,

(5.33)
k* = (k,0,0,k) k= (K, k'sin6,0,k cosb)
The formula for the differential cross section is then, Eq. (4.19))
1 —  dp 3K
do=— 2m)'§* (p+k —p — k') MJ? 5.34
Using the delta function we can make four of the six integrations. We get,
do 1 1 . k?
= —F —F 2 .
A Amk (27)? /dk ST o )M (5:35)

To use the last delta function we have to realize that E’ is constrained and related
to k. In fact from the 63(p+ k — ' — k') function we have the constraint,

pl=k—K (5.36)

therefore

E' = \/p?+m?=Vk2+ k2 — 2kk' cos 0 + m? (5.37)
Then (see Complement

k
0 (k/ o 1+£(lfcos9)>

dm+k—E —Fk)= ; 5.38
(m )= (5.9
and dE" kK —kcos6
— kcos
= (5.39)
or
|+ dE'|  |E'+ kK —kcosf]  m+ k(1 —cosb)
dk' | E' B E
m k

Putting everything together we get,

do 1 1 [(K\?
A 64m2 m2 (E) -MP? (5.41)
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where

M2 = EZZWIQ (5.42)

s,8" AN

for the unpolarized cross section. To proceed we have to evaluate the traces. These
are not trivial as they involve a maximum of eight v matrices. We will learn in
chapter [7] ways to this automatically with dedicated software, but here we do it by
hand. We get

F = {Tr(F + mh (b K+ m)y b+ mp (6 + § -+ m)’]

- iTr [(=2¢ 4 4m) (P + ¥+ m)(=2p + 4m)(p + § +m)] (2p-k)?

= AT+ k+mplp+k+m)] =2mTe [f(p+ f+m)(p+ f +m)]

—2mTr [(p+ F+m)p(p+ ¥ + m)+4m’Tr [(p+ ¥+ m)(p + ¥ +m)]}

(2p - k)?
= {4m’p - p' + T [P (p + B)p(p + B)] — 4m* Te [ (p + )]
—4m®Tr [p(p + §)] + 16m*(2m> + 2p - k) } @ )
= {4m’p-p' +8(p" - p+ 1 -k)(m* +p-k)—4p-p'(2m® +2p - k)
—16m*(p' -p+p' - k) — 16m*(m® + p - k) + 16m*(2m* +2p - k) } € 6.4]6)2
=82 m*+m*(—p-p —p k+2p-k)+(p- k)P - k)] (2;.4]{)2 (5.43)
In a similar way
M2 =8[2m*' + m*(—p-p' +p K —2p- k) + (p- K)(p - k)] ﬁ (5.44)
and
MM+ MIM,] = Wﬂ,,p) 2(k-p)(p-p) —2(k-K)p-p)—2(p p)p-¥)
+m*(=2k-p—k-p' +k-kK —p-p'+2p- kK +p k) —m'] (5.45)

Finally summing everything and using the lab kinematics,

/:p—{—k—k/ p-k:mk (546)
p-k =mk' k-k =kE(1—cosO) =m(k—Fk) (5.47)
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we can write,

1 k k' .
4 Z Z{|M1|2 + Mo + MyME + MM} = 2¢* {(E) + (E) — sin? 9]
s,8" AN
(5.48)
and we get the famous Klein-Nishina [36] formula for the differential cross section

of the Compton scatteringﬂ

RO RO

In practice there are algebraic programs that are very useful to evaluate the traces
automatically. Nowadays it is quite common to use the program FeynCalc [37-39)
which is a software package for Mathematica. To give an example of the use of this
package we give in section the code necessary to evaluate the following quantity,

1
ms =53 [|M1|2 + M) + MM+ MIME] (5.50)

s,8" AN

which is relevant for Compton effect. We recommend the reader to compare the
time needed doing by hand and with the computer. All software codes described in
this book can be obtained in my web page [37].

5.3 Scattering e e" — pu "

Let us consider now the process e (p1) + e (p2) = p (p3) + " (ps) in QED (more
precisely QED for charged leptons). We will see in Chapter |8 that when we con-
sider the Standard Model of the electroweak interactions this process will be more
complicated and that QED is only a part of the whole picture. We will see there
that the QED result is a good approximation for CM energies much below the mass
of the Z° boson. In QED we have only one diagram shown in Fig. contributing
to the process.

P1 P4
Figure 5.3: Scattering e”et — p~u™ in QED.

2In fact the Klein-Nishina formula is for polarized photons. Eq. 1) is the non polarized limit

(see Problem .
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The Feynman rules lead us to the following amplitude,

M= Tpa)lierJulp) J:;Sger i dps)ier”ulpy)
L,

= e i+ o) + iz T(p2) Y u(pr) w(ps)yuv(pa) (5.51)

5.3.1 Evaluation using traces

We are going to evaluate the average over the initial and sum over final polarizations
(spins) using the trace technique, the so-called Casimir’s trick. We get,

: Sp% M p%p) v (o — me)V (1 + me )] T [(Bs + 1) %0 (s — ) 70)]
5 pE + (1))
~(p1 + p2)* P1P2)iy, = \Pr- P3)\P2 - Pa

+(p1 - pa)(p2 - p3) + (p3 - pa)m? + 2m§mi} (5.52)

and we get for the scattering cross section,

4
1 d>p;
o ME20) 6 (py + ) gy (553
/ NS | 2(2m)" 0% (p1 + pa2 — 1 NOREoR: (5.53)

To continue, we are going to neglect the electron mass but not the mass of the
muon. In this way the final result can be also applied to the produced of pairs of any
charged fermion in the scattering ete™ in QEDE[ We also consider the scattering to
take place in the CM frame. With these conventions the kinematics is

Vs Vs

P1 :7 (1,0,0, 1) D2 :7 (170707 _1)
D3 :§ (1,Bsin®,0, B cos ) jon zg (1,—Bsin6,0,—LF cos ) (5.54)

where s = (p; + p2)? is the square of the CM energy, 6 is the scattering angle of
the p~ with respect to the direction of the incident e~ and [ is the velocity of the
produced muons in that frame.

4m?
f=1/1—-—EL. (5.55)
s
To write Eq. (5.54) we chose the scattering plane to be the xz plane. This can be
done without loss of generality as there is azimuthal symmetry with respect to the

collision axis.

3With the exception of the production of an ete™ pair, as in that case we have two diagrams.
We will study this process separately in section
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With these conventions we get for the differential cross section for the production
of a p~ in the solid angle Q (see Problem ,

d 1 .
ao |]i3CM| M]?
dQ  6473s [piom]
1 |ps] 1
3272s \/§| | 64725 fIM
2 4m?
. I6] (5200520—|—1+—“>
4s s
02
-1 B[1+cos®f+ (1 — B*)sin’6] . (5.56)
s

Note that in the limit m, — 0, the differential cross section as a behavior as 1+cos? 6.
Integrating over the solid angle we get the total cross section,

2 2
o="" 536 (5.57)
3s
and in the relativistic limit, § — 1,
4ma?
= : 5.58
o= (5.58)

5.3.2 Helicity using helicity spinors

To understand better the angular dependence of the differential cross section we
are now going to use the helicity spinors of section [1.8.2] in the limit of massless
fermions.

Using the results of Eq. ((1.239) we get for the initial state,

1 0 1 0
0 1 0 -1

urp) =VE ||| um)=VE| (|, op)=VE| || vp)=VE| | (559
0 -1 0 -1

where we have used p;(0,0) and py(7, 7) with the notation p;(0, ¢). In a similar way
for the final state we have, p3(6,0), ps(m — 0, 7) and we get,

C —S C S

S C S —C
uT(pS):\/E c ,U¢(P3)=\/E s ,UT(]M):\/E . ,v¢(p4)=\/§ s (5-60)

s —c —8 —c

with the simplified notation ¢ = cos(#/2), s = sin(f/2). Let us start by the muon
current,

JICIYIUOH - ﬂ(pg)*yal)(]u) = Jr?luon - UT<p3)U(p4>7 Jrinuon - uT(p3)O‘iU(p4) (561>
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where
i |0 o
We then get,
-
Tt =Efe s ¢ s]| ) =0 (5.63)
L S—
o
Jowon( D) =Elc s ¢ s _S =0 (5.64)
- C_
15
Tt =Efe s ¢ s] | =0 (5.65)
1
—c
ThunW ) =Efc s ¢ s] | 7] =0 (5.66)
—5

and therefore J . (1,1) = 0. In a similar way we can calculate the other combina-

tions. Using a suggestive notation we obtain,

(1)

(1,4) =v/s (0, — cos ), i,sin 9)

(1,1) =v/s (0, — cos 0, —i,sinf)

({4) =0 (5.67)

where /s = 2E. In a similar way we can get the electron current. The results can
be summarized as follows. The non vanishing currents are (see Problem [5.5])

/ Juwz (Ta \l/) = \/g (07 _17 —1, 0) (568)

RS J = /5 (0,-1,4,0 5.69
/ u102<\L7T) \/_( ) » 7 ) ( )

D2
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Pa/

Juzoa(154) = /s (0, — cos 0,4, sin ) (5.70)
P4\
p;;/

Juzos (3, 1) = /5 (0, — cos 0, —i, sin 0) (5.71)
P4\

Therefore we get from Eq. (5.51)),

e2

M) =— [v5(0, =1, =i, 0)] - [v/5(0, = cos 0, i, sin )]

= e;s (1+ cosf) = —4ma (1 + cosh) (5.72)

and in a similar way,
ML )P = MU D = (dma)? (1 + cos )’ (5.73)
ML NP = MU PP = (4ma)? (1 — cos )’ (5.74)

Then

| M ;]2 :%1 (4ma)? [2(1 + cos 0) + 2(1 — cos §)?] (5.75)
= (47)® (1 4 cos? 0) (5.76)

and the differential cross section will be,

do 1 a?

= MP2=—(1 29 5.77

0~ oarrs M= gt eos ) (5.77)

in agreement with Eq. (5.56]) in the relativistic limit 5 — 1. The result is shown in

Fig. [5.4 where we also show the experimental results from the JADE experiment,
To understand the result we note that the only non-zero amplitudes are those

for which the projection adds to +1, as shown in Fig. [5.5] Now for spin 1 in the

direction we have (see Problem [5.7))

1 1 1
11,+1), = 5(1 —cosf)|[1,—-1), + Esin@) 11,0), + 5(1 +cosf)|1,1),  (5.78)

and therefore

ML) o (1, 1)1, +1), = %(1 + cos 0) (5.79)

ML) o (1,4+1]1, -1), = %(1 ~ cosf) (5.80)
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{1 +cos? @)

w .
el8

® 3|
/ % _ \ , - 4 " -

|M{LE = AL)| n, o IMILR— LAY t i
HMRL— LA . +|M(RL— RL)? af ]

J._d-'r-l-J.-.-I:l PRI T T R -.r..i-"l--—_ i ﬂ L PR R SR U W S N T T [T
=1 0.5 [+] 0.5 1 =1 =0.5 0 0.5 1
coséd cosg

Figure 5.4: Behavior the differential cross section with the scattering angle and
results from the JADE experiment (Bartel et al. (1985). The solid curve is the
QED prediction while the dotted line also includes the electroweak contributions.

¥ (LA . 1
Z
e ? CH 11,1},

11,1}

Z
) ? " 1, =1),

v

Figure 5.5: Spin projections.

P1 D1 P3 D3
D2 /p2 P4\ P4\
Figure 5.6: Non-zero amplitudes and the directions of the spin arrows.

We realize that the non-vanishing amplitudes do not change the direction of the
spin arrow. This is due to the fact that the QED interaction preserver chirality as
we saw in the Chapter (I} and in the limit of massless fermions chirality is equal to
helicity.
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5.4 Bhabha scattering (e e™ — ee™)

5.4.1 Evaluation using traces

Let us now consider the process e"e™ — e~e™ known as Bhabha scattering [40]. In
QED there are two diagrams contributing to this process, and there is a relative

b1 . D3
e~ e
et ) ) et
P2 Pa

Figure 5.7: Bhabha scattering.

minus sign between the two diagrams. This minus sign can be understood with the
help of Wick’s theorem. We will explain in Chapter [/ how to use dedicated software,
like QGRAF [41] to get the diagrams and the relative sign. In section we can
look at the input and output code for this case and verify the relative sign. Using
the Feynman rules for QED we can write the expression for the amplitudes,

M = My + M, (5.81)
where
e? o2
iMy =i —0(p2)y u(p)u(ps) v (pa), i Mz = —i —u(ps)y*u(pi)o(p2) 1,0 (pa)
(5.82)
and
s = (p1 +p2)°, t=(p1 —p3)° (5.83)

The variables s, t are two of the Mandelstam variables which are very important
in processes 1 + 2 — 3 + 4 in the CM, and that were discussed in section [4.3.3]

We are going to do the calculation in the limit where /s > m,, and therefore
we can neglect the mass of the electron. The average over initial and sum over the
final state polarizations givef],

;1 DMt M = % {%Tr 37" P1v"] Tr [Poyupas] (5.84)

spins

LT ) T ] = ST b )

4The two traces coming from the interference are equal, and therefore the factor of 2 in
Eq. (5.84).
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After some algebra we get

1
£ My A =20t |

spins

P4 (s+t)?  SPH(s+t)? _(s+1t)?
2 5.85
52 * t2 * st ( )

which can also be obtained, more easily, with the help of dedicated software as
explained in section [7.9.2 We the get for the differential cross section,

do o [P+ (s+1)* s+ (s+1)? (s +t)?
10" 95 { = + " +2 ” ] : (5.86)

5.5 Pair annihilation

The next process we consider is the so-called pair annihilation, e”e™ — v+ in QED,
in the limit of massless fermions. We have the two diagrams of Fig.[5.8 with a relative
plus sign, because the particles that are exchanged between the two diagrams are
boson (the photons). The amplitudes are

P1 kl D1 kl
—_— AV P

Y A 4
—e———h S
D2 ) D2 ko

Figure 5.8: Diagrams for e et — vy

My = =) (k) G — ) £ Ok uln)
Mo = —T(pa) (k) (h — bo) £ (ko)) © (587)
where t = (p; — k1) e u = (p1 — k2)?. Using the trace technique we get,
>0 3 M =T () (=0 )T [ Gy — )y (= K|
2864% (5.88)

3 3 Mol = () (0 VT [y — o (o — B

spins A1,A2
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t
=8¢t~ (5.89)

u

> MM :%<_guu’>(_gw/)Tr By (B — By (B — l@’Y”l]

spins )\1 ,)\2

:—864%(3+t+u) =0 (5.90)

D7D MaME = (= g00) (=g T [ By Gy = By Py (1 — )"

spins A1,A\2

:—864%(s+t+u) ~0 (5.91)

where in the last two equations we have used Eq. (4.51) for massless particles.
Putting everything together we finally obtain,

t 242
ZZIM\2:864%+864E:86 e (5.92)

ut

spins )\1 ,)\2

5.6 Bremsstrahlung

Bremsstrahlung (braking radiation) corresponds to the emission of one or more
photons associated with the charged fermions of a given process. The interest of
this process is that the cross section diverges as d—kk when k& — 0 which means
that it is more and more probable to emit photons as the energy of these photons
becomes lower and lower. To understand how this divergence, known as infrared
divergence, disappears in physical processes, we will consider the simplest case that

is bremsstrahlung in Coulomb scattering. The diagrams are represented in Fig. |5.9|

Figure 5.9: Bremsstrahlung in the Coulomb field.

The amplitude M is then given by,

. Ze _ o Wi km)
My = W“(Pfasf) (iey )Zw(@eﬁ)
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+(m¢*)¢%(w%)} w(pi,s)  (5.93)

or

Zed obi —Kk+m

Myi = —WU(PJ”) v mff

- ¢*MVO] w(ps) (5.94)

pr-k:

5.6.1 The Bethe-Heitler formula.

Let us first evaluate the cross section without assuming that the energy of the
photon is small. We will get what is called the Bethe-Heitler formula. For this it is
convenient to write,

Te 3
Mfi ‘ﬁ‘g (pfvsf)ru(pusz) (595)
Then 643 720
S Z IM|* = ”2’(74 ST 2 1y [y + m)D (s + m)T | (5.96)
Sf S;
Now we sum over the polarizations of the photon to get,
Z Tr [(py + m)T (P + m)T |
AN
4 2 Di 2 Dy 2 Di o Dy m? 2
T w2 {_w Dy D o C‘)DJ% — YD D_ch(Pz‘ -pp —m’ = 2wk; — 2E;Ey)
2
m 9 w 9 )
+3 (i pp —m” + 2Bgw = 2E,Ey) + - (=2pi - py —m” + 2wE; + 2B} + 24 E;)
i !
+%(2pi pj+m? + 2wE; — 2E;E; — 2E?) (5.97)
2
+D'Df [_(pz’ ~pf)2 + mZ(pi 'pf) + w(E'i _ Ef)pi Py + 2}%’ 'prfEi . m2w2}}

where w is the photon energy and D;, Dy are
D; = E;—p;cosb;
Df = Ef—prOSQf, (598)

where the angles are defined in Fig. [5.10 Bethe and Heitler [42] evaluated this
process for the first time and were able to express the result in a very compact form,

— 2 | p3sin®0; p?sin? 0,
> Tr [(py + m)T(p; + m)T] :—Q{fT(zLEZ—q?HT(zLE]%—q?)
AN w 7 i

20 2;
—l—D;)f (p} sin® 0; + p} sin® ) — D]jl];fc sin ; sin 05 cos p(2E; + 2E7 — q2)} (5.99)




168 Chapter 5. Simple Examples in QED

A k
0| 0i Di
by
12

Figure 5.10: Definition of the geometry of Eq. (5.97)).

where
) L2
¢ =(7-5—F) . (5.100)
Then the expression for the differential cross section is (see Complement
d Z2a8 d
S b SR O (5.101)
dQ2,dQe  (27)2 pig* w

where the expression inside the parenthesis {- - - } does not vanish in the limit w — 0.

W
This expression show the logarithmic divergence — when w — 0. To arrive from

w
Eq. (5.97) to Eq. (5.99) is not trivial although it is stated in many book [32,/43].
This is due to the fact that the variables in Eq. (5.99) are not all independent. In
my web site [37] you can find a program where we evaluate Eq. (5.97) and show its

equivalence to Eq. (5.99)).

5.6.2 The soft photon limit

To analyze better this divergence, that can be understood by the fact that the
photon is massless, we are going to study the limit £ — 0 of Eq. (5.94)). In this limit
we have,

lim = T(pp)y" (i — K + m)f u(p:)

= u(pp)y (i + m)E u(ps)
= lpy)°(2" - i — £ (b — m)lu(p)
= Upe ) ulp)2e” - pi (5.102)

where we have used the Dirac equation (p; — m)u(p;) = 0. In the same way and in
the same limit,

lim @(p)¢” (ps + § + m)y u(p;) = u(ps)y ulp:)2e* - py (5.103)
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Using these two expression we get,

Ze? 0 e pp ey

——=u(py, sf)v u(ps, si) ( — . (5.104)
g2 kv hop

This shows that, in this limit, the bremsstrahlung cross section is proportional to

the elastic cross section that we derived in section [5.1} In fact we get easily,

do do e?
li ~ [ — —?dwdQ
kli% <dQe>BR <dQe)elastic 2&)(271-)30} “ !

As k- py and k - p; are proportional to w the behavior is indeed as df. This
divergence is not real, it has never been observed in the lab. What is then the
explanation?” What happens is that the detectors can not detect photons with energy
arbitrarily small. Therefore when we perform an experiment in the laboratory we
are in fact observing two distinct processes: the elastic scattering and the inelastic
scattering where one photon is not detected because its energy is below the detector
threshold. Now if we look at the next order corrections to the elastic scattering (see
Chapter[J) we find that the interference between the lowest order (LO) diagram and
the next order (NLO) diagram is exactly of the form (g—g)eléstica x O(e?) and it is also
infrared divergent. When we sum the two processes this infrared divergence exactly
cancels. After studying the radiative corrections we will come back, in section9.3.4
to prove this result.

M:

* * 2
€ Py € "D

k?'pf k- p;

(5.105)

5.7 Crossing Symmetry

We have seen a few examples where the result for a given process seems to be re-
lated to the so-called crossed process. These correspond to processes where particles
change into antiparticles crossing the arrow of the reaction and vice-versa. Exam-
ples are e~ + 4~ — e~ + u~ in Eq. and e~ + et — p~ + pt in Eq. (5.52),
and e” ++v — e +vand e +et — v +~. In this last case we have not calculated
the averaged squared amplitude with the same conditions, but the comparison of
the results of Prob. [5.12 and Prob. [5.13] show that there is indeed some relation be-
tween the results. The same is true for Prob. and Prob. for the Mgller and
Bhabha scattering, respectively. In this section we will study this crossing symmetry
in some detail.

To illustrate let us start with the simple processes e™+u~ — e~ +p~ in Eq.
and e~ +et — p~ + pt in Eq. . These are described by the two diagrams
shown in Fig. 5.7, The amplitude for the scattering process (t-channel) is

2

M = %ﬂ(pg)’Y“U(pl)ﬂ(M)WU(p2) (5.106)

while the amplitude for the pair annihilation is

2
i € / / \— / /
MPH = gﬁ(pz)W“U(pl)u(pg)’w(m) (5.107)
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e ! I
NS 71
Ps
/
\?4
et ut

Figure 5.11: Diagrams for e~ +pu~ — e~ +p~ and e” +et — = + u'.

where we have defined ¢ = (p; — p3)? and s’ = (p} + ph)%. We use the prime to
distinguish the two processes. A trivial calculation for the spin sum of the squared
amplitudes gives (not neglecting the masses),

8 4
Z | Mt |2 :t—i [2m? + 2m), + 4mlm’, — 2(m? +m2) (s — t + u) 4 5* + u’]

spins

=F(s,t,u) = 42 @ (5.108)
where f(x,y) is the function,
4
flay)=2(@—h)’+2y—h)?>—h> h=> m. (5.109)
=1
For the pair annihilation we get,
. 8 et
D M 23_62 [2mf + 2m2 + dm?m? — 2(m2 + m2) (v — &' + ') + 7 + ]
spins
/ t,
P, o) = 40 LT (5.110)

8/2

where F(s,t,u) and f(x,y) where defined Eq. (5.108) and Eq. (5.109). Notice that

Fis not symmetrical in its entries but f is. It is clear that it should be some relation.
Let us explain how this could have been obtained without doing the calculations.

The idea goes back to the Feynman-Stuckelberg interpretation of antiparticles
as negative energy particles going back in time. We start by writing the reaction
for pair annihilation

e (p)) + e (py) = p(py) + 1t (1)) (5.111)

and then cross the positron to the right-hand side and the anti-muon to the left-hand
side. Doing this we reverse the momenta and interchange particles with antiparticles.
We get

e () + n (=ph) = e (=p3) + 1~ (p3) (5.112)
We now compare with the scattering process in the notation of the left panel of
Fig.[5.7]

e (p1) + p (p2) = € (p3) + 1 (pa) (5.113)
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They should correspond to the same process if we make the identification,

pL— Py p2— =Py D3 — —Dy Pa— Py (5.114)

For the Mandelstam variables this implies

s=(p1+p)? = (P —p)* = (5.115)
t=(p—ps)® = (P +p) =5 (5.116)
u=(pr —pa)’ = (0 —p3)* =1 (5.117)

Therefore we should have
Z ‘Mpair|2<8/’t/’u/) _ Z ’Mscatt|2(8 N u’,t N 3’,u N t/)
spins spins

!/ t/
=F(, s t) = 4e4f(u %) (5.118)

8'2

in agreement with Eq. . This is true if the same number of fermions that
go to the left also go to the right. The general result valid for all the cases can be
stated as follows:

Take any process and define

> IMP = F(s,t,u) . (5.119)

spins

Then for the crossed process we get

Z |M‘cr0ssed (CI‘OSSGd S, t U) ( 1)#FC (5120)

spins

where the crossed s,t,u are obtained as above and #FC is the number of crossed
fermionic lines. In the above example this was two and therefore there was no extra
sign. You can check that for e~ +y — e~ + v and e~ + e — v + v there is indeed
one minus sign, see Prob. and Prob. [5.13]

To illustrate this sign in a simpler context consider a theory just with one fermion
f and a neutral scalar ¢ that couple through the interaction Lagrangian

L =ATf0— 0" (5.121)
and consider again the scattering, f(p1) + ¢(p2) — f(ps) + ¢(ps), and annihilation,

F(h) + F(ph) = ¢(ph) + G(ph), process as shown in Fig.
The amplitudes can be easily calculated, and one obtains

A e A N
MEeatt — T:u alps)u(pr) , MP = s_fi v(py)u(py) (5.122)
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P2 : 4 _ / \\}Pll
Ky __T:_.I.____>__S f p/2 AN s

Figure 5.12: Diagrams for scattering and annihilation.

For the spin summed squared amplitudes a trivial exercise gives

2
Z |Mscatt|2 :2<;\§L) <4m?c — t) (512?))
spins

2
Z | MPaiT |2 :2(25) (s' — 4m?c) (5.124)
spins

Now if we apply the crossing rules
PL— D) P2 — =Py D3 — —Py Pa— D (5.125)

or
s—=t, t—s, u—d (5.126)

Now if we apply the rules in Eq. (5.126)) to Eq. (5.123) we obtain Eq. (5.124) but

with the opposite sign. This is corrected by the factor (—1)#¥C. As a final note we
should emphasize that the result in Eq. in valid for the spin sums and not
for the spin averaged squared amplitude. This is clear in the last example where the
number of initial polarizations is two in the scattering process and four in the pair
annihilation case.
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Complements

Complement 5.1 Gauge invariance in Compton scattering

In Eq. (5.31) we neglected the terms proportional to the momentum of the photon invoking
gauge invariance. Let us look at this in more detail. From classical electromagnetism we
know that the theory is invariant for gauge transformations of the form,

Al = A, + 9,0 (5.127)

where A is an arbitrary function of spatial coordinates and time. Maxwell equations are
invariant for the transformations of Eq. (5.127)) because (see Complements and ,

F, =Fu (5.128)

In quantum field theory we describe the photon by the plane wave expansion of Eq. (2.91]).
For a photon of momentum k* the transformation in Eq. (5.127)) leads to

(k) =eu(k) +cky (5.129)

where c¢ is an arbitrary constant. If we have an amplitude with one photon with momentum
k in one external line we can write the matrix element as,

M = M " (k) (5.130)
Then the gauge invariance of the theory means in quantum field theory that,
MykF =0 (5.131)

and this shows that the additional terms in Eq. (4.92)) will give a vanishing contribution
and therefore can be neglected from the start. Let us show explicitly that Eq. (5.131) is
satisfied for Compton scattering. We write,

M = M, e* (k)" (k") (5.132)
where b J
+f+m '—k+m
iM,,, = —ie u(p) [ ok — " — ’yuwfy,,} u(p) (5.133)

and where we have used Eq. (5.18) and momentum conservation, p — k' = p’ — k. We get
then,

M, = —e*u(p) _%ﬁ J;jzm% kﬂ QP%Zm%} u(p)
= ) | B i
_ ) k(=P +2:.)k+ w2p-k 2p -k z 15/_-]2/ +m)fyy u(p)

= —e ﬁ(p/) [V — Y] u(p)
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=0 (5.134)

where we have used ¥} = k- k = 0 and the Dirac equation, (p —m)u(p) = 0 and u(p)(p' —
m) = 0. In a similar way we can show that,

KMy, =0 . (5.135)

Complement 5.2 Bethe-Heitler differential cross section

In this complement we want to derive the Bethe-Heitler differential cross section, Eq. ((5.101]).
We start by reviewing the formula for the Coulomb scattering, Eq. (3.103|) and Eq. (4.24]).
We have shown that it can be written has

1 d3ps
do = 2276(Ef — Ej) —a2— 1
7= g MP2mOEs — B it (5.136)
where
Ze2 0
M = —5u(ps)y u(ps) (5.137)
[
Now we write
d*py = Q. pldpy = Q2 pyErdEy (5.138)
and use the delta function to perform the Ey integration to obtain
do rr 1 s 1 ——
= = 1
a0, ~ p i M = g M (5139

as in the last step p; = py = |p] and we have used the usual convention of denoting the

absolute value of the 3-vector by the same symbol as the 4-vector. Now we evaluate | M|2.

We get

1672 2%a°
2|q1*

Putting everything together we obtain

MP? = Te [ (b +m)r* (i + m)”| (5.140)

7 2Ck2
o A RRURY
2a2
= T [ty + )+ )] (5.141)

where we have used py = p;. Now this is precisely the result of Egs. (5.1) and Eq. (5.7),
for the Coulomb scattering.

Now we move the the bremsstrahlung in Coulomb scattering. This continues to be a fixed
target process with only conservation of energy. However we have now a photon in the
final state. So our formula for the differential cross section gets modified to

1

B Bp; Bk
2|pi]

s
7 (2m)32E; (27)%2w

IM2270(Ef +w — E)) (5.142)
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Again we use d3pf = prEdEpdS2, and 3k = (,uzdwalQ77 to obtain after the £y integration,

do _pr 1
dQedQ,  p; 8(27)

swdw [M?

Now, in section [5.6] we have shown that

6473 7%a3 2 { }

2 — i
|M‘ 2’(7‘4 w?

Therefore putting everything together we get

dQed, — 2m)2qip w

do Z%a3 pfdw{. }

in agreement with Eq. (5.101). Note that in this case py # p;.

(5.143)

(5.144)

(5.145)
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Problems

5.1 Consider the process vy — eTe™ (pair creation) in QED.
a) Write the amplitude for the process.
b) Show that the amplitude is gauge invariant (see Complement .

c) Evaluate the total cross section for this process.

5.2 Consider the interaction of the photon with a charged particle with negative
charge ¢~ (this theory is known as Scalar Electrodynamics). The vertices are

I
q p
----)--- ---)----
ie(q + p)*

Within this model consider the process equivalent to the Compton scattering,
v(k) + ¢~ (p) = v(K) + ¢~ (1)

where k, p, k' e p' are the momenta of the particles.

a) Draw the diagrams that contribute to the process in lowest order.

b) Write the amplitude for the process.

c¢) Show that the amplitude is gauge invariant, that is, if M = (k) €’ (k') M.,

then we have k*M,, = 0 and k"M, = 0. Just do for one case.

5.3 Consider the elastic scattering e"e™ — e"e™.

a) Write the amplitudes for the diagrams that contribute to the process in lowest
order, not forgetting the relative minus sign.
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b) Show that in the high energy limit, that is, when /s > m, we get the following
expression for the differential cross section,
do o [14cos'(0/2) 2 N 1 +sin*(6/2)
dQ 25| sin*(6/2) sin®(0/2) cos?(0/2) cos*(0/2)
where 6 is the scattering angle in the CM frame. This process was calculated
for the first time by Megller [44].

(5.146)

¢) Show that in the forward direction, that is for small angles, the expression
reduces to the Mott’s differential cross section for relativistic electrons.

5.4 Consider the process e"e™ — e~e™ known as Bhabha scattering . In QED, in
lowest order, there are two diagrams contributing to this process,

_ p1 p3
e e~ > >
e~ e
e-‘r B J eJr
€+ e-‘r < <€
D2 P4

and, as we have seen in Chapter |3 there is a relative minus sign between the two
diagrams. Show that in the high energy limit, v/s > m, where /s is the CM total
energy, we get,

do  a? [1+cos'(6/2) 2cos’(0/2) 14 cos’d
dQ  2s | sin*(6/2) sin?(60/2) 2
where 6 is the scattering angle in the CM frame.

(5.147)

5.5 Show that for processes 14+2 — 3+4 in the CM frame the non-vanishing currents
defined in section [5.3.2] are the following,
ecanal s

D1

\:, T (1 4) = V5 (0, ~1, ~0,0) (5.143)
b2
\p1
Juyvs (ia T) = \/g (07 —1,4, 0) (5‘149)
/pz
p3/
Juzos (1, 4) = /s (0, — cos 0, 1,sin 0) (5.150)

7

yZ
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ecanal t

eu-channel

b3

P4

Julug (T) T) =

Ju1u3 (l/? \L) -

Jvlvs <T7 T) =

vas (\L? i) =

Ju2u4 (T? T) =

Ju2u4 (l/) \L) =

Jv2v4 (Tv T) =

Jv2v4 (\La i) =

Jurua (T, 1) =
Jurus (35 4) =
Jugus (T, 1) =
Jugus (35 4) =
Joroa (1, 1) =

Jvlv4 (\La i) =

&

&

S

&

%

&

&

%

S % 5 % %

JU3U4 (\L? T) = \/g (07 — COs 67 _7;7 Sin 9)
0 0 .0 0
) —, 175111 —, COS —
2 2 2 2
0 «9 .0 0
, S —, —1?SIn —, COS <
2 2 2 2
.0 0
—.sin m — —
COSQ,S 2,ZS 27COS2
0 0 .0 0
2, 2, ZSIHZ,COS2
0 g . .0 0
—,—sm ,ZSIH—,—COS—
2 2 2 2
0
,—sm—,—zsm — COS —
2 2 2’ 2
o .0 0
,—sm ,ZSIH—,—COS—
2 2 2 2
o .0 .0 9
—Sin —, —781n —, — COS —
27 27 27 2
.0 A .0
s —, COS —, —71COS —, SIn —
2 2 2 2
.0 6 . 0 .0
— Sl —, COS —, —7COS —, — Sl —
2 2 2 2
.0 6. 0 .0
— S —, COS —, 7 COS —, SIln —
2 2 2 2
: 0 0 .0
sSin —, COS 2,Z COS 2, S1n 5
.0 0 0 .0
—sin = = = mn —
S 2,C082,ZCOSQ, S 5
.0 0 0 . 0
Sln27 COSQ,ZCOSQ,SIH2

S

(o
(o
(
(o
(o
(o
(o
(o

(5.151)

(5.152)

(5.153)

(5.154)

(5.155)

(5.156)

(5.157)

(5.158)

(5.159)

(5.160)
(5.161)
(5.162)
(5.163)
(5.164)

(5.165)
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.0 6 0 .0
Jonos (T, 1) =V/5 <sm 2 cos 5 cos 3~ sin 5) (5.166)
.0 6 . 60 .0
Jowvs (1, 1) =V/5 <— it 5, —cos 7, —i cos o, sin 5) (5.167)

5.6 Use the results from Prob. [5.5] to evaluate the Bhabha scattering in the limit
in which we neglect the masses. Compare the results with those of Prob. and
those Chapter [6] for this process.

5.7 This problem has the goal of showing Eq. (5.78)). To that end follow the steps:

a) Consider without loss of generality (why?) ¢ = 0. Define the spin along
direction 7 = (sin#, 0, cos 8), as follows,

- 1

S -7 =sinfS, + cosdS, = 3 sin@(S; + S_) + cos S, (5.168)
Show that in the .S, basis, that is where

S, |11) =111),,5,]10), =0,S,|1,-1), = —|1,—1), (5.169)

we get

(§-7) |11}, =cosB|1,1). + —sin|10).

V2

(S - ) [10), :%smeu,wﬁ %sin@\l,—l)z
(S-7i)[1,-1), = —cosf|1,—1), + % sin 610}, (5.170)
b) Define now |11), such that
(S -t) [11), = [11), (5.171)
and expand in the basis |1m)_
111), = a1, =1), + B]10), +~]1,1), (5.172)

Apply the operator (§ -17) and determine «, 3, 7 verifying in this way Eq. (5.78)).

5.8 Consider the process e” +e™ — pu~ + p™ in QED. Not neglecting the masses
and using these explicit spinors and the explicit form for the Dirac v matrices, we
can then obtain the helicity amplitudes that we write as

Aoy

M(hy, ho; by, ha) = 5 0(pa, ha) v u(pr, ha) U(ps, h3)v,0(pa, ha) - (5.173)
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where h; =7, | for each particle. This is a straightforward but tedious calculation,
that can be best done with a mathematica program [37]. Show that the result is

M1 1) = = (d4m0) 27 cosf M1, 1:1,1) = —(da) 2\7/”; sinf (5.174)
M, 41, 1) = — (4ma) 2\7};“ smf ML) = (dma) 22 o5 (5.175)
M1 1) ~(dma) s ML Tid ) = —(dma) (1-+ cos0) (5176
M1 1) =(na) (1 —cosf) ML L. 1) = —(d7a) “7sind. (5.177)
M 14) =(ma) T sing ML) = (dma) (1 —cosd)  (5.175)
ML T.4) = = (m0) (1 +c0s0) ML JiTJ) = —(4ma) Zsind - (5.179)
M, 134 ) =(dma) 22 o5 M1 51 4) = (dma) 25;“ sinf  (5.180)
Mt i ) () 220 MU did D)= —(dn0) T cos (5151

5.9 Show that the operator
P(h,s) = HTW , (5.182)

where the spin 4-vector is,

s = (48,78) (5.183)

is an helicity projector for a particle moving in the direction B with velocity E . Show
this explicitly for the helicity spinors defined in section [1.8.2]

5.10 Consider the process e~ +e™ — u~ + p™ in QED. Using the trace technique
and the helicity projector defined in Problem [5.9, show that, we can project the
helicity amplitudes as

4
M(h1, o by, ha) = =—=0(po) Pha, 52)7" Py, $1)u(py ) (ps) P, 53)7, P, s1)o(pa) - (5.184)

Using this and FeynCalc for Mathematica show that one gets
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16 m2m? 4m?

M 131, 1) =(4ma)? o cos®f ML 1T = (4m)2T" sin® 0 (5.185)

m? 16 m2m?

MO ) =) T sin?e (ML D = ()t o (5.180)

M1 P =m0 e MO = (el (4 cost)? (518)

MO LD =Uma) (1 —cont) IMQLLL R = (e sints (518)
2
MO DR =(raP e sin?0 MO D = () (1 cos0)? (5,189
2
MO D =(ma) (Lt eost (MO D = (ma)? e (5,100
16 m2m? 4m?

MO 4P (a2 cos? 0 [M(L 15 L 1P = (dma) =L sin?0 (5.191)

S

2 2.2
M4 D :<4m>247;”‘sm20 MU b L DR = (dra)? 2 o2 (5.199)

S

Compare with the results of Problem [5.8]

5.11 Show that for polarized photons the Klein-Nishina formula becomes,

£ S ([0 ()] o

where ¢, " are the polarization vectors for the two photons. As the result should be
gauge invariant one can choose a gauge where,
e=1(0,8), ¢=(0,¢&), pe=p-e=0 (5.194)

Show that the previous expression leads to Eq. (5.49) when we sum over the polar-
izations of the final photon and average for the polarizations of the initial photon
(see Ref. [20]).

5.12 Consider Compton scattering.

a) Integrate the Klein-Nishina formula, Eq. ((5.49), for the Compton scattering,
to get the total cross section,

o2ra? 1 4 8 1 8 1
o(z) = Wa—{(l———x—)ln(1+x)+§+;—— (5.195)

m2 x

where x = 2k/m..

b) Show that in the limit x < 1, that is, k < m,, one gets the Thomson classical
expression, that is

do  o? _ 8ma?

. o _ 2 . _
glﬂgr(l) 0 e (1+ cos6?), }UILI(I) o(x) 3m2

(5.196)
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¢) Redo the problem in a reference frame where the electron is not at rest. Use
the Mandelstam variables to show that the differential cross section can be

written as,

d_O': 2ra? 4 m? n m?2 2+4 m? N m?2
dt (s —m2)? s—m?  u—m? s—m?  u—m?

where
s=(p+k)?=0+k)?
t=@p-p)=Fk-F)>
u=(p—kK)>*=@ -k)7? (5.198)

d) Now go the limit where the initial electron is at rest and rediscover the Klein-

Nishina formula.

5.13 Consider the process e" et — v without neglecting the fermion masses.

a) Show that instead of Eq. (5.92)) we get

) A m? m? \’ m? m?
:8 _4 & & 4 e (&
53 =t | (e ) e (G )

spins A1,A2
2 2
m:s —t ms—u
= £ 5.199
+m§ —u  m2— t} ( )

with

s = (p1+p2)” = (k1 + ka)?
= (Pl - k1)2 = (p2 - k2)2
u=(p1—ka)* = (p2 — k1)? (5.200)

and therefore we get for the differential cross section,

do  2ma? 4 m? n m? 2+4 m? n m?
dt — s(s—4m?) m2—t m2—u m2—t m2—u

m2—t m?-u
+m2 —t t} (5.201)
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b) Show that we get for the total cross section (do not forget to divide by two
for identical particles in the final state),

2ra’?

2 2
m (S +48m€ — 8m

Otot =

4)1n(\/§+\/3_4m3>
¢ Vs — /s — 4m?

—(s+4m?)/s(s — 4m§)} (5.202)

This result was obtained for the first time by Dirac in 1930 [45].

c¢) Show that in the limit /s > m,. one gets,

2 2
i = 7;"‘ (m S 1) (5.203)

2
me

d) What is the total cross section for the process 7y — e~ e™?

5.14 Consider the elastic scattering e”e™ — e~ e~ without neglecting the electron
masses.

a) Show that the differential cross section can be written as

do_ _rt Mo, S, Slos)]

dt — s(s —4m2) 12 u? tu

(5.204)

where the symmetric function f is defined in Eq. (5.109). The important part
to retain here for future applications (see Problems |5.15( and [5.16]) is that

%lz ‘M|2 _ 64 |:f(j;U> + f(;;t) + f(:;s>1 (5205)

b) Show that in the limit s > m? the previous expression coincides with that of

Prob. 5.3

¢) Show that in the limit s > m? the total cross section is,

cosby +8 ——
0 Sin2 90

(5.206)

Otot =

2ma’ [ cos By ]

where we have integrated in the interval 6y < # < m — 6, to avoid the collinear
divergence that appears for, # = 0, 7, due the fact that the photon is massless.

d) Use CalcHEP (see Chapter [7]) to evaluate this process and compare with the
previous analytical result.
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5.15 Consider the Bhabha scattering without neglecting the electron mass.

a) Show that we get for the differential cross section,

do  ma? flt,w)  f(s,u)  f(u,u)
dt — s(s—4m2) | &2 * 12 * st

(5.207)

where the symmetric function f was defined in Prob. [5.14]

b) Show that in the limit s > m? the previous expression reduces to that of

Prob. 5.4

c¢) Show that in the limit s > m? we get for the total cross section,

) 96
Otot = —— |111cosfy + 6 cos(26y) + cos(36p) + m

245
+1921og (sin*(6/2))] (5.208)

d) Use CalcHEP (see Chapter [7]) to evaluate this process and make a plot com-
paring with the previous result.

e) Study the dependance of the cross section on the angle 6. Reproduce the
following figure.

Bhabha: e et 5 e e*

100 1 1 1 1 I 1 1 1 1 I 1 1 1 1 1 1 1 1
0 5 10 15 20

0y (deg)

Figure 5.13: Variation of total cross section for Bhabha scattering with the angle 6,
for several values of the CM energy.
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f) Show that in the limit s >> m? the Bhabha and Mgller total cross sections are
related in the CM frame by the relation,

0
do g+ = cos’ §d06—e— (5.209)

In this limit make a plot as a function of # and explain why the Mgller scat-
tering has the symmetry # — m — 6 and the Bhabha scattering does not.

5.16 The results from Prob. and Prob. it is general for any process in
QED that has two fermions in the initial state and two fermions in the final state.
Verify this statement for the processes e = — e~ and e”e™ — p~pt studied in
section [5.7]

5.17 We are going in this problem evaluate the lifetime of the para-positronium,
that is the positronium in the state 1.Sj.

a) Explain, using the conservation laws for angular momenta and charge conju-
gation, that we should have (see Refs. [43] or [46])

1Sy = vy, 381 = vy (5.210)
b) Show that the cross section for an electron and positron in a state 'Sy is
Osingleto = 4 T (5.211)
where @ the non polarized cross section evaluated Eq. .
c) The speed of the particles in positronium is not relativistic. Therefore it is

a good approximation to consider a reference frame where the positron is at
rest and the electron has small velocity, § < 1. Use this approximation to

evaluate,
4o’ 1
Osingleto — WB (5212)
d) Show that the decay width is given by (why?),
I'= Osingleto ﬁ‘¢(0)|2 (5213)
where
I 2
P(r) = —=e """ a=— (5.214)

VTTa mo

e) Evaluate the positronium lifetime.
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5.18 Consider Coulomb scattering with polarized electrons. The incident beam has
right-handed polarization, that is,

_ 14+ %d

ur(pi) 5 ulpi) (5.215)
where
S = (767 Oa Oa ’7)
and the electron in the final state is measured with two polarizations,
1+ s8¢ 1 —vs8f
ur(py) = ——5— ulpy),  urlpy) = ——— ulpy)

where, with the usual kinematics, we have (y = E;/m),
sy = (yB8,ysinb, 0, cosh)

a) Show that the 4-vectors s; and sy, defined above, obey the relations, s = sfc =
—1land s; - p; = sy -ps = 0.

b) If we define the degree of polarization of the scattered electrons by,

_ Nr—Ng

p,— 8L
= Ngr + Np,

(5.216)

where Ny (Np) is the number of scattered electrons with right (left) polariza-
tion show that we have,

2m? sin®(0/2)

Pop—=1-—
r E? cos?(0/2) +m?sin®(0/2)

(5.217)

c) Show that in relativistic limit there is no depolarization of the incident elec-
trons.
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The Helicity Amplitudes

6.1 Introduction

When the number of diagrams, N, becomes large it is clear that the difficulty with
the trace technique will increase as N2. This makes a process with a large number
of diagrams difficult to handle. There is however another technique known as the
helicity amplitude technique, where the complexity of the problem only scales with
N. The idea is that for each helicity combination each diagram is to be represented
by a complex number and the total amplitude by the sum of N complex numbers.
This is therefore a technique to be used numerically in all cases of interest. This
method is very simple in the case of massless fermion and gauge bosons, but it can
be extended for the case of massive fermions and massive gauge bosons. As we will
see there a price to pay, the number of phase space integrations increases, but if we
use a Monte Carlo integration method (like Vegas) the efficiency does not change
much with the number of integrations.

6.2 Spinor products

We begin with a clarification on the term helicity amplitude. In the original articles
of Gastmans, Wu and collaborators [47-50] are used heliciy spinors for mass less
fermions with the notation

1i2%’ui(p) = ux(p), 1q;%vi(p) =vs(p), (6.1)
For helicity we use 1, ] with (see Egs. (1.259)) and (|1.260]))
Pruy =wy 5 Prup=0 5 Prpuy=0 ; Pruy=u (6.2)
Proy =0 ; Ppor=vy ; Proy=wv, ; P, =0. (6.3)
Therefore the correspondence is
+=1 —-=l (6.4)

187
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justifying the name of helicity spinors (and amplitudes). However, from the point
of view of the numerical implementation we prefer to follow the work developed by
Kleis{'| and collaborators [51-53]. They use the notation + for chirality and not for
the helicity, that is,

1£7
2

L+15
2

u(p) = ux(p), v+(p) = vx(p) (6.5)
and this, even in the massless limit, differs from Eq. for the antiparticles.
we will follow Kleiss notation which means that the spinors are really eigenstates
of chirality, not helicity. We will retain the notation 1] for helicity. For massless
fermions the spinors are eigenstates of chirality and there is no distinction between
spinors uw and v for the definition of chirality. We will designate these spinors by
us(p) with p* = 0 and pus(p) = 0. Although they are chiral spinors we will abuse
the language and will continue to speak, as usual, of helicity spinors and helicity
amplitude techniqueﬂ. It is convenient to define the right and left projectors EL

_lE
2

V£ (6.6)

Then our spinors satisfy

Y = ur(P)us(p), y-p=u_(p)u_(p), Pp=ur(p)us(p)+u_(p)u_(p) (6.7)

With these spinors we can form two independent spinor products [52],

s(p1,p2) = Uy(pr)u—(p2) = —s(p2,p1)

—(p1)us(p2) = s*(p2,p1) (6.8)

S|

t(p1,p2) =

with the normalization
|s(p1.p2)|* = 2p1 - p2 (6.9)

To be able to do numerical calculations it is necessary to have a formula to evaluate
the spinor products knowing the components of the two 4-vectors. This formula
is [51],
0 1 0 1
. by —D . by —D
s(prp2) = (1 + 1) ([ o—1 — (03 +p3) | 53 (6.10)
1D Dby — P

and using it one can trivially verify Eq. . A very important relation, known as
identity of Chisholm, is (¢ = &%),

Uo (P1) Vo (P2) Y = 2Ue (P2)Uos (1) + 2o (p1)U—o (p2) (6.11)

L Also a collaborator of the original papers.

2For particles uy = uq but for antiparticles uy = v,.

3This notation is more practical in our calculations than the more usual R, L, therefore we will
use it following Kleiss [511/52] and not the original notation of Gastmans etal. [47-49| in Eq. .
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which shows that the normalization of spinors is such that
Uy (P)Vutio (p) = 2py - (6.12)
In Complement [6.1|you can find a derivation of Egs. (6.10]) an (6.11]). Using Eq. (6.7)

we can show the following useful relations:

*

Uy (p1)pops - - - Pan—1u—(pan) P3;P2)8(P3; Pa) - -+ $(P2n—1, P2n)
(p1)pops -+ Pon—1us (P2n)

Uy (p1)paps - - - Pontis (P2nt1)
(p1) )

U_(p1)paps - - - Pant—(Dant1

s*(p2,p1)s $*(pa,p3) - -+ " (Pon, Pan—1)

= 5(p1,p2)s™(

(P2, 3
_ “
(

)

)
S(p1,p2)8 P37p2)8(p3;p4) T S*(P2n+1;p2n)

)

= 5" (p2, p1)5(p2, p3)S™ (D1, 03) - - - S(D2n, Pant1) (6.13)

where p; are momenta for massless particles, that is, p? = 0. When we have tow
fermion lines connected by a contraction of two v matrices we have to use Eq. (6.11)).
For example,

ﬂ+(p1)fyuu+(p2)ﬂ+(p3)”y“u+(p4) = 25(p3, p1)s" (4, p2) - (6.14)

with this relations we can transform all the amplitudes for massless fermions in
products of spinor products. Before that we will extend the technique for other
cases of interest we will give below the example of Bhabha scattering.

6.2.1 Bhabha scattering

As an example let us evaluate the differential cross section for Bhabha scattering in
QED in the limit of massless fermions (which is a good approximation for /s >
me, see Prob. . We have the two diagrams of Fig , corresponding to the
amplitudes,

M, = %W(Pz)’YMU(Pl)ﬂ(PS)%U(M), My = _%ﬂ(])s)’Y“U(Pl)U(p2)’7uv<p4) (6.15)

with s = (p; + p2)?, t = (p1 — p3)®. The result obtained with the trace technique
was given in Eq. ((5.85)). Let us now use the helicity amplitudes technique to recover
this result.

We start by noticing that from the 16 possible helicity amplitude&ﬂ/\/l(crlag; 0304)
only 6 are non-vanishing. These are M(++;++), M(——;——), M(+—;+—),
M(—+; —+), M(++; ——) e M(——;++). Using the compact notation,

si; = 5(pi, Dj) (6.16)

4We again call the attention of the reader for the abuse of language here. When we compare
with the helicity discussed earlier we should have, for instance, M(++;++) = M(1,};1,}) and
so on. We will use always 71, | to refer to helicity states and + (or R, L) when we refer to chirality.
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and relations similar to Eq. (6.14]), we get

M(A+i44) = Mu(t ) + Mo 44) = 262 [332541_823841]

S t
M(====) = Mi(==—=)+ My(——; —=) = 2¢° [5238814 - 832:14}
8758
M(+—;4+-) = M2(+—;+—):—262%34 (6.17)
4y = L\ o2 521513
M(—+;—+) = My(—+;—+) = —2¢ -
M(4+;——) = M1(++;——):2e2%
S315;
M(==;++) = Ml(——;++)=2€2%
Therefor we get,
1
(MP = 7 IME+ P + M= =) + M=+
HM(=+ =) + M+ =) + M= +4)/]
s [ l803 51 ]? |s32/*[s1]? |523]*[s1]?
— 2 2 4
c 12 * 52 * st
512/ 534/ |513/%[s24]*
2 (6.18)
and using
|823’2 = —U:t+S:|841’2
|512’2 = 5=|534|2
|s15]° = —t = |s04]? (6.19)

we finally obtain Eq. . We should note that for this simple problem there is
probably no gain in using this technique instead of that of the traces. However in
more complex problems, like for instance, e”e™ — e ete e™, with 36 diagrams in
lowest order, the gain is enormous. In these cases the amplitudes are calculated as
complex numbers, using Eq. , and in the end we add the absolute value squared
of those complex numbers, without the need to transform the spinor products in
scalar products, as we have done here.
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6.2.2 The scattering e et — pput

As another example we look at the process e"et — p~put. We consider the case of
massless fermions. We start with the invariant amplitude, Eq. (5.51)), that we write

as
2

e _ _
M = —(p2)y"u(pr) Wps) 7,0 (pa) (6.20)
Now each spinor can have two helicities (chiralities), so we can write
2
€ _
M<017 02; 03, 04) = gﬂﬂz (p2>'7HuU1 (pl) Uqy (p3)7uuff4 <p4) (621)

From the rules in section |6.2, one realizes the o1 = 09 and o3 = 04. Therefore there
are only four non-vanishing helicity amplitudes. Using the relation in Eq. (6.11]) we
get

2 62

e
M(+, 454, +) = 283254, M+, +—,-) = ~ 2513524

2 2

e e
M<_7_7+7+) :; 253,152,27 M(_7_7_7_> = ;255,38174 (622)
where we defined

Sz'j = S(pi,pj). (623)

Therefore we obtain,

1 et
MP =2 IMP = 5 MG+ )P o+ MG+ =, )
spins
+|M(_7 -+, +)|2 + |M(_7 T _)|2}
4
e
g2 [2[523]%|s14* + 2513 524]]
=e* [1 4 cos” 6] (6.24)
where we have used,
|513|% = |s04|® = —t = —%(1 — cosf) (6.25)
|s23]° = |s14]* = —u = —g(l + cos ) (6.26)
Inserting in the formula for the differential cross section we obtain
do 1
B 2
) 64n?s M
o2
5 (1 + cos®0) (6.27)

in agreement with Eq. (5.56|) in the limit g — 1.
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6.3 Polarizations for massless gauge fields

Up to now we know how to handle diagrams where the gauge fields are in internal
lines of the digram. What happens if we have massless gauge bosons in external
lines of the diagram? In that case we know the we have polarization vectors and we
want these polarization vectors to obey the well known result,

Z e"(k,\)e™t(k, ) = —g"” + terms proportional to k. (6.28)
A

The terms proportional to k, can be neglected due to gauge invariance (see Com-
plement [5.1]). Following Kleiss [52,[53] this can be achieved with the identification

(e, N) = — RERACEENG (6.29)

(4k - p

where p is any 4-vector satisfying p? = 0 not proportional to k. As this polarization
vector will always appear contracted with a matrix +, we can use Eq. (6.11]) to write

(N = VE-p).
Ak 0) = - [20a (D) (R) + 20 (KT ()] (6.30)

which shows that we can use massless spinors to describe the polarizations vectors
of massless gauge bosons. It is useful also the write the expression for the complex
conjugate. We get

£k X) = - 20s(R) 2 (5) + 20 () (R)]) (6.31)

Before we end this section we must show that Eq. (6.29) and Eq. (6.28)) are indeed
consistent. In fact we have,

S et e (k,A) =g [T (B () (p) s (k)

(k) u (p)a- ()7 u (k)]

:ﬁ (Tr Py K]+ Te [y - M)

_ g
g _|_ k.p

(6.32)

Choosing a different p will correspond to a gauge transformation, and will not affect
the physics. We will give thee example of pair annihilation in the next section.
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6.3.1 Pair annihilation

Let us now use the helicity amplitudes technique to evaluate pair annihilation into
photons, e”e™ — 7, that we have already seen in section Looking at Eq.
we immediately realize that the electron and positron have to have the same chirality.
For the photons it is more complicated as because of gauge invariance there is not a
unique way of writing the polarization vectors. However we can use this to simplify
the calculation, choosing the reference momenta in Eq. .

The only restriction is that in €(k, A) the vector p can not be proportional to k.
We can even make different choices for different diagrams. For instance, if we choose
for My, py for e(k1, \) and p, for e(ko, \) and for My the opposite choice, that is, py
for €(ki, A) and p; for €(ks, A), we get that the only non-vanishing amplitudes are,

s(p1, k1)s(pa, k2)s* (K1, p2)s™(p1, k1) 1

M(++;+-) = — 4¢?

t N(pla k1)2
- _ 2625(p27 k2>8*(k17p2>
t
s(p1, k2)s(p2, k1)s*(ka, pa)s™(p1, k2) 1
M(++; —+) =4€?
( ) U N(plv k2)2
_ge2 3P kl)i*(kz’m) (6.33)
M<__, _+) _ 462$(p17 kl)s(p27 kl)S*(k27p2)S*(p1a kl) 1
t N(pla kl)Q
_ 2625(])2, k1>8*(k27p2>
t
s(p1, ka)s(p2, ka)s* (K1, p2)s™ (p1, ka) 1
M(——;+—) =4¢e?
( ) (4 N<p17 k2>2
9,2 s(p2, ko)s* (k1,p2)
U
From here we get
ST IM(01, 09 M, N)? _get gt _ gt (6.34)
01,02, A1y, A2 — t w = ut .

01,02,A1,A2

in agreement with Eq. (5.92). If we had chosen another reference momentum we
would get the same result, although this may be difficult to show. For instance,
suppose we use the same convention for My e M;. In this case one can show that,

M(++;——) =0

(p2, k2)s(pa2, k1)s* (ka, p1)s™ (p1, k2) 1
U N(p17k1)2

M(++; —+) =4e* 2
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5(p1, k2)s(p2, p1)s™ (p1, k1)s*(p1, p2) 1
M(++;+—) =4¢?
( ) Uu N<p17 k1)2
_ 42 s(p1, k1)s(p2, k2)s™ (k1, p2)s™ (p1. k1) 1
t N(p17 kl)Q
8(]71,]?2)8(}?27]91)8*(]71,k?1)8*(p1,k’2) 1
M(++; ++) =4€?
( ) U N(p17 kl)Q
ko)s(p2, p1)s*(k2, k1)s* (p1, ko) 1
4 2 S(p2> 2 5 5 s '
e ” Nonkp O

These expressions look different from those in Eq. . However choosing a kine-
matics and Eq. we can show that we get the same final result. As an example
we see that in Eq. the amplitude M(++;++) vanishes, while in Eq.
it appears that it does not. However choosing the kinematics,

D1 (\/5/270707 \/5/2)
P2 = (\/5/2,0,0,—\/5/2)
ki = (Vs/2,0,4/5/2sin6,+/s/2cos0) (6.36)
k? = (\/5/2a07_\/§/2Sin97_\/§/20050)7
we get from Eq. (/6.10))
/s /s s
s(pl,pg):z2§ s(pl,k‘l)zzg—z\é_ 0
s(p1, ko) = é +1 ﬁeﬂo s(pa, k1) = —i Lg —1 ﬁe’w
2 2 2 2
s(pa, ko) = \/_ +1 % —if s(ko, k1) = —i2 ?e_ie.

Using these explicit expressions we can show that

s(p1,p2)s*(p1. K1)+ s(p2, ka)s" (ko k1) =
:<£> (2 (—i +ie®) + (=i +ie ) (2i%)]  (6.37)

2

2
S . .
= (%) (2—2e” +2¢” —2) =0
which is a necessary relation to verify that M(++;++) in Eq. (6.35]) vanishes. In
a similar way one can show that all the expressions in Eq. (6.35]) are equivalent to
those in Eq. (6.33). In summary, we can choose the reference in the most convenient
way in order to simplify calculations, without affecting the final result.
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6.4 Polarizations for massive gauge fields

In the previous section we have learned how to use the technique of helicity ampli-
tudes for massless gauge fields, like the photon in QED. However for calculations in
the Standard Model we need to learn how to use the helicity amplitude technique
also for this case. As for the massless case, the key point is that we have to repro-
duce the well known result for the sum over polarizations, for massive gauge fields

like the W and Z, o
D g, et (g, \) = —g" + qM_q2 (6.38)

3 1%

where ¢> = MZ and V = W, Z. This can be achieved if we make the identifica-
tion [52],
e"(q) = a* =a_(r)y"u_(ra) (6.39)

where 7 5 are two massless 4-vectors, such that
qg=11+1 (6.40)

and also apply the correspondence

*U 3 *U
XA:E”(CL NeP (g, A) — m/dQ a'a (6.41)

where df2 is the solid angle of one of the 4-vectors, say rq, in the reference frame
where the gauge boson is a rest. Let us show that this identification leads to the
expected results. We have

/dQ a'a™ = /dQ U_(ry)Yu—(ro)u_(ro)y u_(ry)
= /dQ Tr [y-f1¥v-127"]
= /dQ (2r4ry + 2rkry — 21y - rogh”) (6.42)

The last integral can be easily done by noting that it can only depend on the metric
and on the 4-vector ¢ of the gauge boson (see Problern. Using ¢* = 2r -1y = M2
we get

M = /dQ (2ri'ry + 27k Y — M g™)
= MZg"™ A+ ¢"¢"B (6.43)

A and B can be obtained multiplying Eq. (6.43]) by ¢** and by ¢*¢” and using the
fact that 2¢ - = ¢ = MZ. We get

4A+B = —-87
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A+B = 0 (6.44)

which gives A = —B = —87/3. We then get

8w M2 ( q“q”
dQ ata® = —X ( —g" + (6.45)
/ 3 MZ

in agreement with Eqgs. (6.38)) and (6.41)).

6.5 How to introduce massive fermions

To be able to solve any problem with the helicity amplitude technique we have to
include massive fermions. This is of course a little bit contra naturam as the method
was designed for massless fermions. However Kleiss and Stirling [52] showed that it
is also possible to extend the method for this case.

The idea is similar to the case of massive gauge fields. If ¢ is the 4-momentum
of the massive fermion, ¢> = m?, then we can choose two massless 4-momenta to
construct ¢:

¢ =pi+rh, pi=p3=0 (6.46)
The solution of the problem is [52],

s(p1, p2)

ulg, +) = — = us(pr) +u-(p2)
ulg, =) = wu—(m)‘kuﬂpﬁ
olat) = PP ) ()
ola.) = TPy ) () (6.47

We can verify that the previous relations reproduce the results for the spin sums.
In fact,

S uta (e N) = [P )+ )| [T ) 4 )

A

L [% u_(p1) +u+(p2)} {S(m—n;pl) - (p1) +m<p2)]

= Uy (p1)uy (p1) + u_(p2)u—(p2) + u_(pr)u—(p1) + uy (p2)uy (p2)

+% [S(th)w(pl)ﬂ— (p2) + 8" (p1, p2)u—(p2)Us (p1)

+ 5" (p2, p1)u—(p1) U4 (p2) + s(p2, p1)u(p2)u—(p1)
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= bbbt i + o)

where we have used Eq. and Eq. . In a similar way one can show
> w(g Mo(g ) =¢—m . (6.49)
A

Do not forget that in the end one has to do the phase space integrations of the
momenta introduced, using the measure,

/ it (6.50)

47

for each 4-momentum, with p? = 0. See specific examples in sections|6.5.1{ and [8.2.3]

6.5.1 Compton scattering with helicity amplitudes

Although Compton scattering is more easily evaluated with the usual trace tech-
nique, as we have done in section 5.2 we are going here to use the more complicated,
for this case, helicity amplitudes technique. As in the standard experimental setup
the electron is at rest, we can not neglect its mass. Therefore this a case where we
have to use the techniques of section [6.3] for photons and those of section [6.5] for the
electrons.

Let us start by writing the amplitudes, Eq. , in the form (for convenience
we designate the momenta of the electrons by p; and ps and those of the photons
by kl (§] k?g),

M (o1, 02; M1, A2) = Ciu(pa, 028) 7 (1 + K1+ m) yu(pr, o15)e! (1, A)e”™ (ka, A2)

Mo(o1,02; M1, A2) = Coti(pa, 025)7, (P1 — K2 + m) you(pr, 015)€” (k1, A )€e” (ka, A2)
(6.51)

where ) )
e e

C, = — ) 6.52

(p1 + k)2 —m?’ ? (p1 — k2)? —m? ( )

To continue we use for the spinors with mass the definition of Eq. (6.47)) that we
write as,

C = -

utp, ) = ) ()
u(pr, —s) = Mu*(rl)—i_lur(?h)

m
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s(wyq, ws)

U(p27 "‘3) = T U+(w1) + 'LL,(U)Q)
s*(wsq,w
u(p2, —s) = % u_(wy) + uy(ws) (6.53)
where we have defined,
pL=Ti+rs, pp=witwy, 71=w=0 (6.54)

Now we have to define the polarization vectors for the photons in terms of spinor
products, using Eq. (6.29)), that is,

1
E’u(k’z‘, /\) = ﬁﬂ,\(kiﬂuu,\(ﬁ), ]\/vZ = (4]{32 . 7‘1), 7= ]_,2 (655)

%

where we have chosen the arbitrary momentum p in Eq. (6.29) as r;. This allows
us to use a momentum already defined in the problem, simplifying the calculation.
We can verify that k; - r; # 0 and therefore this is a possible choice.

Inserting now the definitions of Eqgs. (6.53)), (6.54) and (6.55) in Eq. (6.51) we
can get the 16 helicity amplitudes. We get then,

C
Mi(+, 4+, -) =N ]1\, [45(ko, k1)s™ (11, k1)s(k,72)s™ (r1, w2)
1V
+4s(ky,r9)s(ka, 79)s™ (11, 12) 8™ (11, w2)] (6.56)
Cs . .
M2<+7+) +7 _) :N N [43(k1,T2)S<k2,T2)S (T17T2)8 (7"1,’(,02)
1NV

—45(ky, k2)s™ (11, ka)s(ka,1m2)8™ (11, wo)] (6.57)

and in the same way for the other 15 amplitudes. We see that the problem becomes
quite extensive and should handled by appropriate software. In section one
can find a program that allows to evaluate all the amplitudes and automatically
obtain an output to Fortran file.

Using this program in another Fortran (see programs available in my site [37])
we get the result of Fig [6.1, where the line corresponds to the analytical form of
Klein-Nishina, Eq. , and the dots the result of the numerical program. The
agreement is excellent. See a more complete discussion in section
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Klein-Nishina differential cross section
2
107 prrrrereerreees T T prerrr T T T T

do/dQ (mb/strd)

107 s PP PO VTP FOPROTH PPN TPV AP FPTOTS

0O 20 40 60 80 100 120 140 160 180
0 (deg)

Figure 6.1: Comparison between the Klein-Nishina formula, Eq. (5.49) (red line)
with the numerical result using the helicity amplitudes method (blue dots).



200 Chapter 6. The Helicity Amplitudes

Complements

Complement 6.1 Proof of some spinor product relations

We have used, without proof, the definition of the basic spinor product in Eq. (6.10) and
a very useful form of the Chisholm relation in Eq. (6.12)). In this complement we are going
to address these points.

Spinor product definition

We start by defining the properties that our massless (p? = 0) chiral spinors should obey,
already given in Eq. (6.7)), that we repeat here

V+p =utr(P)u+(p), v-p=u-(p)u-(p), P=us(p)us(p)+u-(p)u-(p).  (6.58)

Now we want to construct a basis for these spinors. We start by introducing two 4-vectors,
ko and k1, that should obey the conditions

k=0, ki=—1, ko-k1 =0 (6.59)

Now define two basic spinors of positive and negative chirality, u— (ko) and uy (ko) through
the relations

u—(ko)u-(ko) = 7- ko (6.60)
uy (ko) = Fru—(ko) (6.61)

It is easy to show that these two basic spinors obey our defining rule in Eq. (6.58]). In fact
for u_(ko) it is its definition. Let us show for u4 (ko). We have

(ko) (ko) =F1u—(ko)u—(ko) k1
=F1v- Kokr = 74+ Krkoks
= — 7+ Fok? = 14 Ko (6.62)

where we have used Eq. . This shows that our basic spinors u4 (ko) obey the defining
rules.

The next step is to use these basic spinors to define a general chiral spinor of momentum
p. We define it by the relation (p? = 0),

1
V2p - ko

with the extra requirement that p - kg # 0. Now we have to show that this definition is
consistent with our rules in Eq. (6.58)). We have

Us(p) = pu—q (ko) (6.63)

1
2p - kg

=757—a%o¢2;,%=%¢%0152;k0

Uo ()l (p) =pu—o(ko)U—o (ko) P
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=Yo P (6.64)

showing that it indeed obeys the defining rules. It is also clear that it obeys Dirac equation
for massless fermions, pu, (p) = 0, because pp = p* = 0.

Now we have the tools to evaluate the spinor products. We have

5(p1,p2) =ty (p1)u—(p2)

—u_(ko)pr o (ko) !

V4(p1 - ko) (p2 - ko)
1

2 V4(p1 - ko) (p2 - ko)
1

V41 - ko) (p2 - ko)
=2 [(p1 - ko) (p2 - k1) — (D2 - ko) (P1 - k1) + i €vaphlykt pSipl)

=1u_(ko)prp2k1u—(k

=Tr [y_Kopr1p21]

1

} V4(p1 - ko) (p2 - ko)
(6.65)

Now choose kg = (1,1,0,0), k&1 = (0,0,1,0) and after some algebra we get Eq. .
Of course there is some degree of arbitrariness in the choice of reference vectors ko, ky.
However they obey Eq. and if the initial particles are in the z direction in principle
the condition p - kg # 0 is also verified. So the definition in Eq. is a good choice.
One can show that physical observables are not affected by this choice.

Chisholm relation

Now for the Chisholm relation. This name is an abuse of language because in strict sense
that name applies to the relation,

VA =g = gy + g+ i s (6.66)

The name comes from the fact that for the proof of Eq. one needs a generalization
of Eq. . Suppose that one has a string S of an odd number of Dirac matrices (slashed
into 4-vectors to keep the indices simple). Then one can show that, when expressed in the
basis of the Dirac matrices, it can always be written as

S =V "'+ A s (6.67)

for two 4-vectors V, and A,. The proof of this statement is left to Problem [6.2} Now let
S be a string of the same Dirac matrices but written in reverse order. One can show (see
again Problem [6.2]) that we have

SR = V4" + Auysy® (6.68)
Adding and multiplying by 2 we have

2(S + %) =4V,y* + 24, (V"5 + 157M)
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=4V, A" = Tr[Sy,]v* (6.69)

Now we choose for S the following expression

S = pary— kopn !

V4(p1 - ko) (p2 - ko)

(6.70)

Then we get

1
VA(p1 - ko) (p2 - ko)
where we have used the definitions in Eqgs. and . In a similar way we have

SE = u_(p1)u_(p2) (6.72)

S = pau—(ko)u-(ko)p1 = uy(p2)us(p1) (6.71)

and
2(5 + ST = 2u (p2)y (p1) + 2u_(p1)T—(p2) (6.73)

which is the right-hand side of Eq. (6.11)). As for the left side we have, using Eq. (6.71]),
Tr[Syulv" = Trlug (p2)us (pr) Va7 = s (1) yuus (p2) ¥ (6.74)

which proves Eq. (6.11]) for + chirality.

Uy (p1) 4 (p2) V' = 2uq (p2)us-(p1) + 2u—(p1)u-(p2) (6.75)
For the other case, — chirality, we use
Tr[ S~y :Tr[SR'yu]fy“

=Tr[u—(p1)u-(p2)vul?"
=u_(p2)yuu—(p1) v* (6.76)

Now if we relabel p; <> p2 we get the desired result,

U—(p1)ypu—(p2) ¥ = 2uy (p1)U4 (p2) + 2u—(p2)u—(p1)
= 2u_(p2)u—(p1) + 2u(p1)u+(p2) (6.77)

Complement 6.2 Angular dependance of the amplitudes

In section we discussed the angular dependance of the amplitudes for the process
e~et — u~pT using and explicit form for the helicity spinors. We can verify that using
now the helicity amplitudes technique. From Eq. (5.72) we get,

ML 1)) = —4ma (1 + cos 6) (6.78)

and from Eq.
M5 ++4) = M4 1) = 22 22°0 (6.79)

Using the definition of Eq. (6.10) we get,

/ 1
839 :iﬁcosﬂ 7,+iﬁ\/1—sin0
2 1—sinf 2
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/s 1 .
= 0+1—sinf 6.80
i Nigery (cosf + sin 6) (6.80)
Vs 1 Vs .
S41 ——276089 T sing —17\/14—81119
/s 1 :
= 0+1 0 81
ZQm(COS +1+5sin#) (6.81)
and therefore s
S3284 = —5(1 + cosf) (6.82)
obtaining finally
M) = —4ra (1 + cosb) (6.83)

in agreement with Eqgs. (5.72]) or (6.78]).

With the trace technique it is not possible to get the amplitudes but only the square
of the amplitudes. Nevertheless it is possible to separate the various amplitudes using
appropriate projectors. The amplitude that we are discussing here corresponds to evaluate,

4
e
(M2 =5 Te[Prpay" Prp1y” | T [Pripsyu Priba]
VY ge"
=2 16p1 - pap2 - p3 (6.84)
Using
S
P1-P4=DP2-P3= 1(1 +cosf) (6.85)
we get
IMrrrel® = [M(++; +4)17 = M4 1)1 = (4ma)* (1 + cos0)? . (6.86)

in complete agreement.
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Problems

6.1 Derive Eq. (6.14).
6.2 In the text we used the relations in Egs. (6.67]) and (6.68)),
S =V + AN s, St = VYt + Ayt (6.87)

where S is any string with an odd number of gamma matrices and S* is the string
with the same Dirac matrices written in reversed order. Use the results of Prob-

lem [4.6| and Eq. (4.68) to prove these results.

6.3 In Eq. (6.42) the term in the trace proportional to -5 was discarded. This
problem is intended to show that the term in fact does not contribute. After taking
the trace this terms would be proportional to

e‘“’o‘ﬂrlarw (688)

Let us see, in two different ways, that we have,
™ = / dQe" Py o5 = 0 (6.89)

a) Choose a reference frame where the gauge boson is at rest. Show that in that
frame we have

M,

T :Tw(l,sinecos ¢, sin 0 sin ¢, cos ) (6.90)
M,

To :Tw(l,—sin&cosqb,—sin@simb, —cos ) (6.91)

Using the fact that o # [ show explicitly that I** = 0.

b) The other way to argue is based in Lorentz arguments. Besides ¢"” and ¢* we
also have at our disposal the tensor ¢#**?. Explain why this contribution is
zero. You do not have to do any calculation.

6.4 Derive Eq. (6.49).
6.5 Derive the results of Eq. (6.17)).
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6.6 Show that the s channel contribution to the amplitude M(+,+;4,+) in
Eq. (6.17)), that we denote by M (4, +;+,+) is equal to what you have obtained
in Prob. for the amplitude M (1,];71,]). For this use the explicit form of the

spinor product, Eq. .

6.7 In Complement we derived an explicit expression for the spinor products,
Eq. . This explicit expression is attached to a specific choice of the auxiliary
dimensionless 4-vectors, ko and k. We can think that the choice of ky = (1,1,0,0)
is general if the reaction plane is taken as the yz plane, as this ensures that p-ky # 0.
However, even with this choice, we could take

k1 = (0,0, cos a, sin ) (6.92)

and still satisfy Eq. . On the other hand, following Ref. [54], we have defined
helicity spinors for massless fermions in Eq. . Then the question arises how
are these related and are the physical results independent of the choices? This
problem aims at clarifying these points.

a) Consider an arbitrary massless positive energy fermion moving in the plane
yz, that is, p = (E,0, Esinf, E cosf). Show that the relation between the
Kleiss and Thomson definitions is

u?homson(p) :ei 9/267;0‘ u}fleiss (p) (693)

uThomson () —e=i0/2 yKielss () (6.94)

b) Show that the absolute value of the spinor products does not depend on «
and therefore physical variables like the scalar products are also independent
of this choice. To show this derive the following relation,

S(plaan O./) = e_ias(phpZa o = 0) 5 (695)

c¢) Consider two massless fermions of positive energy with momenta,
p1 = (F1,0, Eysinty, Elcosty), ps = (FE,0,Eysinfy, Elcosf,)  (6.96)

Use the definitions of Eq. (1.257)) to evaluate explicitly

Thomson(

s P1,p2) = Ur(pr)uy (p2) (6.97)

Then use, for an arbitrary «, the definition of Eq. (6.95))

SKleiSS(plam) = 8(]?1,]72, 04) (6-98)

Show that

SThomson (

p1,p2) _ 6i/2(91+02)6ia8K1eiss(p1’p2) (699)
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6.8 Consider again Bhabha scattering. For massless fermions we used the trace tech-
nique in section and the helicity amplitude technique of Ref. [52] in section .
The purpose of this problem is to show that one could get the same result using
the massless helicity spinors of Ref. [54] as given, for instance, in Eq. and
Eq. . For instance, in this case define for positive energy spinors,

sy = T (pa)uy () | (6.100)
and evaluate Eq. (6.17)) with this definition. Show that you get the same result
for the amplitude squared. Notice that there are some subtleties in going from a
notation in terms of chiral spinors and one in terms of massless helicity spinors. For
instance in this problem we have, in the usual notation, the spinors u(p;), u(ps) of
positive energy and v(ps), v(ps) of negative energy. Then the correct definition of
spinor products in the notation of Ref. [54] is,

gl
I

gl
gl

+(p1)vr(pa) (6.101)
+(p3)vr(pa) - (6.102)

s12 = Up(pr)vr(pa),  s13 = Tr(p1)uy(ps),  s14 =

593 = Uy (p2)uy(p3), S24 = Uy (p2)vy(ps), 34 =

gl

Then the advantage of the method of Kleiss [52] is that it is more convenient to
implement from the computational point of view.



Chapter 7

Software for Quantum Field
Theory

7.1 Introduction

In this chapter we will describe a large amount of software that we can use to help
to do complicated calculations in Quantum Field Theory. This include the program
QGRAF written in Fortran to find the Feynman diagrams for any model at any
number of loops, packages for Mathematica like FeynCal, FeynCalc, FeynRules as
well as other software like CalcHEP and LoopTools. We will also discuss FeynMaster
that makes use of QGRAF, FeynCalc and LoopTools in a self contained way. We leave
for more advanced texts the discussion FeynArts or FormCalc.

In the first part of this chapter we will describe the use of the software and
then in the final sections of this chapter we will show how to apply it for the same
examples in QED that we discussed in the first chapter. More complex problems
will be dealt with in the following chapters.

7.2 QGRAF

7.2.1 Setup

QGRAF is an excellent program developed by Paulo Nogueira for the automatic
generation of Feynman diagrams, including symmetry factors and fermionic signs.
The program can be obtained from the webpage:

http://cfif.ist.utl.pt/~paulo/qgraf.html
The manual comes with the package. It generates symbolic expressions for the

Feynman diagrams, which can then be imported into other programs. It does not
present the Feynman diagrams graphically.
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QGRATF is based on the method described in [55]. The program is easy to install
in Linux, following the guidelines on the website. To compile you need a Fortran
compiler. In Linux the easiest is to use gfortran. The command line is

> gfortran qgraf-3.x.y.f -o qggraf

where x and y are the last version numbers and qgraf is the executable file.

Running in Windows is more cumbersome. This is a program written in Fortran
77, so, if one decides to compile the latest version, one needs a Fortran compiler.
Another option is to install a Virtual Machine in Windows running Linux. Then
one uses the standard gfortran compiler. In the site CTQFT,

https://porthos.tecnico.ulisboa.pt/CTQFT/

one can find more information.
For the file management instructions, we assume a Linux (or Virtual Machine
running Linux) installation. All other instructions are machine independent.

7.2.2 Simple tests
Available Models

In our installation, QGRAF is run from
> cd SOFTWARE/qgraf

The instruction
> 11 Models

lists all Models available in the distribution, including QED (qed) and SM (gws-
simple), which we will be using in this course. The qed file reads:

* leptons
[e’E,_]

* photon
[A,A,+]

* fermion - gauge boson
[E,e,Al]

In this notation, the lowercase letter is the particle and the uppercase letter is the
antiparticle. So e = electron and E = positron.

Since the photon, A, is its own antiparticle, one uses A,A. ... In [e,E,-], the minus
sign means that the particle is a fermion, while in [A,A,+], the plus sign means
that the particle is a boson. Following a similar strategy, it is easy to build a new
model file and study it.
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Building the input file

The input file is named qgraf.dat. This name is mandatory. You can open the file
in Linux with

> emacs qgraf.dat &

One example of the qgraf.dat file is:

output= list ;

style= Styles/sum.sty ;
model= Models/qed;
in= e,e;

out=e,e;

loops= 0;
loop_momentum= ;
options=;

The first line describes the filename to which results will be sent to. In our case,
“list”.
The second line describes the style for the output (see the manual for details).
The third line describes the model to be considered. In our case, “qed” in the
“Models” directory.
The fourth (fifth) line describes the incoming (outgoing) particles. In our case, it is
the Moller scattering process e"e™ — e"e™.
The sixth line describes the number of loops. Zero loops is tree level, and, in that
case, both “loop_momentum=" and “options=" should not be set to anything. In
case one wants a calculation to two-loop (say), then one must set “loops= 2;”. In
such a case, setting “options=onepi;” guarantees that only one-particle-irreducible
diagrams are considered. Further details can be found in the manual.

When unsure whether there will be many diagrams (ie, huge output file), one
should not generate an output file. This is achieved by setting

output= ’’ ;

When running this from a terminal window (Linux or Windows), the number of
diagrams will be shown on the terminal. For the above example we will get

output= list ;
style= Styles/sum.sty ;
model= Models/qed;

in= e,e;
out= e,e;
loops= 0;

loop_momentum= ;
options= ;
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v-degrees #diagrams
372 5000 2
total = 2 diagrams

Running QGRAF

One can run the program in two ways: i) by executing
> ./qgraf

or, ii) by executing
> ./run

where run is an executable found on the CTQFT webpage. On the Windows dis-
tribution, just double-click on the run file. QGRAF will not write over the output
file. So, one must first delete the output file in the working QGRAF directory; this
is what the run instruction does. To keep an old result, just move the old output
file into another directory or rename it.

Imagine one has set

output= ’’ ;

There will be no output file, but global information (for example, the number of
diagrams) can be seen when running from a terminal window (Linux or Windows),
as illustrated above.

For Windows, to get to the terminal window, do:

Winkey+R
cmd
enter

One can then use
cd ..

to go up one level in the directory,
dir

to find the subdirectories of that level, and
cd subdirectoryname

to go to the subdirectoryname subdirectory. Proceeding in this way, one can reach
the directory where “qgraf.dat” and run are installed. As an example, using the
ggraf.dat file
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output= 5

style= Styles/sum.sty ;
model= Models/qed;

in= e,e;

out=e,e;

loops= 2;
loop_momentum= ;
options=onepi;

one can check that the two-loop e7e™ — e~e™ calculation has 52 one-particle-
irreducible diagrams.

Understanding the output file

For the e"e™ — e~ e~ process described above at tree level 1loops=0, the output file,
therein named “list”, reads:

+(1)=*

prop(A(l,-pl+ql) ,A(2,pl-ql))*

vrtx (E(-2,-q1),e(-1,pl1),A(1,-pl+ql))*
vrtx (E(-4,-92),e(-3,p2) ,A(2,p1-ql))

-(1)*

prop(A(1,-p1+q2),A(2,pl1-q2))*
vrtx(E(-4,-q2),e(-1,pl1),A(1,-pl+q2))*
vrtx(E(-2,-q1),e(-3,p2),A(2,p1-q2))

Notice the relative minus sign between the two diagrams, as expected from the
anticommuting nature of the fermionic fields. The particles are identified by the
letter included in the model. If no other choice is imposed (see manual), the momenta
are identified as:

p = initial state momenta

q = final state momenta

k = loop momenta
where all momenta in a vertex are incoming.

Each time a particle is mentioned, it is identified as, for example, E(-4,-92).
There is a number and a letter inside the parenthesis. Both have meaning. The let-
ter indicates what is the notation for the momentum of the particle. The notation
for the numbers respects the following rules:

negative number = external particle
odd negative number = initial state particle
even negative number = final state particle
positive number = internal particle

In our example, e(-1,p1) and e(-3,p2) are the two incoming electrons. Since all
momenta are considered ingoing to a vertex, the outgoing electrons are represented
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by E(-2,-q1) and E(-4,-qg2). To recapitulate, the minus sign means that these are
exterior particles, the even numbers (and the momenta letters q) indicate that these
are outgoing particles, and the positron E with momenta -q going into the vertex,
corresponds to an electron, e, with momentum +q going away from the vertex, as
befits a final state particle.

7.3 Symbolic Calculations with Mathematica

Nowadays Mathematica is an essential tool for any scientist. For QFT there are

several useful packages. In this section we will introduce two of these packages,
FeynCalc [38,39,56] and FeynRules [57.58].

7.3.1 FeynCalc

This a very ambitious software [38,39,56] that allow us to perform Lorentz and
Dirac algebra, but also to do calculations at one-loop.

Setup

This software works as a package of Mathematica. It can be downloaded from
https://feyncalc.github.io/

The installation is very simple, just follow the instructions on that page. After
installation to use it, just open a new Notebook in a Mathematica session. The
package is loaded as any other package,

<< FeynCalc"

FeynCalc 9.3.0 (stable version). For help, use the

documentation center, check out the wiki or write to the mailing list.
To save your and our time, please check our FAQ for answers to some common FeynCalc questions.
See also the supplied examples. If you use FeynCalc in your research, please cite
« V. Shtabovenko, R. Mertig and F. Orellana, P3H-20-002, TTP19-020, TUM—-EFT 130/19, arXiv:2001.04407
*V. Shtabovenko, R. Mertig and F. Orellana, Comput. Phys. Commun., 207, 432-444, 2016, arXiv:1601.01167
* R. Mertig, M. Bchm, and A. Denner, Comput. Phys. Commun., 64, 345-359, 1991.

Lorentz Algebra

FeynCalc is very useful to do the Lorentz algebra. It can be done both in 4 dimen-
sions as well as in D dimensions. This feature is only needed for one-loop calcula-
tions, and we postpone the discussion of the algebra in dimension D for chapter [J]
when we discuss one-loop processes.
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The names of the objects follow the Mathematica convention of having a long
descriptive name, like MetricTensor or FourVector. However when we use this
software in practice it is normally better to have a short name. This is also pro-
vided in FeynCalc. In the following table we give the name (full and short) for the
various objects needed for Lorentz algebra. Internally there is still another represen-

Object Long Name Short Name
p* FourVector [p, x] FVip,ul
g MetricTensor [y, V] MT [, v]
(p-q) = pug" | ScalarProduct(p,q] SP[p,ql
el LeviCivitalu, v, a, 5] | LCLu, v, a, 5]

Table 7.1: Objects for the Lorentz algebra

tation. One can toggle between these different forms using the FeynCalc functions
FeynCalcInternal and FeynCalc functions FeynCalcExternal with short names
FCI and FCE, respectively. These are very useful if one wants to make replacement
lists. As in the front end one always sees the same representation the Mathematica
command InputForm is very useful to tell us in which representation we are. We
will exemplify below the various representations with the case of the FourVector.

FourVector[p, u]

P

FourVector[p, 1] // InputForm

Pair[LorentzIndex[u], Momentum[p]]

MetricTensor [u, v] // InputForm

Pair[LorentzIndex[u], LorentzIndex[v]]

FourVector[p, u] // InputForm

Pair[LorentzIndex[u], Momentum[p]]

FourVector[p, u] // FCE // InputForm

FVip, u]

FV[p, u] // FCI // InputForm

Pair[LorentzIndex[u], Momentum([p]]

After we do a calculation on has to be aware that the internal representation can
have changed. Let us illustrate this with the use of the command Contract that
performs the Lorentz contraction of indices.
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ans = FV[p, u] FV[p, u] // Contract

ﬁz
ans // InputForm

Pair[Momentum[p], Momentum[p]]

ans // FCE // InputForm

SP[p, p]

This is particularly useful if one wants to make substitution rules, as in the following
example

ans = FV[p, u] FV[p, u] // Contract // FCE
ﬁZ

onshell = {SP[p, p] » m"2}

{p? > m?)

ans /. onshell

mZ

The same result could be obtained with the function Calc. This function performs
a variety of calculations (see the on-line documentation for this and other functions
referred to here). We get

onshell = {SP[p, p] » m”"2}
{p? - m?)

(((FV[p, u]l FV[p, ul) // Calc) // FCE) /. onshell

m2

Notice that we can do everything in one line, but with the use of parenthesis. There
is another function from FeynCalc that it is very useful, ExpandScalarProduct. Its
usage is exemplified below,

onshell = {SP[p, p] » m*2, SP[q, q] » MA2};
FVip-q, ul] FV[p+q, u]

@-9 @+

ans = FV[p-q, u] FV[p+q, u] // ExpandScalarProduct

@ -g)@P" +q"

(ans // Contract // FCE) /. onshell

m? — M?

Note that ExpandScalarProduct, as well as Contract and Calc leave the result in
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FeynCalc internal notation, so the need to apply FCE before applying the substitu-
tion rules. There is one more relevant piece of information when dealing with the
LeviCivita tensor. In the short name in table [.1l all the entries of the LeviCivita
are Lorentz indices. However sometimes these indices are contract with four vectors.
In those cases, FeynCalc has a convenient notation as shown below(|

LC[u, v, aay, B] // FCE // InputForm

LClu, v, o, B]

LC[u, v, a, B] FV[r, B] // Contract // FCE // InputForm

LCla, u, v][r]

or with more four vectors,

LC[u, v, ay, B] FV[q, a] FV[r, B] // Contract // FCE // InputForm

LClu, v1lg, rl

LC[u, vy, a, Bl FV[p, v] FV[q, a] FV[r, B] // Contract // FCE // InputForm

LC[ulIp, 495 1]

LC[u, v, a, B] FV[k, u] FV[p, v] FV[q, a] FV[r, B] // Contract // FCE // InputForm

LC[1 [k, P, g, r]

Dirac Algebra

FeynCalc allows for very efficient computations with the Dirac algebra. The objects
can be used both in 4 dimensions as well as in dimension D. This last feature is
only useful for one-loop calculations and we postpone its explanation to chapter [9]
The more important objects are given in the following table,

Object Long Name Short Name
u(p, m), u(p, m) Spinor[p,m] Spinor[p,m]
v(p,m),v(p,m) | Spinor[-p,m] | Spinor[-p,m]

T Y DiracMatrix[u] GA[p]
s DiracMatrix[5] GA[5]
P DiracSlash([p] GS[pl]

Table 7.2: Basic objects for the Dirac algebra

'Be aware that Mathematica orders the symbols in alphabetical order, and that we have
LCla, p, v] [x1=LCLu, v, o] [r].
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A few clarifications are in order. As with the Lorentz algebra there is no dis-
tinction between up and down Lorentz indices. There is also no distinction between
spinors u, v and u,v. Of course the objects are matrices and vectors in Dirac space
and proper matrix multiplication (the .) in Mathematica has to be taken in account.
For instance to write

0(p2, m)y"u(pr, m) u(ps, m)y,v(ps, m) (7.1)

we enter the code,

Spinor[-p2, m] .GA[u].Spinor[pl, m] Spinor[p3, m] .GA[u].Spinor[-p4, m]
(¢ (=p2, m)) ¥ (¢ (T, m)) (¢ (D3, m)) ¥ (¢ (—p4, m))

This is the easiest way to handle spinors, but there are other equivalent ways.
In particular the more usual notation SpinorU, SpinorUBar, SpinorV, SpinorVBar
can be used, but now with the true momenta. To see this one has to look at the
internal form to realize that they mean the same,

Spinor[p, m] // FCI // InputForm

Spinor [Momentum[p], m, 1]

SpinorU[p, m] // FCI // InputForm

Spinor [Momentum[p], m, 1]

Spinor[-p, m] // FCI // InputForm

Spinor [-Momentum[p], m, 1]

SpinorV[p, m] // FCI // InputForm

Spinor [-Momentum[p], m, 1]

SpinorUBar[p, m] // FCI // InputForm

Spinor [Momentum[p], m, 1]

Therefore the code that corresponds to Eq. (7.1) could be entered in the more
familiar way,

SpinorVBar[p2, m] .GA[u].SpinorU[pl, m] SpinorUBar[p3, m].GA[u].SpinorV[p4, m]
v(p2, m)y*.u(pl, m) u(p3, m).y .v(p4, m)

Before we explain a number of useful operations on Dirac objects let us give two
more definitions already in FeynCalc. They concern the left and right projectors.
The definitions are given in table [7.3
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Object Long Name Short Name

Vs DiracMatrix[5] GA[5]

Pr = 1(1+4~5) | DiracMatrix [6] GA[6]

P, =1(1—5) | DiracMatrix[7] GA[7]

Table 7.3: Left and right projectors.

One can easily check that these obey the known rules, as in the following code,
where we have used DiracSimplify, the first of a number of FeynCalc functions
designed to handle the Dirac algebra in an efficient way.

GA[6].GA[7] // DiracSimplify
0

GA[6].GA[6] // DiracSimplify

7

GA[6].(1-GA[5]) // DiracSimplify
0

DiracSimplify performs a number of simplifications for the Dirac algebra, as ex-
emplified in the following code

ans = SpinorUBar[p2, m2] .GA[mu]. (GS[p2 - p1] +m2) .GA[mu].SpinorU[pl, ml]

u(p2, m2)y™.(v-(p2 - pI) + m2)y™ . u(pl, ml)

DiracSimplify[ans]
2ml (<p(p_2,m2 )).(tp(p_l,ml ))+2m2 (<p(p_2,m2 )).(tp(p_l,ml ))

DiracSimplify has many options (27 in total) that can be seen using the
Mathematica usual way

Options [DiracSimplify]

The user should get familiar with these options. Here we just refer to two of them,
that allow to write the results in terms of 75 or alternatively in terms of P, and Pg,
as shown below,

ansl = SpinorUBar[p, m] .GA[u].(gV - gA GA[5]).SpinorU[p, m]
T(p, m¥(gV - gAY ).ulp, m)
DiracSimplify[ansl, DiracSubstitute5 - True]

~gA@ (P, m)F P (P, m)+gAl@ (P, mNF Y (o (P, m)+gVig(P,m)¥.((p,m)
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or

ans2 = SpinorUBar[p, m] .GA[u] .GA[7].SpinorU[p, m]

Wp, myy .u(p, m)
DiracSimplify[ans2, DiracSubstitute67 - True]

1 1
> @(p,m)y.le(p,m))— > @ (P, m)¥P Yo (p,m)

Four our calculations in this chapter, at tree level, there is on other very impor-
tant function that evaluates the traces of Dirac v matrices. Its usage is very simple
as shown in the following code,

Tr[GA[a] .GA[B].GA[u].GA[V]]
s T )

Tr[GA[a] .GA[B].GA[u].GA[v].GA[5]]

—4iehry

Before we close this section there are two extra functions that are very useful.
They relate to the fermion spin sum. We just give the example of e et — p p*
that we have studied before. We saw in Eq. how to transform the fermion
spin sums in traces. Now we can do this automatically. Let us consider again the
amplitude of Eq. (5.51)), that we recall here for convenience,

2
e
M = " 0(pa2, 5.)7"u(p1, se)u(ps, 8,,) 7,0 (Pas Sp) (7.2)

We start by writing the amplitude in FeynCalc,

M=e?2/sSpinorVBar[p2, me].GA[u].SpinorU[pl, me]
SpinorUBar[p3, mm] .GA[u] .SpinorV[p4, mm]

& U(p2, me)y*.u(pl, me) u(p3, mm)y*.v(p4, mm)

N

Then we use the function ComplexConjugate to write the adjoint of M. This
function is very useful because it understands the Dirac algebra but also takes the
complex conjugate of the other quantities assuming everything real except if declared
complex. We get

Mc = ComplexConjugate[M] /. {u- v}

¢ (¢ (pT, me)) 7152 (¢ (~p2, me ) (¢ (—p4, mm)) 7152 (o (p3, mm))
N

Finally we use the function FermionSpinSum to transform in traces and use Calc to
evaluate the traces and do the contractions. We obtain
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Msgavg = 1 /4 FermionSpinSum[ MMc] // Calc // FCE // Simplify
8¢ (me2 (p_S:-p_4)+mm2 (p_l~p_2)+(p_1~p_4)(p_2~p_3)+(p_1~p_3)(p_2~p_4)+2me2 mmz)
82

in agreement with Eq. (5.52)). This section is just a brief introduction to FeynCalc
using processes at tree level to describe the most important functions. For a full list
one should consult the online reference guide,

https://feyncalc.github.io/reference

We will come back to this in chapter [9] while studying higher order loop processes.

7.3.2 FeynRules

FeynRules [57,58| is a Mathematica package that allows the calculation of Feynman
rules in momentum space for any QFT physics model. The user needs to provide
FeynRules with the minimal information required to describe the new model, con-
tained in the so-called model-file. This information is then used to calculate the
set of Feynman rules associated with the Lagrangian. It create files that that be
handled by FeynArts, MadGraph or FeyMaster. It can be downloaded from

https://feynrules.irmp.ucl.ac.be/

Just follow the installation instructions on that web page. The program already
comes with the model files for QED and the Standard Model. More models can be
downloaded from the web page.

Although all the information can be given in just one model file, it is normally
better to separate the definition of the particles from the parameters and from the
Lagrangian. For instance, just consider the Lagrangian of QED

L= —EFWF’“’ — %(@A“)Q + WY —mey, Dy =0, +ieQeA,  (7.3)

Then the model file will look like

(***xx*x*xxx**x This is the FeynRules model file for QED ***k***k*x)

(**xx*x*x Initial information ***xx*x)

M$ModelName = "QED";
FR$DSign = -1;
M$Information = {Authors -> "Duarte Fontes",

Institutions -> "Instituto Superior Tecnico",
Emails -> "duartefontes@tecnico.ulisboa.pt",
Date -> "16.07.2019"};
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(#*%x*x*x Gauge group list *xx**xx)
M$GaugeGroups = {
Ul ==
Abelian -> True,
GaugeBoson -> A,
Charge -> Q,
CouplingConstant -> ee} 1}

Get ["Parameters.fr"];
Get ["ParticleClasses.fr"];
Get ["Lagrangean.fr"];

In this model file we just define the gauge group and then load the files for
the parameters, for the particle content and finally the Lagrangian. Notice also
the assignment FR$DSign = -1. This is important to be in agreement with our
conventions for the covariant derivative, as we will show below. The file for the
parameters will very simple in QED,

(****x*x Parameter list ***xxx)

M$Parameters = {
mf == {TeX -> Subscript[m,f]l},
ee == {TeX -> e},
xiA == {TeX -> Subscript [\[Xil,Al}}

Next we have to define the particle classes. FeynRules has a naming convention
shown in Table [7.4] With these conventions we have, the for the file

Spin | 0|1/2]1|2| Ghost
Symbol | S| F |V |T U

Table 7.4: Names for the particle classes in FeynRules.

(xxxx*x Particle classes list **x*x*x*)
M$ClassesDescription = {
F[1] ==
ClassName -> 1,
SelfConjugate -> False,
QuantumNumbers -> {Q-> Q},
Mass -> {me,0.000511}%},
Width -> 0},
V[1]

]
]
-~

ClassName -> A,
Mass -> O,
SelfConjugate -> Truel} }

Finally we write the Lagrangian using the conventions are built in in FeynRules

(**xx*x* QED Lagrangian ***xx*)
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LGauge := -1/4 FS[A, \[Mul, \[Null FS[A, \[Mul, \[Nul]
LFermions:= I lbar.Ga[\[Mul]l.DC[1, \[Mul]l - ME[1l] 1lbar.1l
LGF := -1/2/xiA del[A[mul], mu] del[A[nul], nul

L:= LGauge + LFermions + LGF

Now in the same directory where the model files are, one opens a Mathematica
Notebook and loads FeynRules and the model. For this use the following code in
the Notebook,

$FeynRulesPath = SetDirectory[""/work/Software/FeynRules"];
<< FeynRules ¢
SetDirectory [$FeynRulesPath <> "/Models/QED"];

LoadModel ["QED.fr"]

Now we can look at the Lagrangian and check that the covariant derivative has our
conventions [59], as it is shown below,

The Lagrangian and Covariant Derivative

The Lagrangian is

L

_ O [Anu] Onu [Anu]

1 (-0, [Ay] + 0, (A1) 2 +i Ly . (1elQA, +0,[1]) -1.1m
2 En 4

DC[1, u]

ielQA, +0,[1]

Finally we can obtain the Feynman rule for the vertex in QED,
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Calculating Feynman rules

The screen output can be turned off using the option ScreenOutput — False

vertsQED = FeynmanRules[L, ScreenOutput - False];

Expanding the Lagrangian...
Collecting the different structures that enter the vertex.
1 possible non-zero vertices have been found -> starting the computation: 1 / 1.

1 vertex obtained.
The vertices can be accessed via

vertsQED

{{{v 1), 42, 1A 3, -ieveg,*0) ]}

Finally these rules can be exported in various formats to be handled by other
software. The most important are given in Table [7.5] The reader should see the

WriteCHOutput[ L1, L2, . . . , options ] CalcHEP
WriteFeynArtsOutput[ L1, L2, . . . , options ] | FeynArts/FormCalc
WriteUFO[ L1, L2, . . . , options ] MadGraphb

Table 7.5: Mathematica commands for the Interfaces.

manual for a full explanation of these interfaces.

7.4 CalcHEP

7.4.1 Setup

CalcHEP is an excellent package for the calculation of Feynman diagrams and inte-
gration over multi-particle phase space developed by Alexander Pukhov, Alexander
Belyaev, and Neil Christensen [60] The program and manual can be obtained from
the webpage:

https://theory.sinp.msu.ru/~pukhov/calchep.html

It is restricted to tree level, presenting the Feynman diagrams graphically.

The program must be installed in Linux (or on a Virtual Machine in Windows
running Linux), following the guidelines on the website. We know of no hack to
install it in Windows directly. Further help can be found on the Computational
Techniques in QFT (CTQFT) page at:

https://porthos.tecnico.ulisboa.pt/CTQFT/
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For the file management instructions, we assume a Linux (or Virtual Machine run-
ning Linux) installation. Following the manual, the files in the CalcHEP root direc-
tory will be used only for reading and execution during the user session. Each user
has to create his own directory to work with CalcHEP. This is done by executing
the following command in the CalcHEP root directory

./mkWORKdir /home/yourusername/work/calchep

In our case, CalcHEP was compiled and installed in “/home/yourusername/Soft-
ware/calchep” and it will be used in “/home/yourusername/work /calchep”. Thence-
forth “/home/yourusername/” will be assumed.

Installing some scripts

In our installation, CalcHEP is run in the directory ~/work/calchep. So we move
there

> cd “/work/calchep

If CalcHEP has been run before, it assumes the previous state. If one wishes to start
a new project, one must delete the working files, including all files and subdirs in the
directory “results” and “tmp” and a possible “lock” file. Thus, we have developed
a script “NewProject”, placed in the “work/calchep” directory, which makes all the
cleanup necessary before starting a new calculation. It just does the following

rm -fr results/* tmp/* lock

This and other useful scripts for the use of CalcHEP in our course can be obtained
from

https://porthos.tecnico.ulisboa.pt/CTQFT/files/scripts_calchep.tar.gz

where one finds also the scripts “cleanup”, “Ecm_cycle”, and “plLab_cycle” and the
file “cleanup.sed” needed to be placed in the same directory as “cleanup”. We will
explain the use of these scripts below. These will be installed in a directory that we
created

> mkdir ~/work/calchep/MyResults

This directory is important to keep your scripts and results as the directory
~/work/calchep/results is erased for each new process. The scripts “Ecm_cycle”
and “plLab_cycle” must be altered according to your installation, pointing towards
your CalcHEP root directoryP| In the “MyResults” directory, you can edit the
“Ecm_cycle” executable with

2If you are uncertain what your CalcHEP root directory is, go to your CalcHEP working
directory, “work/calchep” in our case, where you can identify your CalcHEP root directory using
the command
>1s -1.
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> emacs Ecm_cycle &
You will find a piece

if (test -z "$CALCHEP") then
CALCHEP=/usr/local/lib/calchep
export CALCHEP

fi

You should trade “/usr/local/lib/calchep” by your CalcHEP root directory. In our
case, the line

CALCHEP=/usr/local/lib/calchep
is traded for
CALCHEP=/home/yourusername/Software/calchep

As always with emacs, CTRL-X-C closes and saves the altered file by answering yes
to the prompt. Do the same with the executable file “p1Lab_cycle”. You are now
ready to run CalcHEP in the QFT course.

7.4.2 Simple tests

Running a new project

The instruction
> ./NewProject

makes the cleanup necessary to start a new calculation. Then, to run CalcHEP, use
> ./calchep

which opens up the CalcHEP console. You can scroll up and down with up and down
arrow keys; choose with the return key; and go back with the Esc key. We choose the
model “SM” and then “Enter Process”. You will see a table with the names used for
particles and antiparticles. For example, it uses “e” and “E” for electro and positron,
respectively. Similarly, it uses “m” and “M” for muon and anti-muon, respectively.
We enter the process “e,E -> m,M” (return). The instruction “Exclude diagrams
with” appears, and we just hit return. We then choose “View diagrams”. We find
two diagrams, one with a photon in the s-channel and another with a Z boson in the
s-channel. At this stage we can choose any diagram with the arrow keys. Pressing
the keyboard letter “0” (“O”) will turn that diagram off (back on). On this first
exercise, hit “o” on the Z diagram, thus keeping only the photon diagram which
exists in QED.
Then “Esc” goes back, and choose “Square diagrams”, followed by “Make n_calchep”

(return). That closes the CalcHEP program and creates the executable “n_calchep”
in the “work/calchep/results” directory. Move to that directory with
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> cd results

The executable “n_calchep” has to be run one first time before performing either
the ECM_cycle or plLab_cycle. Run it by simply typing

> ./n_calchep

A new window opens up, with title “calcHEP_3.7.4/num”. Scroll down to “Monte
Carlo simulation” and then scroll down to “*Start integration” (return). Then “Esc”
three times and, upon the query “Quit session”, answer “Y” (Yes). This has created
the important file “session.dat” in the same directory “results”.

One would now like to have a list of CM energies and cross-sections for this
process. That is the purpose of the script Ecm_cycle. We assume that we have
placed it in the directory “MyResults”. Typing

> ../MyResults/Ecm_cycle
will show the description and usage for Ecm_cycle. The latter is
USAGE: Ecm_cycle StartValue Step NumberPoints ml m2

This is to be applied to a two-to-two scattering, where m1 and m2 are the masses of
the incoming particles. The CM energy and masses are in GeV. As the first example,
take

> ../MyResults/Ecm_cycle 30 8 15 0 0 > ../MyResults/output.dat

This starts with a 30GeV CM energy, and does 15 points, increasing each time by
8GeV. The masses are taken to vanish. The result is written on a file “output.dat”,
in a directory which is up one level from the current “work/calchep/results” direc-
tory, and down one level into MyResults; thus, in the “work/calchep/MyResults”
directory we had created before.

Move to that directory with

> cd “/work/calchep/MyResults
or
> cd ../MyResults
Using
> more output.dat
you will see the contents of the file. The first two lines read

Ecm=30[GeV] sigma=1.1061E+02[pb]
Ecm=3.800E+01[GeV] sigma=6.8942E+01 [pb]
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So, output.dat contains both numbers, the symbols indicating what those numbers
refer to, and the respective units. CalcHEP always gives the results in picobarn. So,
when comparing, for example, with analytical results, one must find those also in pb.
Also when comparing one should make sure that the same values for the physical
constants are chosen. The ones used by CalcHEP can be looked while running the
n_calchep executable.

One would now like to import the two columns of numbers in output.dat (the first
column referring to Ecm, and the second to the cross-section) into some graphics
program, such as Excel, Mathematica, gnuplot, etc. For that, one must get rid of
all indications other than the columns of numbers. This is achieved via the script
"cleanup”, as in

> ./cleanup output.dat
The first two lines of output.dat now read

30 1.1061E+02
3.800E+01 6.8942E+01

Do not worry about the alignment of the columns. To safe keep this file, move it,
for example as

> mv output.dat test-qed.dat

A second example

In order to study a second example, we follow the previous steps. To recap:
> ./NewProject (cleans old CalcHEP files)
> ./calchep (to run CalcHEP, opening its console)

Within CalcHEP:

“Choose the model”; “SM”

“Enter Process”; e,E -> m,M (return/return)

“View diagrams” (shows the diagrams); “Esc”

“Square diagrams”

“Make n_calchep” (return) (creates “n_calchep” in the “work/calchep/re-
sults” directory)

> cd results
> ./n_calchep
In the new window n_calchep opens:

“Monte Carlo simulation”

“*Start integration” (return)

“Esc” (thrice); “Quit session-Yes” (creates “session.dat”in the “work/calchep-
/results” directory)
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> ../MyResults/Ecm_cycle 10 1 191 0 0 > ../MyResults/output.dat
> cd ../MyResults
> ./cleanup output.dat

where the last step keeps only numbers in the file. Finally
> mv output.dat test-SM.dat

safe keeps results in file “test-SM.dat”.

Graphics with gnuplot

Gnuplot is a very powerful portable command-line driven program to produce graph-
ics and you are well advised to learn it. Information may be found at

http://www.gnuplot.info/
We have a pre-created file for this job. To see the file open it with
> emacs plotXY.gp &
The relevant features are
set output "plot.eps"
which chooses the output file for the plot as “plot.eps”;
set logscale y
which sets the log scale for the cross section; and the final four lines

set xrange [0:150] ;\

set yrange [0:10000];\

plot "test-SM.dat" u 1:2 with lines 1ls 1,\
"test-qed.dat" u 1:2 with lines 1s 3

Note that there should be no space between the characters in ;\ and ,\ and no
space after the \. This is run by

> gnuplot plotXY.gp
which creates the file plot.eps. To see the result use, for instance gv (ghostview)
> gv plot.eps

The result is shown in Fig. [7.1] At low energies, the Z propagator is heavily sup-
pressed by its mass, and the SM results practically coincides with QED. When one
approaches the Z mass, the result is completely dominated by the Z resonance.
Finally, at very large energies, one can neglect the Z mass and its propagator equals
the photon’s. The difference between the amplitudes arises merely from the differing
couplings.


http://www.gnuplot.info/
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Figure 7.1: Cross section for ete™ — pTp™ in QED (blue) and the SM (red) calcu-
lated with CalcHEP.

7.5 MadGraph

MadGraph [61] is a very powerful software framework that aims at providing all the
elements necessary for SM and BSM phenomenology, such as the computations of
cross sections, the generation of hard events and their matching with event genera-
tors, and the use of a variety of tools relevant to event manipulation and analysis.
MadGraph5_aMC@ONLO is the new version of both MadGraph5 and aMC@NLO that uni-
fies the LO and NLO lines of development of automated tools within the MadGraph
family. As described in their wiki page MadGraph5_aMCONLO Wiki

https://cp3.irmp.ucl.ac.be/projects/madgraph/

the processes can be simulated to LO accuracy, and to NLO accuracy in the case of
QCD corrections to SM processes. Matrix elements at the tree- and one-loop-level
can also be obtained. It can intake models in the UFO format that can be produced
by other packages such as FeynRules and SARAH. The software can be downloaded
from

https://launchpad.net/mgbamcnlo

After downloading follow the instructions on the web page for the installation and
read the manual that can be obtained at the the site

https://cp3.irmp.ucl.ac.be/projects/madgraph/wiki/ManualAndHelp
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In this introductory text we are only to give a very brief introduction on how to
use it to evaluate simple processes. As an example we will calculate the tree level
cross section for the process e“et — pu~pu™, that we have evaluated with CalcHEP
and shown in Fig. [7.1]

MadGraph provides an interactive python interface, which can be accessed by run-
ning the main executable. In this interactive interface the command tutorial will
guide new users to the basic syntax, which we also cover here. We think the tutorial
in MG5 is quite complementary to these notes and talk through a bit more about the
parameter and run cards, the extra steps (analysis, hadronisation, and detector sim-
ulation) which are not relevant for theoretical inclusive cross sections calculations.
Here we will explain how to write and run MG5 through a script. Suppose we call
such a script eEmM.txt. Then we in the base directory of MadGraph5_aMC@NLO we
run the script

$ ./bin/mgb_aAC eEmM. txt

A minimal working script would be

# File eEmM.txt for MadGraph input
generate e- e+ > mu- mu+

output

launch

This script illustrates the three main steps needed, generate, output and launch.
MG5 has a plenitude of default options which are a hindrance for this particular
exercise, but are reasonable if you study either an experimental analysis or a phe-
nomenological sensitivity test, that may require more features. For instance the
browser is set to default because people are suppposed to run the Tutorial in the
interactive session before doing anything else more complicated. But if you are mak-
ing a scan, it is better to look only in the end. For this you have to uncomment the
line

# automatic_html_opening = False

in input/mg5_configuration.txt by removing the #. Second, as you have not
given a name for the output, MadGraph chooses one. In this case PROC_sm_0. If you
run again you get PROC_sm_1 and so on. Notice _sm meaning the Standard Model.
As one has not given a model it defaults to sm. This script is then equivalent to

# File eEmM.txt for MadGraph input
import model sm

generate e- e+ > mu- mu+

output

launch

The next point is the ECM. MadGraph defaults to ECM=1000 GeV for lepton colliders.
This can be changed with the following input file

# File eEmM.txt for MadGraph input
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import model sm

generate e- e+ > mu- mu+
set lep 100.0

output

launch

for an ECM=100 GeV. There are several ways of getting the same result. The following
commands are all equivalent

set lep 100.0
set ebeam 50.0
set ebeaml 50.0
set ebeam2 50.0

The next point is that MadGraph has some default cuts, that in this case will give a
result that does not correspond to what we are looking for. Also we want just the
cross section for a given ECM written in a file. The file with all these criteria would
look like

# File eEmM.txt for MadGraph input

import model sm

generate e- e+ > mu- mu+

output eEmMdir

launch

analysis=0FF

set nevents 1000

set aEWM1 128.023

set MZ 91.29264

set gf 1.1951e-05

set drll 0.0 # No cut on distance between letons
set etal -1.0 # No eta cut for leptons

set ptl -1.0 # No Pt cut for leptons

set lep 100.0

set run_tag 100.0

launch eEmMdir -i

print_results --path=./eEmMdir/cross_section_eEmM.txt --format=short

Let us explain the meaning of the new commands. First we gave a name to
directory where the information is stored, in this case eEmMdir. This stores the
Fortran code that will be compiled and used to perform the MC generation and
calculation of the cross section, MG5 is only a python interface for a lot of different
C/C++/Fortran routines that are otherwise different software packages. Next we
make analysis=0FF to disable the MadAnalysis as we just want the cross section.
Notice that this is optional, you do not need MadAnalysis for a full simulation. It
exists to derive/compute histograms and to allow for an early-stage data exploration,
which for p-p or other discovery machines can be quite interesting (as you have
a range of ECM and therefore richer distributions of the final state observables).
The following line set aEWM1 128.023 it is only important because we want to
compare with the result of CalcHEP that uses o~ = 128.023 while MadGraph uses
a~! = 132.507. Beware that MadGraph recalculates the W mass for consistency. In
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fact MadGraph allows for the so-called ”internal” parameter which is a parameter
given by an analytical expressions of other parameters. In the SM this is one of
the few cases, but if you have a BSM model, many parameters are often related to
another and this way you can generate events without having to numerically enforce
those relations. The following table gives the MadGraph and CalcHEP defaults and
the parameters you have to use in MadGraph for the SM to compare with CalcHEP.
So to compare the results with those of CalcHEP you have to use the inputs for

Par MadGraph CalcHEP Input Input MadGraph
MadGraph | CalcHEP | from CalcHEP
a~t 132.507 128.023 Yes Yes 128.023
My 91.188 91.29264 Yes No 91.29264
Gr | 1.1664 x 107° | 1.1951 x 10~° Yes No 1.1951 x 107°
My, 80.419 80.385 No Yes Calculated
Sw Calculated 0.474 No Yes Calculated

Table 7.6: Input values for MadGraph and CalcHEP.

MadGraph in the last column. This correspond to

set aEWM1 128.023
set MZ 91.29264
set gf 1.1951e-05

The next three lines remove the default cuts on leptons. These are mainly used for
the experimental situation, but if we want to calculate the theorethical exact cross
section these have to be removed, otherwise the phase space will not be completely
covered. Finally we want to save the results in a file to be able to use it to make a
plot. This is achieved by the last two lines. When we run this script we get

# run_name tag cross error Nb_event cross_after_matching
# nb_event_after matching
run_01 100.0 56.8 0.09264843789832616 1000

which means that for ECM=100 GeV the cross section is 56.8 £0.09 pb. Now we want
to repeat this for a range of values for ECM. There is a command scan, but it is not
very useful here. The best way is to create a script file with all the values of ECM.
As this is quite repetitive one can use a shell script to produce the MadGraph script.
For instance the following code will give the desidered result

#!/bin/bash
export LC_ALL=C

myfile="eEmM_scan.txt"
rm -f $file

touch $myfile
echo "generate e- e+ > mu- mu+" >> $myfile
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echo "output eEmMdir" >> $myfile

for i in ‘seq -f "%.1f" 5 2.5 100°

do

ECM=‘expr "$i + $i" | Dbc*

echo "launch" >> $myfile

echo "analysis=0FF" >> $myfile

echo "set nevents 10000" >> $myfile

echo "set aEWM1 128.023">> $myfile

echo "set MZ 91.29264">> $myfile

echo "set gf 1.1951e-05">> $myfile

echo "set drll 0.0 # no minimal separation for leptons" >> $myfile
echo "set etal -1.0 # no cut in eta" >> $myfile

echo "set ptl -1 # no cut in Pt of leptons" >> $myfile
echo "set lep $ECM" >> $myfile

echo "set run_tag $ECM" >> $myfile

echo "done" >> $myfile

echo "" >> $myfile

done
echo "launch eEmMdir -i" >> $myfile

echo "print_results --path=./eEmMdir/cross_section_eEmM.txt
--format=short" >> $myfile

This will produce the file eEmM_scan. txt that we illustrate below

generate e- e+ > mu- mut

output eEmMdir

launch

analysis=0FF

set nevents 10000

set aEWM1 128.023

set MZ 91.29264

set gf 1.1951e-05

set drll 0.0 # no minimal separation for leptons
set etal -1.0 # no cut in eta

set ptl -1 # no cut in Pt of leptons
set lep 10.0

set run_tag 10.0

done

launch
set lep 15.0
set run_tag 15.0

set lep 200.0
set run_tag 200.0

launch eEmMdir -i
print_results --path=./eEmMdir/cross_section_eEmM.txt --format=short
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where the dots mean that we repeat the code. Running this code

./bin/mgb_aMC eEmM_scan.txt

we get a file cross_section_eEmM.txt that we illustrate here

# run_name tag cross error Nb_event cross_after_matching
# nb_event_after matching

run_01 10.0 996.389 3.95370521718552 1000

run_02 15.0 442.94 0.845193697148766 1000

run_39 200.0 3.0311 0.005190219676468425 1000

Using these values we can compare with the result of CalcHEP. This is shown in
Fig. [7.2], showing a perfect agreement.
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Figure 7.2: Cross section for efe™ — ptp~ in QED (red) and the SM (green)
calculated with CalcHEP. The result of MadGraph are the magenta crosses.

The reader should read the manual as well as a variety of online presentations
to be able to understand the full power of MadGraph.

7.6 FeynlMaster

FeynMaster [62] is a multi-tasking software for particle physics studies. By mak-
ing use of already existing programs (FeynRules, QGRAF, FeynCalc), FeynMaster
automatically generates Feynman rules, generates and draws Feynman diagrams,
generates amplitudes, performs both loop and algebraic calculations, and fully renor-
malizes models. In parallel with this automatic character, FeynMaster allows the
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user to manipulate the generated results in Mathematica notebooks in a flexible and
consistent way. It uses the power of the phyton language to automatically create
the necessary input files for the various programs used. It can be downloaded at

https://porthos.tecnico.ulisboa.pt/FeynMaster/

where one can also find the last version of the manual, as well as some video tuto-
rials. The program has been shown to work in Linux, Mac 0S X and Windows. The
examples below will be given supposing a Linux environment. Here we assume that
the user has already a structure /home/user/Software. Then you move to that
directory and unpack the code using

cd /home/user/Software
tar xzf FM-Linux-2.x.y.tar.gz

This creates a directory tree

Software/
| -- FeynMaster
|-- Control.m
| -- Models/
| -- Nucleus/
| -- RUN-FeynMaster.sh

showing the main subdirectories of FeynMaster, Models and Nucleus. The files
RUN-FeynMaster.sh and Control.m used to run and control the program will be
explained below. The contents of the subdirectories are for Models

Models/
| -- C2HDM/
|-- QED/
|-- sM/
|-- SQED/

and for Nucleus,

Nucleus/

| -- Addendum.m

| -- Amperate.py

| -- ControlExtract.py
|-- Converter.py

| -- Definitions.m
| -- Drawing.py

| -- Finals.m

| -- FRExtract.py

| -— FunctionsFM.m
| -- General.py

|-- IntGauss.f

| -- JustConvert.py
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Preamble .m
Printer.py
Renapp.m
SupReno.m
WriteToPreTeX.m

We see that the distribution comes already with an implementation of QED, SQED
(Scalar QED), the Standard Model (SM) and the complex two Higgs doublet model
(C2HDM). All these models are prepared for renormalization. The subdirectory
Nucleus has the necessary programs needed to run FeynMaster and the user does
not need to change anything there. The directory Models has the model files for
each model. These are really files for FeynRules with some features added. To use
a model in FeynMaster one needs:

e The FeynMaster model file

e The file that controls the program, named Control.m, where you choose

— The model.
— The process.

— Details of the process, for instance tree-level or loop process, if you want
to exclude particles from the run, if you want to calculate the Feynman
rules, see the diagrams, do renormalization and so on. We will show how
this works with the real examples below.

e The script RUN-FeynMaster.sh, that you have to adapt, once and for all, to

your software structure. We show here what you have to do, assuming our
FeynMaster location:

# Directories:

#dirFR: /home/user/Software/FeynRules/

#dirQ: /home/user/Software/qgraf/

#dirFMout: /home/user/Sofware/FeynMaster/FM-Output/

# Do not edit:

#!/bin/bash

cd "$(dirname "$0")"/Nucleus/
python3 General.py $1

rm -f FRinter.sh

rm -f recorrente.sh

You just indicate the path to the FeynRules and QGRAF software and the
directory where you want FeynMaster to write the output.

There is one more point here that needs some clarification. The models for
FeynMaster are also the models for FeynRules. By default, the folder with
the models for FeynMaster is inside the FeynMaster folder and is named
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Models; this can be changed by defining a variable dirFRmod in the beginning
of RUN-FeynMaster.sh and setting a path for it. In a similar way, the folder
with the models for QGRAF (that is, the folder that shall contain the QGRAF
models, which will be automatically generated by FeynMaster) is automati-
cally generated and set inside the QGRAF folder with the default name Models;
as before, this can be changed by defining a variable dirQmod in the beginning
of RUN-FeynMaster.sh and setting a path for it.

Before we discuss how to add a model to FeynMaster let us see how to use it

using the QED implementation already provided.

7.6.1 QED as an example
Adjust Control.m

We choose to start with a tree level process, Bhabha scattering, e~ +e™ — e™ +e™.
So we write in the Control.m

(¥ This is the Control.m file of FeynMaster x)
model: QED

inparticles: f,fbar
outparticles: f,fbar
loops: O
options:

FRinterLogic: T
RenoLogic: F
Draw: T

Comp: T
FinLogic: T
DivLogic: F
SumLogic: T
MoCoLogic: F
LoSpinors: T

The Control.m has many options, that we will review briefly.

e inparticles, the input particles. In our model file we chose f for the electron
and fbar for its antiparticle, the positron. If you do not know the names of
the particles for a given model, just do, for QED

./RUN-FeynMaster.sh QED

and you will get the output

FeynMaster
created by Duarte Fontes and Jorge C. Romao
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version 2.0.2 (September 28, 2021)

Particles of the FeynMaster model QED:
[f, Al

e outparticles, the output particles. The names are the names of the particles
with a bar added. So in our case the positron will be fbar.

e loops, the number of loops.

e options, are options to be passed, for instance to QGRAF. For instance, at one
loop one might want to set options = onepi to just calculate one particle
irreducible diagrams. There are other options. To see all the options just
write

./RUN-FeynMaster.sh help

and you get a list of options and optional commands.

FeynMaster
created by Duarte Fontes and Jorge C. Romao
version 2.0.2 (September 28, 2021)

xkxkx*kx*xx* Variables for Control kkxskxkxkkxxxkxx

Variable Default Example

inparticles (empty) e, ebar

outparticles (empty) H,Z

loops 0 1

parsel (empty) {avoid,Z,1,3},{keep,e,1,1}
factor 1 16 Pi~2/1

options (empty) onepi

*okkokkokkokkokkokkkkkkk Avaliable OpPTioms kskkskkskkokkok kok kok kok kok

Options Description Converse option
ugauge unitary gauge (none)

noPVauto PaVeAutoReduce -> False (none)

onepi 1PI diagrams only onepr

onshell no external self-energies offshell
nosigma no self-energies at all sigma

nosnail no snails snail

notadpole no tadpoles tadpole

simple at most one propagator notsimple

between different vertices

Next we have other commands,
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FRinterLogic: T
Renologic: F
Draw: T

Comp: T
FinLogic: T
DivLogic: F
SumLogic: T
MoCoLogic: F
LoSpinors: T

which mean the following:

e FRinterLogic. If you want to establish an interface with FeynRules to gen-
erate the FeynMan rules, choose FRinterLogic as T for True. You only have
to do that once for your model.

e RenoLogic. If you want to do renormalization, choose RenoLogic as T.
e Draw. If you want to draw the Feynman diagrams, choose Draw as T.
e Comp. If you want to compute the final expressions, choose Comp as T.

e FinLogic. If Comp = T and you want to compute the final result of each
diagram, choose FinLogic as T.

e DivLogic. If Comp = T and you want to compute the divergent part of each
diagram, choose DivLogic as T. This applies only to one-loop processes.

e SumLogic. If Comp = T and you want to compute the sum of the expressions,
choose SumLogic as T.

e MoCoLogic. If Comp = T and if you want to apply momentum conservation,
choose MCoLogic as T.

e LoSpinors. If Comp = T and if you want to include Spinors in the external
legs, choose LoSpinors as T.

In the file above we chose the options appropriate to a tree-level process, therefore
we do not evaluate the Feynman rules for the counterterms and do not evaluate the
divergent part.

The directory FM-Qutput

On the first run of FeynMaster it is created a directory FM-Output (this is the name
we chose in the RUN-FeynMaster . sh script) where all the results will be stored. This
is shown in the following diagram,
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FeynMaster/
|-- Control.m
| -- FM-Ouput/
| -- Models/
| -- Nucleus/
| -- RUN-FeynMaster.sh

The directory FM-Output has the following structure

FM-0Output

|-- QED/
| -- Counterterms
| -- FeynmanRules
| -- Processes

For each model there is a subdirectory with the model name and three further
subdirectories. In FeynmanRules are stored the Feynman rules, in Counterterms
the Feynman rules for the counterterms (if RenoLogic = T) and finaly in Processes
the processes that we want to study. If we look at the contents of the FeynmanRules
directory we get

FeynmanRules/

|-- Extras.m

| -- Feynman-Rules-Main.m
| -- FRtoTeX.m

| -- Matrixind.m

|-- Nclist.m

| -- ParamsValues.m

| -- Propagators.m

|-- Rulesv3Fermions.m

| -- TeXs-drawing/

showing the files with the Feynman rules and other information needed to run the
program. Inside there is another subdirectory, TeXs-drawing, where we can find a
PDF, as well as the corresponding TeX file, with the Feynman rules for the theory.
Once we have used FRinterLogic = T once, all the information on the Feynman
rules is generated and saved and therefore for any other process you do not have
to generate them again, so you should put FRinterLogic = F. This is not very
important for QED with just one vertex, but for the Standard Model or other larger
models it saves a lot of time. Finally let us look at the subdirectory Processes,

Processes/
| --1-ffbarffbar
|-- Amplitudes.m
|-- Control.m
|-- Helper.m
|-- Lists/
| -- Notebook.nb
| -- TeXs-drawing/
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| -- TeXs-expressions/

The file Amplitudes.m has the amplitudes for the diagrams, Helper.m information
needed for FeynMaster. In the subdrectories TeXs-drawing and TeXs-expressions
you find LaTeX expressions for the diagrams and results as well as a PDF, as well
as the corresponding TeX file, file with the diagrams (if Draw: T). In the directory
Lists/ are kept the results of the calculation (if Comp:T) that can used latter,
without running again. We left to the end the most important file, the Mathematica
file Notebook.nb. You can open this file, generated automatically by FeynMaster,
and look at the amplitudes and results. This is a FeynCalc Notebook, so one can
use all the power of FeynCalc to further work with the results.

Look at Notebook.nb

If we open and evaluate the Notebook.nb we get the following

dirHome =
"PATH_To_FeynMaster/FM-Output/QED/Processes/1-ffbarffbar/";
SetDirectory [dirHome];
<< FeynCalc ¢

dirNuc = "PATH_To_FeynMaster/Nucleus/";
dirFey = "PATH_To_FeynMaster/FM-Output/QED/FeynmanRules/";
dirCT = "PATH_To_FeynMaster/FM-Output/QED/Counterterms/";

<< Helper.m

This means that first we load the definitions of the relevant directories and also
FeynCalc. Note that all the information on this file was automatically written by
FeynMaster. Also loaded is the file Helper .m where are kept all the choices that were
done in Control.m. If needed this file can be edited and the Notebook evaluated
again.

Next the Feynman rules are loaded as well as some needed functions (see the manual
for a more complete explanation).

Get ["Feynman-Rules-Main.m", Path -> {dirFeyl]

Get ["FunctionsFM.m", Path -> {dirNuc}]

Get ["Definitions.m", Path -> {dirNuc}]

compNwrite = False;

Get ["Finals.m", Path -> {dirNuc}]

If [RenoLogic, Get["SupReno.m", Path -> {dirNuc}]]

Just note the compNwrite = False means that when evaluating the Notebook, the
results are read from the directory Lists/ and not calculated again.

After these preliminaires we can look at the results. The first thing we can access
are the amplitudes. The are named amp1, ---, ampn. In our case we just have two
amplitudes and we can make a list. This is shown below. Notice that this list is just
the replacement of the Feynman rules so technically is what normally is called ¢ M.
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- - amp = {ampl, amp2}

’

i & (p(—p2, mf)).y?.(¢(pl, mf)) (¢ (ql, mf)).y*(p(-q2, mf))
S (—p1 —p2)’
i€ (p(ql, mf)y"(p(pl, mb) (p(-p2, mf))y".(p(-q2, mf))}
(ql-p1)

Next we can access a list with the result, called res. In this tree-level example, this
list is just the list of the amplitudes M;. This can be seen below.

Inf- =Fes
& (¢ (-p2, mf)) 72 (¢ (pI, mf)) (¢ (qI , mf )72 (¢ (-q2, mf ))
Sk (-pl-p2y ’
¢’ (¢ (ql, mf)).7" (¢ (pI, mf)) (¢ (-p2, mf))¥".(¢ (-q2, mf))
) (ql-pl)y }

Finally we can get the total amplitude, the sum of the individual amplitudes. This
is shown below. Notice the relative minus sign between the s-channel and the t-

- -resT = Total[res] /. {J1 > u, J2 5 v}
& (¢ (-p2,mf)).7" (¢ (pI, mf)) (¢ (ql, mf)).7".(¢ (-q2, mf))

outf « J= )
(-pl-p2y
¢ (¢ (ql, mf))7.(¢ (pI, mf)) (¢ (-p2, mf ))¥*.(¢ (-q2, mf))

(ql-pl)>

From here one can use the power of FeynCalc and FeynMaster to evaluate the
differential cross section. Se below in section how this can be done.

7.6.2 Adding a new Model

Let us consider a model that besides QED has neutral scalar with interactions with
the fermions,

1

4!)\H4 (7.4)

ﬁ = »CQED + %@LH@“H — %m%hﬂ + JHfF 7]0 H— gHHHH3 —
The first thing one has to do is to choose a unique name for the model. We call
it QEDAndScalar. We have to start with the FeynMaster definition of the model.
As this model is a simple extension of QED, it is best to start with the QED. The
FeynMaster model that comes with the distribution uses the fact that QED is so
simple that we can write all the information in one file QED.fr. In section [7.3.2] we
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argued that it is better to separate the definitions of the particles, parameters and
the Lagrangian in different files. So we will copy that structure to a subdirectory of
Models and change the name of the file QED.fr to QEDAndScalar.fr.

(k % % % % % % >k >k *k * * * % % % % * * *k %k * *x * * * * * *x
This is the FeynMaster model file for QED and Scalar model.
Created by: Jorge Romao

Email: jorge.romao@tecnico.ulisboa.pt

Last Update: 05.11.2021

¥ ok ok ok ok ok ok ok ok ok ok k ok k k k >k *k >k * * * % *x *k *x *k *k * %)

(xx*x%x* Gauge group list ****x*)
M$GaugeGroups = {
U1EM == {
Abelian -> True,
GaugeBoson -> A,
Charge -> Q,
CouplingConstant -> eel}};

Get ["Parameters.fr"];
Get ["ParticleClasses.fr"];
Get ["Lagrangean.fr"];

(*x*x*x Extra information for FeynMaster x*xx*x)
M$FCeqs = {xiA->1, ee->e};
M$PrMassFL = False;

Next we add the scalar to the file ParticleClasses.fr,

(*****x Particle classes 1list **xx*xxx)

M$ClassesDescription = {
F[1] == {
X,
S[1] == { ClassName -> H,

Mass -> mH,
SelfConjugate -> Truel}}

where the dots refer to the fields already defined in QED. We just add the scalar H.
After this we need to add the new parameters to the file Parameters.fr,

(*x***xx Parameter 1list ***x*x*)

M$Parameters = {
mf == {TeXName -> "m_f"},
ee == {TeXName -> "e"},
xiA == {TeXName -> "\\xi_A"},
mH == {TeXName -> "m_H"},
gHfF == {TeXName -> "g_{HfF}"},
gHHH == {TeXName -> "g_{HHH}"},
1bd == {TeXName -> "\\lambda"}
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and finally the new Lagrangean in file Lagrangean. fr,

(¥ Lagrangean *)
LGauge := -1/4 FS[A, \[Mul, \[Nul]l FS[A, \[Mul, \[Null

LFermions := I psillbar.sibar[mu].del[psill, mul] +\

I chilRbar.sil[mul].del[chilR, mul] \

- mf (psillbar.chilR + chilRbar.psilLl) \

+ ee psillbar.sibar[mu].psill A[mu] + ee chilRbar.si[mul].chilR A[mul]
LGF := -1/2/xiA del[A[mu], mu] del[A[nul], nul]

LHiggs := 1/2 del[H,nu] del[H,nu] - 1/2 mH"2 H"2 - 1/3! gHHH H"3\
- 1/4' 1bd H"4

LYukawa := gHfF fbar.f H

Notice that you should keep the names, LGauge, LFermions, LGF, LHiggs and
LYukawa , for the different parts of the Lagrangian. Also the LYukawa was writ-
ten with 4-spinors, while the LFermions with two spinors. This is correct if we
do not want to renormalize the model. For renormalization we should use the
same convention in both terms. The first time you choose a process, for instance
f+f — f+ f, the equivalent of Bhabha scattering in this model, you have to
choose FRinterLogic = True to generate the Feynman rules. If you leave the op-
tion Draw = True, you can see a PDF file with the Feynman rules. These are also
kept in the directory of the Feynman rules and you can edit the LaTeX file to obtain
publishing quality figures. This is shown in Fig. [7.3]

Now we can look at the process. One can go to the subdirectory 1-fFfF in the
FeynMaster-Output directory,

QEDAndScalar
| -- Processes
|-- 1-fFfF

There you can open the Mathematica notebook Notebook.nb and look at the final
result for the four diagrams, with photon and Higgs exchange.

- -resT = Total[res] /. {J1 » u, J2 > v}
€ (¢ (-p2, mf)).y".(¢ (pI, mf)) (¢ (qI, mf)).¥".(¢ (-q2, mf))
o (-pl-p2y )
é* (¢ (ql, mf))7.(¢ (pI, mf)) (¢ (-p2, mf)).7*.(¢ (-q2, mf))

(ql-ply

One can also look at the subdirectory TeXs-drawings and obtain the diagrams
for the process, We leave for chapter [J the use of FeynMaster in higher order pro-
cesses, specially in one-loop processes.
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Fermion-gauge interactions

f
Ve (=i) eQ9”
f
Fermion-scalar and fermion-goldstone interactions
f
H----- LGHfF
f

Cubic scalar-scalar and gauge-scalar interactions

H----- (—i) ggEH

Figure 7.3: Feynman Rules for QED with an extra scalar.

7.7 Numerical Calculations

7.7.1 C/C++ and Fortran

In the previous sections, with the exception of MadGrap and SPheno, we covered
mostly analytical tools that use Mathematica or FORM. This is quite good to study
in detail many models of QFT. However if one wants to do phenomenological studies
one normally has to scan over the parameter space of the model, and for each point
calculate the mass matrices, the decay widths and other observables to compare
with experimental results. This is normally much more efficient using programming
languages that are very fast like C/C++ and Fortran. It is beyond the scope of this
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i i f
f
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f f g
f
2 3

1 2

Figure 7.4: Diagrams for the process f + f — f + f in the QEDAndScalar model.

book to introduce these languages, but some of the numerical examples will make
use of them.

7.7.2 CUBA library

Very rarely the integrals that are needed to obtain the cross sections can be done
analytically. This specially true for three or more final state particles. Normally
one uses numerical integrations. There are many ways of doing this, but one good
choice is the library CUBA [63]. It can linked linked with programs in C/C++ or in
Fortran. One of the advantages is that, besides the more used Vegas method it has
other methods that can be used to compare the precision of the results.

7.7.3 LoopTools and Collier

The packages LoopTools and Collier are designed to numerically evaluate the one-
loop integrals. We will address them in chapter [9] when we will study the use of
software to study one-loop processes.
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7.8 Examples in QED: The scattering e e™ — p "

In these last three sections we are going to review the processes that we studied by
the usual methods in chapters [p] and [6] but using now the software that we discussed
before. Although these are simple processes, they will be enough to show how the
software can be an enormous help.

7.8.1 QGRAF

We start by considering the process e (p1) + e (p2) = p~ (ps) +p* (ps) in QED. We
will first use QGRAF to find the diagram(s). In fact, as strictly speaking the p is not
part of QED we have to enlarge the model file. It will look like,

*xkkkkkkkkkxxx*x QGRAF QED enlarged Model File sk ¥kkokkokkkkkkkxk
* leptons

[e:E:_]
[m:M,_]

* photon
[A,A,+]

* fermion - fermion - photon
[E,e,A]

(M,m,A]
kkokkkkkkkkkkkxkxkx End of QGRAF Model File 5k >k %k ok ok 5k >k %k % %k % %k %k % %k %

where m(M) corresponds to the p~(u™), respectively. The next step is to write the
input file qgraf .dat for QGRAF. We write

*okkokkokkokkokkokkokkokkokk ok QGRAF dnput file  kokskokskokskokskokskokkokkokkokok ok
output= list ;

style= Styles/sum.sty ;

model= Models/qed-enlarged;

in= e, E;

out=m, M ;

loops= 0;

loop_momentum= ;

options= ;

3k %k %k 3k %k %k 3 %k 3k Xk %k X %k % Xk %k %k X End of file 3k %k 3k 5k %k 3k 5k %k 3k Xk %k 5 %k %k Xk %k %k Xk %k X

where 1list is the name of the output file. We run this code with the command (>
is, in our case, the terminal prompt, it can vary with the system)

> ./qgraf
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and get the following output in the file 1ist.

*okkokkokkokkokkckkkkkkkk QGRAF ouptut File  kkkskokskokskokskkokkokkokxok
file generated by qgraf-3.4

output= lista ;

style= Styles/sum.sty ;
model= Models/qged-enlarged;
in= e,E;

out= m,M;

loops= 0;

loop_momentum= ;
options= ;

H OH H H H H HHEHHEHH

tsum := O

+(1)*

prop(A(1,-pl-p2),A(2,pl+p2))*
vrtx(E(-3,p2),e(-1,p1) ,A(1,-pl-p2))*
vrtx (M(-2,-q1) ,m(-4,-92),A(2,pl1+p2))

)

# end

As expected we just have the diagram of Fig. Using the Feynman rules we

D1 P4
Figure 7.5: Scattering e"et — p~put in QED.

get for the amplitude, (see also Eq. (5.51])),

M= =(pa)y"ulpn) T(ps ) (pa) (75)

7.8.2 Using Traces

Now we want to calculate the spin averaged squared of the matrix element. As we

saw in Eq. (5.52) we get,

ST IMP =T [ = me G+ ) Te (G + s — )il

spins
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4

::iégii[ﬁzvﬂﬁlyy]TY[(ﬁ3-%7nw)7p(p4——rnu)yy] (76)

where we are going to neglect the electron mass as before. We have to evaluate the
traces. We will use FeynCalc for that purpose. The code will look like,

<< FeynCalc';

L1 =GS[p2].GA[mu].GS[pl].GA[nu]

(7-p2) 7™ (7-p1) 7™

L2 = (GS[p3] +m) .GA[mu]. (GS[p4] -m) .GA[nu]

(7-p3 + m)y™.(v-p4 = m)y™

MsgqAuxl = e*4/ (4s”72) Contract[Tr[L1] Tr[L2]] // Simplify

8 ¢ (m* (pT -p2) + (pT - p4) (p2 - p3) + (P - p3) (pZ - 1)
82

MsqAux2 = MsqAuxl // FCE

8 ¢ (m” (T -p2) + (pT - p4) (P2 p3) + (P1 - 3) (b2 - p4))
32

After loading FeynCalc we define the two fermion lines, L1 and L2. We could
calculate each of the traces, but we can do everything in just one step, including
the Lorentz contraction. There is just one point deserving explanation, what is the
difference between MsqAux1 and MsqAux2. In the screen they look exactly equal, but
internally they are not. FCE means FeynCalc External and is more user friendly,
as one can see in this piece of code,

MsqAuxl // InputForm

(8xeM4x (m"2xPair [Momentum[pl], Momentum[p2]] +
Pair [Momentum[pl], Momentum[p4]]x«Pair[Momentum[p2],
Momentum[p3]] + Pair[Momentum[pl], Momentum[p3]]=*
Pair [Momentum[p2], Momentum[p4]]))/s’2

MsqAux2 // InputForm

(8xeMx (m"2+xSP[pl, p2] + SP[pl, p4]+SP[p2, p3] +
SP[pl, p3]+SP[p2, p4]))/s"2
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Now we can use a substitution rule to obtain the final result. We use the kine-

matics of Eq. (5.54) to get

kin= {SP[pl, p2] »s/2, SP[pl, p4] » s/4 (1+ BCos[O]),
SP[p2, p3] » s/4 (1+ BCos[O]),
SP[pl, p3] » s/4 (1- BCos[O]),
SP[p2, p4] » s/4 (1- BCos[6])};

Msq = (MsqAux2 /. kin) // Simplify
e (4 m? + B% scos?(0) + s)

N

in agreement with Eq. (5.56). The total cross section can easily be obtained,

Ea. (557,

7.8.3 Using helicity amplitudes

To use the helicity amplitude technique we go back to the expression of the ampli-
tude, Eq. . We will do this in the limit that we can also neglect the 1 mass. We
will exemplify the case of massive fermions in the Compton scattering below. We
start by loading FeynCalc and making some definitions. These include the definition
of helicity spinor and the Chisholm rule, Eq. ,

<< FeynCalc"

(xDefinitionsx)

dp[s ] := (1 + sDiracMatrix[5]) /2
U[p , s ] :=dp[s].Spinor[p, 0]
UBar[p , s ] :=SpinorUBar[p, 0] .dp[-5s]
delta[sl , s2 ] :=If[sl1 =152, 1, 0]

UBarGammal = Function[{p3, s3, p2, pl, sl, p4, s4},
X1 = DiracSimplify[2 UBar[p3, s3].U[pl, s1]
UBar[p2, s1].U[p4, s4]1];
X2 = DiracSimplify[2 UBar[p3, s3].U[p2, -s1]
UBar[pl, -s1].U[p4, s4]1];
X1 + X273
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U (P1)Vuto (P2) Y = 2Uq (2)Us (1) + 2u_o(p1)U—o(p2) (7.7)

Next we need to define some simplifications and replacement rules,

(*Simplifyx)
vlist = {pl, p2, p3, p4};
simpl =

Table[Spinor[vlist[[1]], ©].Spinor[vlist[[j]], O] »
sp[vlist[[i]], vlist[[j]1]1] + spc[vlist[[j]]1, vlist[[i1]],
{i, 1, 4}, {j, 1, 4}]1 /. {splp_, p_1 =0, spcl[g_, q_] »0};
simp2 =
Table[Spinor[vlist[[1]], ©].DiracMatrix[5].
Spinor [vlist[[j]], 0] »
-sp[vlist[[i]], vlist[[j]11] + spc[vlist[[j]]1, vlist[[i1]l],
{i, 1, 4}, {j, 1, 4}] /. {splp_, p_1 » 0, spc[g_, q_] »0};
simp = Flatten[{simpl, simp2}];

This will allow to evaluate the helicity amplitudes. Only four combinations are
non-zero (for massless fermions)

(* Final Helicity Amplitudes =)
M[sl , s2 , s3 , s4 ] := Expand[resl[sl, s2, s3, s4] /. simp]
M[1, 1, 1, 1]

2 & spc(p4, p1) sp(p3, p2)
S

M[1, 1, -1, -1]

2 & spe(pl, p3) sp(p2, p4)
S

M[-1, -1, 1, 1]

2 & sp(p3, pl) spc(p4, p2)
N

M[-1, -1, -1, -1]

2 & sp(pl, p4) spc(p2, p3)
S
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We get therefore

12 [2[514]%|523]* + 2| s13[524]?]
=e* [1 + cos® 6] (7.8)
where we have used the definitions, for massless fermions,
2 2 S
|514]° = |s23]" = 2(p1 - pa) = —u = —5(1 + cos ) (7.9)
s
|513]% = | 504 = 2(p1 - p3) = —t = —5(1 —cos ) (7.10)

We obtain again Eq. (5.56) in the limit 5 — 1.

7.8.4 Using FeynMaster

We can use FeynMaster to evaluate directly the differential cross section. This
process is not strictly QED, but instead of creating a new model, like we have done
for QGRAF, we use the Standard Model and the possibilities of FeynMaster to exclude
the Z and H exchange, as well as the Goldstones. The file Control.m is then

(¥ This is the Control.m file of FeynMaster x*)
model: SM

inparticles: e,ebar

outparticles: m,mbar

loops: O

parsel: {avoid,Z,1,1},{avoid,H,1,1}
options: ugauge

FRinterLogic: F
Renologic: F
Draw: T

Comp: T
FinLogic: F
DivLogic: F
SumLogic: F
MoCoLogic: F
LoSpinors: T

We note that the option ugauge chooses the unitary gauge and therefore elimi-
nates the diagrams with the Goldstones (and uses the apropriate propagator for the
gauge bosons), while the option parsel: {avoid,Z,1,1},{avoid,H,1,1} elimi-
nates the diagrams with the exchange of the Z and H. See the manual for more
details. In these way we are left with the diagram with the exchange of a photon as

shown in Fig. [7.5
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Now you navigate to the directory .../SM/Processes/1-eebarmmbar and do
the following calculations in the Notebook.nb.

n-1-M=Total[res] // FeynAmpDenominatorExplicit
n - - dsigdOmgAux = ((M // DiffXS)/.{e”*4 » (4 Pia)*2, S->s, Theta-> theta, me -> 0}) // Simplify
a? 4s (s —4 mmz) ((s -4 mmz) cos?(theta) + 4 mm? + s)

4(s2)"

n - - dsigdOmg = Simplify[dsigdOmgAux/. mmA2 » s (1-BA72)/(4), Assumptions->{s >0, 8> 0}]
ap (—,82 + B? cos(2 theta) + 4)
} 8s

(» Compare with Eq.5.56 %)
i 1-EQq556 = ah2/(4 s) B (1+Cos[theta]A2+(1-§A2) Sin[theta]2)
B ((1 = ﬁz) sin®(theta) + cos?(theta) + 1)
4s

n - - dsigdOmg- EQ556 // Simplify
ouf « J- 0

We get the final result, in agreement with Eq. (5.56). We should emphasize the
simplicity of the calculation. We only showed the relevant part of the Notebook.
The function Dif£XS calculates in the CM frame the differential cross section in terms
of s and the scattering angle 6.

7.8.5 Using MadGraphb
This example was already studied in section [7.5] see the results in Fig. [7.2]

7.9 Examples in QED: Bhabha scattering
Now we turn to Bhabha scattering, e~ (p1) + e*(p2) — e~ (p3) + e (p4) in QED.

7.9.1 QGRAF
We will use QGRAF to find the diagrams. The input file is

output= lista ;
style= Styles/sum.sty ;
model= Models/qed;

in= e,E;

out= e,E;

loops= 0;
loop_momentum= ;
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options= ;

and we get the output

file generated by qgraf-3.4

#

#

# output= lista ;

# style= Styles/sum.sty ;
# model= Models/qed;

# in= e,E;

# out= e, E;

# loops= O0;

# loop_momentum= ;

# options= ;

#

tsum := O

+(1)*

prop(A(1,-pl-p2),A(2,pl+p2))=*

vrtx (E(-3,p2),e(-1,p1),A(1l,-pl-p2))*
vrtx(E(-2,-ql1),e(-4,-92),A(2,pl1+p2))

-(1)*

prop(A(1l,-pl+ql),A(2,pl-ql))*

vrtx (E(-2,-q1),e(-1,p1),A(1,-pl+ql))*
vrtx(E(-3,p2),e(-4,-92),A(2,p1-ql1))

)

# end

We have the two diagrams of Fig. [5.7], corresponding to the s-channel and t-channel,
and these have a relative minus sign. By using QGRAF we get automatically the
correct signs for the diagrams, without the need to go to Wick’s theorem.

7.9.2 Using Traces

In section we saw that the spin averaged square of the matrix element was given
by

|/\/l|2 :ez {%TT [1537“]517”] Tr Ubﬂu]ﬁﬁ’u]
+S—12Tr [y p1v"] Tr [Ib?)%ﬁﬂu] — %Tr []537%171/152%]54%]} (7.11)

and we evaluated the traces by hand. Now we turn to FeynCalc to do this for us.
We start with the definitions, then do the traces and the Lorentz contractions, and
simplifications.
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<< FeynCalc"

(* Definitionsx)

L1 = GS[p3].GA[mu] .GS[pl].GA[nu];

L2 = GS[p2] .GA[mu] .GS[p4].GA[nu];

L3 = GS[p2] .GA[mu] .GS[pl].GA[nu];

L4 = GS[p3] .GA[mu] .GS[p4].GA[nu];

L5 = GS[p3] .GA[mu] .GS[pl] .GA[nu] .GS[p2].GA[mu].GS[p4].GA[nu];

(*xThe Traces =)
Msqt = e*4/tA2Contract[Tr[L1] Tr[L2]]

16 ¢ (2 5T %) (62 3) + 2 (b - 2) (63 - )
t2

Msqs = e*4/s”M2Contract[Tr[L3] Tr[L4]]

16 ¢ (2 (5T %) (62 3) + 2 (b - 3) (52 - P4)
82

Msqst =e”*4/ (st) Contract[Tr[L5]]

32 ¢! (pI-p4)(p2 - p3)
St

MsqAux = (1/4Msqt + 1/4Msqs - 2/4Msqgst) // FCE

4¢ (2 (pT- 1) (2 p3) + 2 (T -B3) (b2 )
&£

16 ¢ (T-p4)(p2 p3) 4 ¢ (2(pT-p4) (p2-p3) + 2 (pT-p2) (53 - p4))

st =

(* Simplificationsx)

kin= {SP[pl, p4] » -u/2, SP[p2, p3] » -u/2, SP[pl, p2] » s/2,
SP[p3, p4] »s/2, SP[pl, p3] » -t/2, SP[p2, p4] » -t /2};

Msq = (MsqAux /. kin) /. u- -(s+t)

18(pCs-gry) 145450 0) adesop
+ +

& 7 st
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We then get the result previously obtained in Eq. (5.85)).

7.9.3 Using helicity amplitudes

Now we will illustrate the use of FeynCalc to evaluate the helicity amplitudes for
Bhabha scattering. We will continue in the limit of massless fermions. The code is
a simple generalization of what we got for e + et — = + u™.

<< FeynCalc’

(*Definitionsx)

dp[s_ ] := (1 + sDiracMatrix[5]) /2
Ulp , s ]1:=dp[s].Spinor[p, O]
UBar[p , s ] := SpinorUBar[p, 0] .dp[-s]
delta[sl_, s2 ] :=If[sl==52,1, 0]

UBarGammal = Function[{p3, s3, p2, pl, s1, p4, s4},
X1 = DiracSimplify[2 UBar[p3, s3].U[pl, s1]
UBar[p2, s1].U[p4, s4]];
X2 = DiracSimplify[2 UBar[p3, s3].U[p2, -s1]
UBar([pl, -s1].U[p4, s4]1];
X1+ X273

(* Amplitudesx)
Ml[sl_ , s2 , s3_, s4_] :=
efr2/sdelta[sl, s2] UBarGammaU[p3, s3, p2, pl, s1, p4, s4]

resl[sl_, s2_, s3_, s4_] :=
DiracSimplify[M1l[sl, s2, s3, s4], DiracSubstitute67 -» True]
M2[sl1_, s2_, s3_, s4_] :=
delta[s1, s3] UBarGammaU[p2, s2, p3, pl, s1, p4, s4]
res2[sl_, s2_, s3_, s4_] :=
-efMr2/tDiracSimplify[M2[s1, s2, s3, s4],
DiracSubstitute67 -» True]

vlist = {pl, p2, p3, p4};

simpl
Table[Spinor[vlist[[i]], ©].Spinor[vlist[[j]l], O] -»

sp[vlist[[i]], vlist[[j]]1] +spc[vlist[[j]], vlist[[i]l],

{i, 1, 4}, {j, 1, 4}]1 /. {splp_, P_1 »0, spc[g_, q_] »0};
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simp2 =
Table[Spinor [vlist[[i]], ©].DiracMatrix[5].
Spinor[vlist[[j]], O] »
-sp[vlist[[i]], vlist[[j]1]1] +spc[vlist[[j]1]1, vlist[[i]11],
{i, 1, 4}, {j, 1, 4}1 /. {splp_, p_1 >0, spcl[qg_, q_]1 -»0};
simp = Flatten[{simpl, simp2}];

(* Final Helicity Amplitudes =)

M[sl , s2 , s3 , s4 ] :=

Expand[ (resl[sl, s2, s3, s4] +res2[sl, s2, s3, s4]) /. simp]
M[1i, 1, 1, 1]

2 & spc(p4, p)sp(p3, p2) 2 € spc(p4, p1) sp(p2, p3)
S r

M[-1, -1, -1, -1]

2 & sp(pl, p4) spc(p2, p3) 2 € sp(pl, p4) spc(p3, p2)
N 4

M[1, -1, 1, -1]

_ 2€ spe(pl, p2) sp(p3, p4)
t

M[-1,1, -1, 1]

_2¢ sp(p2, p1) spc(p4, p3)
r

M[1, 1, -1, -1]

2 ¢ spc(pl, p3) sp(p2, p4)
S

M[-1, -1, 1, 1]

2 & sp(p3, pl) spc(p4, p2)
s

We see that we obtain the result in agreement with Eq. (6.17)).
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7.9.4 Using FeynMaster

We can use FeynMaster to evaluate directly the differential cross section. This
process is QED and the file Control.m is then

(* This is the Control.m file of FeynMaster x)
model: SM

inparticles: e,ebar

outparticles: e,ebar

loops: O

parsel: {avoid,Z,1,3},{avoid,H,1,3}
options: ugauge

FRinterLogic: F

RenoLogic: F

Draw: T

Comp: T

FinLogic: F

DivLogic: F

SumLogic: F

MoCoLogic: F

LoSpinors: T

The Total Amplitude

n - -M = Total[res]
- € (p(-p2, me)) 72 (p (T, me)) (¢ (qT, me)) 72 (¢ (-q2, me))
o (-pl-p2) )
¢ (o (G, me)) 7" (¢ (PT, me)) ¢ (-2, me)) 7" (p (32, me))

(ql-ply

Differential xsection in the Limit me=0

[ -dsig=(M/DiffXS)/. me » @ // Simplify
e’ (cos(2 Theta) + 7)*

J‘ 256 7° S (cos(Theta) — 1)

Result from Chapter 5

o odsigChs = @h2/2/s ((EA2+(S+1)A2)/SA2+(SA2+(S+1)A2)/tA2+ 2(s+t)A2/s/t) /l SimpLify
A (P +st+ 12
“ 2

Compare with Chapter 5

i 1-dsigCh5Aux = (dsigCh5/. {a » e~2 [(4Pi), s> S, t » -S/2(1-Cos[Theta])}) // Simplify

e* (cos?(Theta) + 3)?

T 64nS (cos(Theta) — 1)?

- 1-dsig-dsigCh5Aux // Simplify
ouf - -0
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We get the final result, in agreement with Eq. (5.86). We should emphasize the
simplicity of the calculation. We only showed the relevant part of the Notebook.

7.10 Examples in QED: Compton scattering

7.10.1 QGRAF

In our last example we start again by using QGRAF. The relevant part of the input
file is

model= Models/qed;
in= e,A;
out= e,A;
loops= 0;

giving the output

file generated by qgraf-3.4

#

#

# output= lista ;

# style= Styles/sum.sty ;
# model= Models/qed;

# in= e,A;

# out= e,A;

# loops= O;

# loop_momentum= ;

# options= ;

#

tsum := O

+(1)=*

prop(e(1l,pl+p2) ,E(2,-pl-p2))=*

vrtx (E(2,-pl-p2),e(-1,pl),A(-3,p2))*
vrtx(E(-2,-q1),e(1,pl1+p2),A(-4,-92))

+(1)*

prop(e(1l,pl-q2),E(2,-pl+qg2))*
vrtx(E(2,-pl1+qg2),e(-1,pl) ,A(-4,-q92))*
vrtx(E(-2,-q1),e(1,p1-qg2),A(-3,p2))

il

# end

We recover the two diagrams of Fig. [5.2] with a relative plus sign, because of Bose
symmetry.
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7.10.2 Using Traces

We saw in section that the sum over spins lead to the calculation of four traces, in
Eq. (4.76]), Eq. (5.28)) and Eq. (5.29). We recall them here for convenience,

STIMP =T [(f + m)Ti(p+m)Ta], Y [Maf* = Tr [(f + m)Ta(p + m)T]

s,s’ 5,8’

D> (MyME + MIMy) = Tr [(f + m)Ty(p + m)To] + Tr [(f + m)Ta(p+ m)Ty]

s,s’

With our experience it is very easy to write a program to evaluate them with
FeynCalc. We start by making some definitions.

<< FeynCalc"

(» Definitionsx)

prop = Function[{p, m}, (GS[p] +m) ]}

Linel := prop[pp, m] .GA[mu] .prop[p + k, m] .GA[nu] .prop[p, m].
GA[nu] .prop[p +k, m].GA[mu];

Line2 := prop[pp, m] .GA[mu] .prop[p - kp, m] .GA[nu] .prop[p, m].
GA[nu].prop[p - kp, m].GA[mu];

Linel2 := prop[pp, m] .GA[nu] .prop[p + k, m] .GA[mu] .prop[p, m].
GA[nu].prop[p - kp, m] .GA[mu];

Line2l1 := prop[pp, m] .GA[mu] .prop[p - kp, m].GA[nu].prop[p, m].
GA[mu] .prop[p + k, m].GA[nu];

(*Tracesx*)

ansl = Simplify[Contract[Tr[Linel]] / (2SP[p, k]) ~2];

ans2 = Simplify[Contract[Tr[Line2]] / (2SP[p, kp]l) *21;

ansl2 = Simplify[Contract[Tr[Linel2]] / (-4SP[p, k] SP[p, kpl)1;
ans21 = Simplify[Contract[Tr[Line21]] / (-4SP[p, k] SP[p, kpl)1;

ans =1/4x* (ansl + ans2 + ans12 + ans21) // FCE
i f 8((k-kp) (m* -2 (p-pP)) -
(E )(m ﬁ@) Z(E @)+2m2(k_p~ﬁ)+m2(k_p.@)_
(kp-P)(P-PP) -3 m* (P-PP) -3 m* p* +2 p* (P -Pp) + 2 m*) +
1
——4(2(
(kP

2

p?(k-pp)-3 m* (p-pp)+ p* (p-Pp) +4 m*) +

k-p)(k-pp+2 m2)+E (4m?-p-pp)-4m?(k-pp)+

—— 4((kp-p)(2 (kp-pp) - 4 m?)+kp’ (4 m? -~ p-pp)+4 m* (kp-pp) -
(kp-P)

2p*(kp-pp)-3 m* (p-PP) + P> (P-PP) +4 m"*)
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(*Kinematicsx)
onshell = {SP[p, p] > m*2, SP[pp, pp] » m"*2, SP[k, k] » 0,
SP[kp, kp] » 0};

res = ans /. onshell;

kin= {SP[p, k] » mEk, SP[p, kp] » mEkp, SP[k, kp] » m (Ek - Ekp) ,
SP[p, pp] »m"2 +m (Ek - Ekp) , SP[pp, k] » mEkp, SP[pp, kp] » mEk};

aux = Expand[res /2 /. kin]

m: _2m? Ekp Ek 2m m? 2m
Ek> EkEkp Ek Ekp Ek Ekp?> Ekp

We then get the final result, the Klein-Nishina formula in agreement in Eq. (5.49))

(* Final Formulax)

auxl = aux - Ek / Ekp - Ekp / Ek}

aux2 = Simplify[auxl /. Ekp > Ek/ (1 + EKk/m=« (1 - Cos[teta]))];
final =2 e”4 (Ek / Ekp + Ekp / Ek + aux2)

2e4(E1<p Ek

T % = sinz(teta))

7.10.3 Using helicity amplitudes

We have already discusses the helicity amplitudes for Compton scattering in sec-
tion [6.5.1] This is a difficult problem because we have to use helicity spinors for
the polarization sums for photons and have to consider fermions with mass like in
section for the electrons. The amplitudes were given in Eq. , and we recall
them here for convenience,

Mi(01,02; A1, A2) =Chu(pa, 025)7, (1 + K1+ m) yuu(pr, o15)€e (ki, A )e”™ (ka, A2)

Ms(o1, 09; A1, A2) =Coti(pa, 025) Y, (P — K2 +m) yu(pr, o15)e! (1, A)e”™ (ka, A2)
(7.12)

where C; were given in Eq. (6.52]). As before we use for massive spinors the definition
of Eq. (6.47)) that we recall here

utpr, ) = ) ()
u(pr, —s) = rnn) u—(r1) + ui(r2)

m
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s(wq, w
u(pe, +s) = % Uy (wy) + u_(wy)
s*(wsy, w
u(p27 _S) = % U_(wl) +U+<w2> (713)
with
PL=71+Te, pa=wtwy, 71i=w;=0 (7.14)

For the polarization vectors we use Eq. (6.29)), that is,
1
E‘u(ki, )\) = Nﬂ)\(kl)’y U)\(Tl), N,L = (4]@ . 7’1), 1= 1, 2 (715)
where we have chosen the arbitrary momentum p in Eq. (6.29) as 71, a momentum

already in the problem (with k;-r; # 0). Now we will show a program for Feyncalc
to evaluate these helicity amplitudes. We first define the massive spinors

<< FeynCalc"

(xDefinitionsx)
dp[s ] := (1 +sGA[5]) /2;

Ulp , s ] :=dp[s].SpinorU[p, O];
UBar[p , s ] := SpinorUBar[p, 0].dp[-s]};
Um[pl_, p2_, m_, s_] =
(If[s=1, MySP[pl, p2], MySPc[p2, p1]] /mU[pl, s] +U[p2, -5]);
Vm[pl , p2 , m_, s_] :=
(If[s =1, MySP[p1, p2], MySPc[p2, p1]] /mU[pl, s] -U[p2, -s]);
UmBar[pl , p2 , m_, s_] =
(If[s =1, MySPc[pl, p2], MySP[p2, p1]] / mUBar[pl, s] +
UBar[p2, -s]);
VmBar[pl_ , p2_ , m_, s_] t=
(If[s =1, MySPc[pl, p2], MySP[p2, p1]] / mUBar[pl, s] -
UBar[p2, -s]);

Then we define the polarization vectors
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(* More Definitionsx)
PolSConjU = Function[{k, p, 1, 1},

If[i=1,2U[k, 1], If[i=2,2U[p, -11111;
PolSConjUBar = Function[{k, p, 1, 1},

If[i==1, UBar[p, 1], If[7==2, UBar[k, -111113}
PolSU = Function[{k, p, 1, 1},

If[i=1, 2U[p, 1], If[i=2, 2U[k, -11111;
PolSUBar = Function[{k, p, 1, 1},

If[7==1, UBar[k, 1], If[7=2, UBar[p, -11111;
MydsU = Function[{p, 7}, If[7 =1, U[p, 1], If[7 =2, U[p, -11]111;
MydsUBar = Function[{p, 7},

If[7i==1, UBar[p, 1], If[7==2, UBar[p, -1]1113;

and some simplifications

(x*Simplificationsx)
vlist = {wl, w2, k1, k2, r1, r2};

simpl =
Table[Spinor[vlist[[i]], ©].Spinor[vlist[[]j]], O] »
MySP[vlist[[1]], vVlist[[j]]] + MySPc[vlist[[j]], vlist[[i]l]1],
{i, 1, 6}, {i, 1, 6}] /. {MySP[p_, p_]1 >0, MySPc[qg_, q_] -» 0};

simp2 =
Table[Spinor[vlist[[i]], ©].DiracMatrix[5].
Spinor [vlist[[j]], O] »
-MySP[vlist[[i]1], vlist[[j]1]] + MySPc[vlist[[]j]], vVlist[[1]]]
{i,1,6}, {i, 1, 6}] /. {MySP[p_, p_]1 » 0, MySPc[qg_, q_] » 0};

simp = Flatten[{simpl, simp2}];

P

Now the amplitudes
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Amplitudes M1 and M2

MDiagl[sl , s2_, l1_, 12 ] :=
Sum[

(UmBar [wl, w2, m, s2].PolSConjU[k2, r1, 12, i1]
PolSConjuBar[k2, r1, 12, i1].MydsU[rl, i2]
MydsUBar[rl, i2] .PolSU[kl, r1, 11, i3]

PolSUBar[kl, r1, 11, i3].Um[rl, r2, m, s1] +

UmBar [wl, w2, m, s2].PolSConjU[k2, r1, 12, i1]
PolSConjuUBar[k2, r1, 12, i1].MydsU[r2, 2]
MydsUBar[r2, i2] .PolSU[kl, r1, 11, i3]

PolSUBar[kl, r1, 11, i3].Um[rl, r2, m, s1] +

UmBar [wl, w2, m, s2].PolSConjU[k2, r1, 12, i1]
PolSConjuUBar[k2, r1, 12, i1].MydsU[kl, i2]
MydsUBar[kl, i2] .PolSU[k1, r1, 11, i3]

PolsuUBar[kl1, r1, 11, i3].Um[rl, r2, m, s1]), {il, 1, 2},

{(i2, 1, 2}, {i3, 1, 2}] + m(

Sum[ UmBar [wl, w2, m, s2].PolSConjU[k2, r1, 12, 1]
PolSConjuUBar[k2, r1, 12, i1].PolSU[k1l, r1, 11, i2]
PolsuBar[k1l, r1, 11, i2].Um[rl, r2, m, s1], {il, 1, 2},

{i2, 1, 1}1);
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MDiag2[sl , s2_, l1_, 12 ] :=
Sum[

(UmBar [wl, w2, m, s2].PolSU[kl, r1, 11, il]
PolSUBar[kl, r1, 11, i1].MydsU[rl, i2]
MydsUBar[rl, i2] .PolSConjuU[k2, r1, 12, i3]
PolSConjuUBar[k2, r1, 12, i3].Um[rl, r2, m, s1] +

UmBar [wl, w2, m, s2] .PolSU[kl, r1, 11, i1]
PolSUBar[kl, r1, 11, i1].MydsU[r2, i2]
MydsUBar[r2, i2] .PolSConjU[k2, r1, 12, i3]
PolSConjUBar[k2, r1, 12, i3].Um[rl, r2, m, s1] -

UmBar [wl, w2, m, s2].PolSU[kl, r1, 11, i1]
PolSUBar[kl, r1, 11, i1].MydsU[k2, 12]

MydsUBar [k2, i2] .PolSConjU[k2, r1, 12, i3]
PolSConjuUBar[k2, r1, 12, i3].Um[rl, r2, m, s1]),

(i1, 1, 2}, {i2, 1, 2}, {i3, 1, 2}] + m(

Sum[ UmBar [wl, w2, m, s2].PolSU[kl, r1, 11, i1]
PolSUBar[kl, r1, 11, i1].PolSConjU[k2, r1, 12, 12]
PolSConjuUBar[k2, r1, 12, i2].Um[r1l, r2, m, s1],

(i1, 1, 2}, {i2, 1, 2}]);

Introduce the simplifications

Simplify the Amplitudes

resl[sl , s2_, l1_, 12 ] :=

DiracSimplify[MDiagl[sl, s2, 11, 12], DiracSubstitute67 -» True];
res2[sl1 , s2 , 11 , 12 ] :=

DiracSimplify[MDiag2[sl, s2, 11, 12], DiracSubstitute67 -» True];

Expand[resl[sl, s2, L1, 12] /. simp];
Expand[res2[sl, s2, 11, 12] /. simp];

Miaux[sl_, s2 , 11_, 12_] :
M2aux[sl , s2 , 11 , 12 ] :
Mi[si_, s2 , 11_, 12_] :=
Expand [Mlaux[s1, s2, 11, 12] /.
{MySP[p_, q_1 »sp[p, 9], MySPc[p_, q_] » spc[p, q]}];
M2[s1_, s2 , 11_, 12_] :=
Expand [M2aux[s1, s2, 11, 12] /.
{MySP[p_, q_1 »sp[p, 9], MySPc[p_, q_] » spc[p, q]}];
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Now we test a few amplitudes, in agreement with Eq. (6.56))

Test a few amplitudes

M1[1, 1, 1, -1]

4 sp(k2, k1) spc(rl, k1) sp(kl, r2) spc(rl, w2) + 4 sp(kl, r2) sp(k2, 12) spc(rl, r2) spc(rl, w2)

M2[1, 1, 1, -1]
4 sp(kl, r2) sp(k2, r2) spc(rl, r2) spc(rl, w2) — 4 sp(kl, k2) spc(rl, k2) sp(k2, r2) spc(rl, w2)

But of course this problem has to be done numerically, so we output the amplitudes
to a Fortran file.

Output to Fortran

If[True,
M={ClM1[1, 1,1, 1] +C2M2[1, 1,1, 1],
cimi[i, 1,1, -1] +C2M2[1, 1, 1, -1],
cimi[i, 1, -1, 1] +C2M2[1, 1, -1, 1],
cimifi, 1, -1, -1] +C2M2[1, 1, -1, -1],
cimif[i, -1, 1, 1] +C2M2[1, -1, 1, 1],
cimif[i, -1, 1, -1] +C2M2[1, -1, 1, -17,
cimifi, -1, -1, 1] +C2M2[1, -1, -1, 1],
cimifi, -1, -1, -1] +C2M2[1, -1, -1, -17,
cimi[-1,1,1, 1] +C2M2[-1, 1, 1, 1],
cimi[-1,1, 1, -1] +C2M2[-1, 1, 1, -1],
Cl1M1[-1, -1, 1] +C2M2[-1, 1, -1, 1],
Cl1M1[-1, -1, -1] +C2M2[-1, 1, -1, -17,
cimi[-1, -1, 1, 1] +C2M2[-1, -1, 1, 1],
cimi[-1, -1, 1, -1] +C2M2[-1, -1, 1, -17,
cimi[-1, -1, -1, 1] +C2M2[-1, -1, -1, 17,
cimi[-1, -1, -1, -1] +C2M2[-1, -1, -1, -1]};
stmp = OpenWrite["ComptonAmplitudes.f", FormatType » FortranForm,
PageWidth -» 607 ;
Do [Write[stmp, "HelAmp (", i, ")=", M[[1]11], {i, 1, 16}];

1,
1,

Close[stmp];]
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Using the output inside a Fortran program (see programs in the CTQFT site [37])
we obtain the result in Fig where the line corresponds to the Klein-Nishina an-

alytical result, Eq. (5.49)), and the points to the result of the numerical program.
The agreement is complete.

Klein-Nishina differential cross section
107 grommroprreee T T T T T T T

do/dQ (mb/strd)

U T T T P P S S S
0 20 40 60 80 100 120 140 160 180

0 (deg)

Figure 7.6: Comparison of the Klein-Nishina formula, Eq. (1.116) (red line) with

the numerical result using helicity amplitudes (blue points).

In the numerical program there only one detail that it worth to discuss here. In
the method used it was necessary two pairs of 4-vectors of the null type, that is,

pL=rTi+r2, pr=witwy, 71;=w=0 (7.16)

This leads to the introduction of two additional integrations (the variables that

define ry, the angles 6; and ¢y, also define the 4-vector ry and similarly for ws) in
the form,

dQz dQy, dQg, dQg
Z |M|2 == / n 2 et &2 Z |M(0'1,0'27 )\1, )\2)|2 (717)

dr 4w 4w 4w
Pol 01,02,A1,A2
The question now is how to define, in the lab frame where the photon momenta are
defined, these new four 4-vectors. Let us consider first the case of r;. As p; = r1+1
corresponds to a particle at rest in the lab frame, we define the new 4-vectors in this
same frame. We have then,
me

o= 5 (1, cos ¢ sin 0y, sin ¢4 sin 0y, cos 6;)
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re = %(1,—cos<plsin01,—singolsinel,—cosﬁl) (7.18)

that satisfy all the necessary conditions. The case of w;, such that p, = wy + wo, is
more difficult as the scattered electron is not at rest in the lab frame. It is useful to
recall the kinematics for Compton scattering shown in Fig. [7.7]

Figure 7.7: Kinematics for Compton scattering in the lab frame S.

We denote by S the lab frame, by S” the frame where the scattered electron is at
rest and by S’ an auxiliary frame that corresponds to a rotation around the the axis
y by an angle « in the lab frame, in such a way that 2’ coincides with the direction
of the scattered electron. With these definitions we have

y=vy =vy", Z==z (7.19)

Then the relation between the coordinates in these three frames is (we use a compact
notation where x represents a 4-vector),

r' = Boost,(f) - 2", x=Roty(—a)- 2’ (7.20)
where
v 00 98
0 10 O
Boost,(3) = 001 0 (7.21)
v 0 0 ~
and

1 0 0 0
0 cosaa 0 —sino
0 0 1 0

0 sina 0 cosa

where « is the angle indicated in the figure and v = p3/m., 8 =1/y/1 — 1/~2.
We can now, finally, write the desired relation between the coordinates of the
frame where the scattered electron is at rest, and those in the lab frame. We get

Roty(—a) = (7.22)

r = Roty(—a) - Boost, () - 2" (7.23)

As in the frame S” where the scattered electron is at rest we can write the 4-vectors

1
w;

w{ = 76 (1, cos pg sin O, sin ¢y sin O, cos b)
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wy = %(1,—COS(,OQSiIleg,—SiH@QSiHGQ,—COSHQ> (7.24)

the problem is then solved. In the site [37] there is an example of a Fortran program
that implements this algorithm to produce the data for Fig. [7.6]

7.10.4 Using FeynMaster

Again this is QED, so the input file for FeynMaster looks like

(¥ This is the Control.m file of FeynMaster x*)
model: SM

inparticles: e,A
outparticles: e,A
loops: O

options: ugauge

FRinterLogic: F
RenolLogic: F
Draw: T

Comp: T
FinLogic: F
DivLogic: F
SumLogic: F
MoCoLogic: F
LoSpinors: T

Now you navigate to the directory .../SM/Processes/1-eAeA and do the fol-
lowing calculations in the Notebook.nb.

n-1-M=Total[res];
o }- Aux = (M /I DiffXS) /. {me > m, er4 > (4Pia)r2}/ Simplify
ouf - = (ozz ((5 m? S —3m*S+3mé+3 83) cos?(Theta) — (m2 S4+3mtS+3mb -7 S3) cos(Theta) —

mﬁf—bﬁ—wafﬂha®+3nf8+nf+5§»/@8%@—nﬂcmﬂhmw+nf+$q

- - dsigdOmeg = Function[{s, theta}, Aux /. {S > s, Theta - theta}];
- - dsigdOmeg[s, theta]
ouf - - (ozz ((5 m* s —3ms+3mf+3 33) cos’(theta) — (m2 S+3mts+3mb -7 s3) cos(theta) —

nﬂf—@#—wfc%%mmw+3nfs+nﬁ+5§D/@f(@—nfﬁmqmm@+nf+ﬂﬁ

Now we want to compare this with known results. As we are in the CM frame
this will not be the Klein-Nishina formula but the result of Eq. ((5.197)). We have
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dsigdt = Function[{s, t}, u=-s-t+2m”"2;
2Pia’r2/(s-mA2)A2
(AMA2/(s=mA2)+ mA2/(U=mA2)A2 +4(MA2/(s—=mA2)+ mA2/(u=-mA2) -
(s=mA2)/[(u-m"2) + (u-mAr2)/(s-m"2)))I;

dsigdt2 = Function[{s, theta}, dsigdt[s, -(s-m”*2)A2/2/s (1 - Cos[theta])]l;
dsigdOmg3 = Function[{s, theta}, 1/(2Pi)(s-m"2)"2/2/sdsigdt2[s, theta]];
dsigdOmg3[s, theta] // Simplify
(@* (m® +3m*s— m*s* — (m” - s)° cos’(theta) + (3 m® — 3 m* s + 5 m* s* + 3 §°) cos’(theta) —

(3 mt+3mts+m?s? -7 33) cos(theta) + 5 33))/(4 § ((s - mz) cos(theta) + m? + 3)2)

We now plot the two expressions to verify that they coincide. We have used
arbitrary constants.

Plot[{ (dsigdOmg[2, theta] /. {m>1, a>1}), (dsigdOmg3[2, theta] /. {m>1, a>1})},
{theta, 0, Pi}]

0.60 -
0.55
0.50
0.45-
0.40|-

0.35

Now we can integrate both expressions to get the total cross section and compare
with the classical limit.

Total Cross Section

My Result

xs5 = 2 Pi Integrate[dsigdOmgAux Sin[theta], {theta, 0, Pi},
Assumptions » {m>0, s>0, s>mA2}]

na? (252 (-3m*—6m s+ sz)log(%) +(m? —s) (m® —m* s+15 m? ¢ +s3))

& (m? - s’
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Xxs6= xs5 /. s> m”*2 (1+x) // Simplify
na@® (2(x+ 1) (2 — 4 x—8)log(—~) — x(x* + 18 x* +32 x + 16))
m? 3 (x + 1)

Limit[xs6, x -» 0]
8ra?

3 m?

From ITC, Problem 5.14

xs3 = Integrate[dsigdt[s, t], {t, -(s-mA2)7A2/s, 0},
Assumptions » {m>0, s>0, s>mA2}]
2 4 2 e 2 6 4 2
na (Zsz(—?)m -6m s+sz)log( . )+(m —s)(m® —m* s+ 15 m sz+s3))
52(m2—3)3

xs4 = xs3 /. s> m?2 (1+x) // Simplify
ﬂaz(2(x+1)2(x2—4x—8)10g(ﬁ)—x()§+18x2 +32 x+16))
m? X3 (x+ 1)

Limit[xs4, x » 0]

8ra?
2

3Im

We get the final result, in agreement with other methods. Again we should empha-
size the simplicity of the calculation.



Chapter 8

Simple Examples in the Standard
Model

8.1 Introduction

We saw in Chapter [5) some examples of the application of the Feynman rules for
QED. In fact there is nothing particular about QED, besides its simplicity. We will
show in this chapter that the same type of reasoning can be applied to any theory
if the Lagrangian is known and therefore also known are its Feynman rules.

As an example we are going to consider the Standard Model of the Electroweak
Interactions in the following called simply Standard Model (SM). This is a theory
that was developed in the 60’s of last century proposed by Glashow [64], Weinberg
[65] and Salam [66] that unifies weak and electromagnetic interactions. It can be
extended for the strong interactions although we will not cover that here. Nowadays
the SM has been tested thoroughly at LEP and LHC colliders and agrees with
experiment to better than 0.1%. It includes QED as a consistent subset of the
theory. By QED we mean, in this context, something more general than what we
studied so far, which is the study of the interactions of photons with all charged
particles in Nature. For this the relevant part of the Lagrangian is then,

Line = —eQs ¥yy" s A, (8.1)

where () is the charge of the fermionE] in units of the charge of the e*. It is easy
to see that this leads to the Feynman rule shown in Fig. [8.1 which is an obvious
generalization of the rule for QED.

As we saw, the photon is the carrier of the electromagnetic interaction. When
we unify weak and electromagnetic interactions we are lead to introduce other spin
1 fields as carriers of that interaction. We are not going to study the SM (see for
instance the excellent book of Thomson [54], or my own text |[67]) but just give the
main features. The carriers are the Z° boson with zero electric charge and the W=

'With this definition we also include the quarks that ha fractional charges.

271
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m —ie Q"

f

Figure 8.1: Interaction of the photon with charged fermions. Note that e = |e.

bosons with electric charge . One of the main differences between electromagnetic
and weak interactions are that these are of short range, which implies that contrary
to photon, the W* and Z° do have mass. The more recent values given in PDG [68]
are

My ~ 80.4 GeV ; Mz ~91.2 GeV (8.2)

From the technical point of view, the SM of the electroweak interactions is a
non-abelian gauge theory corresponding to local gauge group SU(2) x U(1). It is
not our goal here to study this theory in detail (see Ref. [54] or Ref. [67]). However
some aspects are quite simple and give us the possibility of applying techniques
similar to what we have learned in QED. In a general way the complete Lagrangian
for the SM can be written as,

ACMP — [ldinetic (A“, Wi“, Zg) + Z [ Kinetic (wf)
f

gauge fields fermions

+ LECWH app) + LEV(Z, A, 3)y)
+ ‘Cremaining (83)

where £6¢ and LV are, respectively, the Lagrangians for charged and neutral cur-
rents that we will describe below, and where L, ., includes all other complications
that we not going to address herd?l For a better understanding of what follows we
should describe the fermionic field content of the SM. A first group includes the
charged leptons, that is, the electron (e~), the muon (x~) and the tau (77) and
their antiparticles (e, u*, 7). After that we have the neutral leptons, the neutri-
nos. They come in three flavours, v., v, e v;. Experimentally it was found that the
neutrinos that participate in the electroweak interactions, through the the charged
current interaction, are left-handed, that is,

1
Pr v; = T i =0
2
1=
PL Vv, = 9 Vv, = V; (84)

2Higgs fields, ghosts, Yukawa interactions,...
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In the construction of the SM the left-handed and right-handed components of the
fermionsﬂ are treated in a different way. The left-handed components are in the
fundamental representation (doublet) of SU(2) while the right-handed components
are singlets of SU(2). More precisely the doublets are

R MR O

and eg, i and 75 are singlets of SU(2). In the initial proposal of the SM, neutrino
were only left-handed and had no mass. Nowadays we know that neutrinos have
a small mass (< 1eV) and oscillate among the different flavours. As the mass is
so very small, for the purposes of our study here (at high energy colliders) it is a
very good approximation to assume the neutrinos to be massless. The structure in
families or generations of doublets is similar for the quarks, the constituents of the
hadrons, the particles that also interact through the strong force. This repetition
in three families is accounted for in the SM, but its origin is not yet explained. We

have,
U c t
; ; ;  Uug,dR,Cr,SRr,tR,bR (8.6)
(@), ), 0,

with the difference that all of them have a right-handed component, a singlet under
SU(2).

After this quick digression in the content of the theory, we are now going to
describe, without proof, and using whenever possible the analogy with QED, some

of the terms in Eq.(8.3)).

e Lagrangian for the gauge fields

The Lagrangian for the gauge fields is quite complicated and we are not going
to write it here. For our goals it is enough to give, without proof, that they have
the following propagatorsﬂ

y

. G

N\NNNNN —1 , 8.7

7 v 2 ic (8.7)
w quqv
g;u/ - M2

N\NNNNN —1 - 8.8

. . @ — M2, + +iMy Ty (88)
7 _ v
g;u/ M2

e NNNNNNN Y 2 (8.9)

TP = M+ ML

3Any fermion ¢ can be written as the sum of its components v, and ¢ such that ¢,=pP.y ;
Yr=PRr.

4Technically we have to choose a gauge to write the propagators. The expressions here are
correct in the so-called unitary gauge.
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These expressions for the propagators are sufficient to calculate processes at tree-
level where that gauge fields are not external particles. For the processes with gauge
fields in the external lines, it is necessary to take in account that the Z° and W#*
have now three polarizations, has it happens with any massive spin 1 particle. In
external lines they are described, in a similar way as the photon, by polarization
vectors £#(q, \) but now we have for the polarization sums,

* Qqu
D eal@ Nep(g. N) = —gap + Mf L V=W2Z (8.10)
A 1%

The gauge bosons W+ and Z° are not stable, they can decay. Therefore in some
processes to avoid a divergence from the pole of the propagator it is necessary to
include the decay width. This is done adding an imaginary part proportional to the
width I'; or I'yy to the denominator of the propagator.
4 Guw — S
N 4
NANANANANN —t . ; V=w2z (81l
H v ¢ — MZ +iMyTy (8.11)

The experimentally measured values for these widths are [68],
'y ~25GeV ; Iy ~2.0 GeV (8.12)
These results, presented without proof, will be enough for our goals here.
e Kinetic Lagrangian for fermions

The kinetic Lagrangian for the fermions it is simply the repetition, for each
fermion species, of Dirac Lagrangian for the electron. We can therefore write,

Lo (p) = Y (W0 7" 005 — mpdyy) (8.13)
f
to which corresponds the following propagator, for each fermion,

P+ my

>- —_—— 8.14
D ZpQ —mfc+ze ( )

e Lagrangian for the charged current

The charged current is the interaction of the W= with the charged and neutral
fermions belonging to one doublet of SU(2). As we said before the most important
point is that only left-handed fermions are involved. If we call,

o= (3) (5.15)
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WYy Yy

Figure 8.2: Feynman rules for the interaction of the W* with the doublets of the
SM.

where ¢, = ve, vy, ..., u,c,... and Yg = e, u",...,d,s,... then we can write for

each doublet 7]

g — 1 — qg — 1-— —
£ = =TS B = W = 5Tt W (8.16)

to which correspond the Feynman rules given in Fig.[8.2] where the coupling constant
g is related to the electric charge through,

e = gsin by ; sin? Oy ~ 0.23 (8.17)
and fy is the weak mixing angle.

e Lagrangian for the neutral current

Let consider finally the interactions of the fermions with the Z° boson and the
photon. The form of the Lagrangian is

LN = = Qi A,
I

g - f f 0
i zszw‘ (of — o) vy 28 (8.18)
where
1 ) 1
g‘J; =3 T:,fc — Qg sin? Oy gf‘ =3 T3f (8.19)

The values of Ty and Q ¢ for the known fermions are given in Table[8.1| The Feynman
rule for the interaction of the Z° with fermions is then given in Fig. [8.3 while the
photon interacts with all charged fermions through the rule given before in Fig. 8.1

SFor simplicity we are here making the approximation, Voxym = 1, where CKM is the Cabibbo
[69], Kobayashi and Maskawa [70] matrix for the quark mixing.
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Fermion e, U, T Ve, Vy,Vr u d c S b t
f _1 1 1 _1 1 _1 _1 1

T3 2 2 2 2 2 2 2 2

2 1 2 1 1 2

Qy 1 0 3 3 3 3 3 3

Table 8.1: Values of T/ and Q ¢ for the SM fermions.

f

g

wif _ f
cos Oy Y (QV 9A75>

0 —1
Zy

f

Figure 8.3: Interaction of the Z° with fermions.

8.2 Decay width of Z' into fermions

After this introduction and knowing the propagators and relevant vertices for the
SM, we are ready to do a first example. We will use first the trace technique an
then the helicity amplitudes, first for massless fermions and then for fermions with
mass.

8.2.1 7" — ff using traces

Lets us the consider the process,
AR (8.20)

where f is any fermion in Table with the exclusion of the quark ¢ as this particle
has a mass [68] m; ~ 172.76 GeV and therefore m; > M, which means that the
Z° boson can not decay in tf. The Feynman diagram is given in Fig., to which
corresponds the amplitude

‘ 19 B
PM = =i ) Tl (o~ 9ks) vlae) (8.21)
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ZO

Figure 8.4: Decay of the Z.

The decay width is then

:jw

1 -
= 2027)* 6%k — q1 — 8.22
/2Mz |IM|2(2m) ) {1 27T 32E (8.22)

In he rest frame of the Z° we get,

dl 1 1 — Am?
< _ — TMP 11— 2 8.23
0~ o i M A (8.23)

so we only need to evaluate the average value of the amplitude squared.

1
MP =3 3 |MP

spins

1 g Y " *v
=3 <0089w> ;e (k, \)e” (k, \)

Te [ (1 + m) (of — 9515) (o = mo) (o = o) | (8:29)

Using now
o *U ng k* kY
> ek, N (kyA) = + 53 (8.25)
A Z
and evaluating the traces of the v matrices, (see Prob.

Tr [(dl +ms) (95 - gfﬁs) (g2 = ms) (95 N 93:‘75)}

= 4 [(952 + gf) (@1ud20 + Quwlon — Guv @1 * G2) — Gy M7 (952 - gff)

—2i€"” Q102 gégﬂ (8.26)
we finally getf]

4 g 2 me 2
2 ME gl +gi2+2 (L) (ol - 2052) 2
M 3 (COSGW) 7 |9v" T ga" T M, 9v 9 (8.27)

6The last term in Eq.(8.26) does not contribute because it has an antisymmetric tensor in »
and p that is contracted with a symmetric tensor in the same indices, as results from Egs.(8.25)

and (8.24).
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which gives for the decay width (the integration in € gives 4)

M 2 4m2
po Mz (Lo N[yt
127\ cos Ow M7

2
m
g+ ght 42 (#) (g‘];Q - 2g£2>] (8.28)
z
This result is normally given in terms of the well measured Fermi constant defined

through,
V2 8MZ  \cosby ) 8M?2 '

where we have used the SM relation between the Z° and W masses,

MW = MZ COS QW (830)
From this we get,
2Gp M3 4m3” f2 . f2 mpy ’ f2 f2
e A s o ( —9 ) 8.31
3\/§7r M% gy~ T ga + My gy 9a ( )

For the majority of the fermions, with the possible exception of the b quark, the
2

ratio (;Z—;) is negligible. Even for the b quarks we have,

2
mf _3
MY~ 3% 10 8.32
(MZ) x (8.32)

It is therefore a good approximation to write,

7 QGFMg f2 f2
'z — = ( + ) 8.33
( ff) 3\/§7T 9y 9ga ( )
which gives, for instance, for the electrons |Z|,
['(Z — ete”) ~83.4 MeV (8.34)

which we can compare with the PDG [68] value,

['(Z —ete)=Tz xBr(Z —ete)
— (24952 = 0.0023) x 10° x (3.363 = 0.004) x 10~2 MeV
— (83.914 % 0.127) MeV (8.35)

"Note that this calculation is in lowest order in perturbation theory.
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8.2.2 27— ff with helicity amplitudes: massless fermions

We are now going to use this example to show how one can use the helicity ampli-
tudes technique to handle massive gauge fields like the Z. We consider, for now,
massless fermions, so in the end we should recover Eq. for the width. Starting
from Eq. and making the substitutions

e*(k,\) — o =u_(r))y"u_(rq) (8.36)
with k = ry +ry and 7“? = 0 (see section and
g —ghs=gsvr 97—, ondegi =gl —gheg =gl +g), (837
we get
g _ _
M(o1,02)=— u— ()7 u—(r2)Ue, (1) Vu [9+7+ + 97| Yo, (q2) (8.38)
cos Oy
== u_(r1)y"u—(r2) [gﬂal (G V+ U0 (82) + 9-To, (G1) VY- (G2)
cos Oy
Therefore the only non-vanishing amplitudes are,
B 299+ .
M(+,+) = cos Oy s(q1,72)s"(q2,11)
2gq_
M(—,—) = _Coi%W s*(r1,q1)s(ra, q2) (8.39)

and therefore

MP = 5 [MO P + M- P
= é 490 [4gi(q1 . 7‘2)((]2 . 7‘1) + 493((11 . Tl)(ﬁh . T2>i| (840)

The width will then be
ar 1 3 / o 164>
dQ  64m2My STM2 3 cos? Oy

93 (@ - r2) (g2 ) + g2 (0 ) a2 7o)

(8.41)
where 2* is the solid angle of 7 in the frame where the Z is at rest (see section [6.4).
To do this integration we can either use the kinematics of the CM frame and do the
calculation explicitly, or use the properties of Lorentz invariance to show that,

/ Ay ¢l = g (Mg g°f + 21{:%5) (8.42)
Substituting now in Eq. (8.41]) we get easily
My g\
T 1or (cos HW) (g‘J;Q + g£2) (8.43)

in agreement with Eq. (8.28) in the limit m; = 0.
Although the example is very simple we can use FeynCalc to get the amplitudes.
A simple program that does that is given in the section Software, Code [8.1]



280 Chapter 8. Simple Examples in the Standard Model

8.2.3 Z' — ff with helicity amplitudes: massive fermions

Although this is a very simple problem best handled by the trace technique, we are
going to use it to illustrate the use of the helicity amplitudes technique for massive
fermions explained in section |6.5
The amplitude is then
g

M(oy,00) = —COSQwﬂ—(Tl)V“U—(ﬁ)ﬂ(Qh0’18)% [9+7++9—7— v(ga, 025)

g _ _
= - u_(r1) v u_(ra) [gw(ql,Ols)wwv(@,@s}
cos Oy

+g-u(qr, 015) Y, 7-v(q2, 025)] (8.44)

where u(qy,015) and v(ge,025) are given in Eq. (6.47). A simple program for
FeynCalc is given in the section Software, Code 8.2l With that program we get
the following results,

2
M) = = ol [ 2 s, ra)s (11,0, 1) (1)
—g_ 5*(7’1,w2)3(r2,t2)}
2
M+, -) =— cosgw [_% s(wy,12)s™(t2, 1) 8™ (w1, w2)
+ % S*(’l“l,’LUQ)S(’I“Q,tl)S*(tQ,t1)] (845)
B 29 g- .
M(—,+) =— cos Oy [_m s(ra, ta)s(wa, wy)s™ (11, wn)
—+ % 5*<t1, 7”1)8('11)2, TQ)S(tl, t2>:|
2 _
M(=, =) =— cosgw [% s(ra, t1)s" (ta, t1)s(wa, wy)s™ (11, w1)

— g4+ 3*(?52’7”1)S(w2ﬂ“2)}

where ¢ = wy +wy, @o =ty + 1o with w? = 0,12 =0¢e 2 (w1 - wy) =2 (t; - t3) = m?.

P =

The expression for the width will then be,

dr 1 3 1 1 1
— = Oy — [ ds— [ = 2 )P
A 64n2My 87TM§/d ”147r/d "”147r/d g MO+ MG )]

HM(= ) + IM(=, =) (8.46)

The angles of the vectors @ (f1) are easily defined in the referential in which the
fermions with momentum ¢q; (¢o), respectively, are at rest. To do the problem
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numerically it is necessary to make a Lorentz transformation to the referential where
the Z is at rest and where the angles of the the vectors 7; are defined. In Fig. |8.5
it is shown a comparison between the analytical exact result of Eq. with a
numerical calculation using the Monte Carlo integration method Vegas [37]. The
agreement is excellent.

I' (MeV)
80

60

40

20

0 10 20 30 40 50
my (GGV)

Figure 8.5: Width Z — ff as a function of the fermion mass. The solid line
represents the exact calculation of Eq. (8.31)) and the dots the numerical calculation
using the helicity amplitudes for massive fermions.

8.3 e et — u ut scattering in the SM

Let us now return to the process e"e™ — pu~u* already studied in QED in Chapter|[5|
From what we have seen in the introduction to the SM, it is clear that the result
obtained in QED is an approximation, as in lowest order there are the two diagrams
of Fig. and in section [5.3| we only considered the first diagram where a photon is
exchanged. We are going to evaluate this process for the two diagrams to discover
if and where QED gives a good approximation. In what follows we are going to
neglect the electron mass but notﬁ the mass of the . We also have to include the
width T'z in the Z° propagator so that we can consider the region /s ~ Mz. In
these conditions the amplitude is,

—ig"

iM = (ie)? T(p2)yuu(pr) @(q1) () (8.47)

8In the calculation we will consider the process e—e*—sF valid for any fermion f, except for the
electron.
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D1 q1 y4! q1

P2 q2 p2 q2
Figure 8.6: Diagrams for e e™ — p~ ™ in the SM.
, e
o)

. 2
—19 — m e e _ v ( f . f )
+ (C089W> o)1 (95 = i) wlp) Ty, o, M) \9v = 9as ) vlaz)

Before we proceed we note a simplification due to the fact that we are considering
m, = 0. In these conditions the term in k,k,/M% in the propagator of the Z° does
not contribute. In fact this term is proportional to

0(p2)7" (9% — 9as) u(pr)ky =0(p2) (b1 + P2) (9v — gavs) ulpr)
=0(p2) (97 + 9475) Pru(p1)
+0(p2)p2 (9y — 9475) w(p1)
=0 (8.48)

where we have used the Dirac equation in the limit m, = 0, that is, p;u(p;) = 0 and
U(p2)p2 = 0. We can therefore, without loss of generality, omit that term from the
beginning. We then get for the amplitude,

62

M = V(p2)y"u(pr) u(q1)vuv(ge)

+ F(8)(p)y" (g5 — g53s)u(p1) Ta)valgl — hos)vlan)|  (8.49)
where
1 S

= 8.50
sin? Oy cos? Oy, s — M2 +iMzTy (8.50)

F(s)

Then we have

1
MP = S

spins

64

- = {Tr [Py’ | Tx [(dhr + mp)vu(le — mp) v, ]

+[F ()P Tr[por* (95 — 9975)017° (95 — 95475)]
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Tr[(dy + mp)valgl — ghvs) (d2 — mp)vs(gt — ghs)]

+2Re [F(S)Tl” [Py (g% — 9475)P17"]
T [(ds + mp)valo — o5) (o — s }
= {A+IF6)PB+2Re[F(5)C] } (8:51)

where the last line defines the quantities A, B e C'. Using the theorems on traces of
the v matrices we get, (see Prob. ,

A=32(p1-q1 p2-ga+ D1~ G2 P2 1+ MG P pa)

=45 [1+ cos® 6 + (1 — 5°) sin” 0] (8.52)

B :32{9{;2(932 +93) P @ P2 et @@t mfc p1- p2)
+ 90795 + 95 (P P2 2+ P12 P2 @ — MG Py pa)
— 49595909 (1 @ P2 e — P12 P2 - ql)}
:432{9{22(95}2 +¢57)[1 + cos® 6 + (1 — 5%) sin” ]
+ g4 (95° + 953°) B (1 + cos” 0) + 897 g9, 3 cos 9} (8.53)
and
C =32 [gevgé(pl QP2 G2+ PLeqa P2 @+ MG prLep2)
+g4gh(=p1 @1 2 g2+ p1-qa P2 ql)}
:452{g€/g{; [1 + cos? 0 4 (1 — /3?) sin? 9]

+ 2¢59% 5 cos 9} (8.54)

where we have used the same kinematics as in section 5.3, Using now the expressions

in Egs. (8.51)) and (8.54]) into the differential cross section given in Eq. (5.56) we

9This means that /s is total CM energy, @ is the scattering angle of the u~ with respect to the

direction of the e™ and g = /1 — 4mi/s is the velocity of fermion f in the CM frame.
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get,
do = a_2 B{Qz [1+ cos? @ + (1 — B?)sin? 0]
ds? 4s !
—2Q X4 (s) [g‘e,g‘f, [1+ cos® 0 + (1 — 5%)sin® 4] + 2¢5 g% cos 0}
+Xa(s) [9{;2(932 +¢5°)[1 + cos® 0 + (1 — B%) sin® 4]
+ gh2(g52 + 95782 (1 + cos0) + 8g5gf gl B cos 0] }(8.55)
where
1 s(s — M%)
X = F =
1(s) Re(F(s) sin? Oy cos? Oy (s — M2)2 + T2 M2
1 s

Xo(s) = |F(s)P = (8.56)

sin Oy cost Oy (s — M32)2 + T4 M2

To get the total cross section we have to integrate in the solid angle 2. We
obtain,

2 2
o= B{3 - B+ 2% (s)gi 01 (3 - 8°)

+Xa(5) [g2 (952 + 995 (3 — B + 204 2(¢. + 95%) 8] } (8.57)

while in pure QED we got Eq. (5.56)),

2ra’?

3s

83— 5% (8.58)

OQED =

As we said before, the expressions in Egs. (8.55)) and (8.57)) are written in such a
way that they can be applied to any fermion f (except for the e€). For the u= we
have

QR = -1
1
o _Z
gy 1
1
g = —Z+sm2ew (8.59)

In Figi8.7l we compare the result of Eq. (8.57) with the QED approximation in
Eq. (8.58)). We see that for /s < My the approximation is good, but for /s =~

40 GeV the differences become very large, especially for /s ~ M.
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Figure 8.7: Comparison of the cross sections for the SM and for QED.

8.4 The decay of the p~

We are going to finish these simple examples of calculations in the SM with the
decay of the muon. Historically this process was very important for the acceptance
of an effective and incomplete theory of the weak interactions, the so-called Fermi
theory. Today the process is understood in the SM of the electroweak interactions
through the diagram in Fig8.8] that show that the interaction with W boson is the

Vu
q1
u_ e
k i
q2 Te

Figure 8.8: Diagram for muon decay in the SM.

key to explain the decay. In fact this boson was proposed even before there was a
consistent theory and much before its discovery.
The amplitude corresponding to the diagram of Fig[8.§]is,

iM = (_—ig)zﬂ(ql)v“ <ﬂ) u(k) - <gW _ %) u(p)y” <ﬂ> v(qa)

V2 2 q® — M3, +iMywTw
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2 quqv

—i (g (1= ) w(k)aEIY (L = 7s) v(gs) e M
=i q1)7 V5 p)y V5) V{42 ¢ — M2, 1 iMyTy

(8.60)

where ¢ = k—¢q,. Once we know the amplitude, the decay width is obtained through
the usual rules, that is,

2

1 —— d?
P [ TR 80— 0 - o) s T

My (2m)32p° Pl

dgfh
(27)32¢)

(8.61)

where we have used the kinematics shown in the figure. Although apparently simple,
it turns out that there a difficulty because of the phase space of three particles,
something we have not seen yet in all the other examples. However one can make
an approximation that will simplify all the calculations. This approximation results
from the observation that ¢*> < ¢2.. = m < M},. Therefore we can neglect the
terms ¢,q,/M7, in the numerator and ¢? 1n the denomlnator of Eq. - This
approximation corresponds in fact to the effective Fermi theory and is equivalent to
collapse the propagator in one point,

I — i Guv

—_>_
¢ — My, My

(8.62)

In this approximation the amplitude becomes
2
g _ _
M = — =5 ulg)y" (1 =) w(k)u(p)y. (1 = 75) v(g2) (8.63)
8My,

and the average over spin of the square of the amplitude is then

1
M2 = 3 ZV\/”2
spins
g9 v
= 12807, Tr gy (1 —v5) (K + mu)y” (1 —s)]

Tr[(h + me)yu (1 — ¥5) 2y (1 — 75)]

g4

We get for the width,

9 d3(11 d3Q2 4
I'= o . ' |
(MW) 5m / / 0249 P—@1—q@)k-@p-q (865)

Now the phase space integration presents some difficulties, as we have nine in-
tegrations and only one 6*. However we can make use of the fact that the second
integral in Eq. (8.65) is Lorentz invariant and can therefore be evaluated in the more
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convenient reference frame. This frame is the CM frame of the system of the two
neutrinos, that are not detected in the decay. If we define,

Pq Py

Lp = / o 50 0 (A—aq — @)ad (8.66)
’ 2q7 245 ’

the previous argument about Lorentz invariance shows that we should have

[aﬁ = Agag + BAaAﬁ (867)

where A and B are functions only of the invariant A%, To determine these invariants
we note that
9P I,s = 4A + BA? (8.68)

and
A“AP,5 = AA? + BA* (8.69)

Now the integral in Eqs. (8.68]) and (8.69) are easily calculated if we note that
(af =5 =0)

1
9" a2 = q1 - @2 = 5A? (8.70)
and )
AQAﬁfha(hﬁ = (- A)q2-A) = (q1 - CI2)2 = ZLA4 (8.71)
Therefore )
9P Ip = §A2I (8.72)
and )
AYNPT,5 = ZA‘*I (8.73)
and to finish we have only the evaluate the scalar integral, I, given by
Pg Py
I = —= —Z A —q —
d3q1 1
= ———5(A" — ) — ¢ 8.74

In the CM frame of the pair 7, v, we have

0=
Eqr = () dg) d9 (8.75)

and therefore

1
1= g [ dinsa” - )
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1
= - [ dQ
8/

™

= 3 (8.76)
Using now Eqgs. (8.68), (8.69)) and (8.74) we get
1
EA% — 4A + BA?
L (8.77)
—A'Z = AA? + BA*
4 2 +
from which we get
A= %AQ
K (8.78)
12
and finally
4 2
Los = 57 (9apA? + 2A,Ap) (8.79)

Using this result and noticing that in our case A = k — p, we geﬂ

4 3
_ g 1 d°p w ) ) , Y
I = <Mw> @ /—— [3k - p(m2 +m?2) — 4(k - p)* — 2m>m?]

)5mu

mﬁ-&-mg

4
g 1 2mpy
- (M_W> R /m 6 dE.\/E? —m2 [3E.(m} +m?) — AE2m,, — 2m,m{]

45
g m, |1 2 2 4, .6y 9.4
= (-L) L =1 =) (1 -T2 =7 — Zat 8.80
<MW> 33473 LG( z7)( x "+ a°) 5% Inw (8.80)

where x = <. It is usual to write this expression in terms of the Fermi constant,

n

Gr g’
— = = (8.81)
Vi s
We get then
GZm?
= 1;%5 (1 —2%)(1 - Ta? — Ta* + 2%) — 242" In 7] (8.82)
Using now m,, = 105.7 MeV, m, = 0.51 MeV, G = 1.166 x 10~ MeV 2 we get
[ =295x 107" MeV = 4.48 x 10° s+ (8.83)
and therefore .
T=F =22 107%s (8.84)

This ends our study of the decay of the muon and this chapter on simple examples
of processes in the SM.

10GSee Prob. for the determination of the integration limits em F,.
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Software

Code 8.1 Spinor Products for Z — ff

(3 sk ok sk ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok SpinorProductsZfF.m ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok )
(¥ Program to Calculate the Helicity Amplitudes Z-> f fbar decay,
Eq. (6.39) of ITC 2020

Last Version: 04/05/2020

Author: Jorge C. Romao

email: jorge.romao@tecnico.ulisboa.pt
*)
Remove ["Global ‘*"]

(x Definitions *)
dpls_]:= (1 + s DiracMatrix[5])/2

Ulp_,s_1:= dp[s] . Spinorl[p,0]
UBar [p_,s_]:= SpinorUBar[p,0] . dpl[-s]

UBarGammaUGammaU=Function [{pl,p2,si,i},If[i==1, 2 U[p2,sil],
If[i==2, 2 Ulp1l,-silll];

UBarGammaUGammaUBar=Function [{pl,p2,si,i},If[i==1, UBar[pl,sil],
If[i==2, UBar[p2,-silll];

(* Amplitudes *)
gvga= gm dp[-1] + gp dpl[1]

Mi[s1_,s2_]:= -gZ Sum[(UBar[ql,s1] . UBarGammaUGammaU[rl,r2,-1,i1]
UBarGammaUGammaUBar [r1,r2,-1,i1] . gvga . U[q2,s2]),{i1,1,2}]

resl[sl1_,s2_]:=DiracSimplify[M1[s1,s2],DiracSubstitute67->Truel
vlist={ql,q2,r1,r2}

simpl=Table [Spinor [vlist [[i]],0] . Spinor([vlist([[j]],0] ->
MySP[vlist[[i]],v1ist[[j11] + MySPc[vlist[[jl],vlist[[ill],
{i,1,4},{j,1,4¥1 /. {Mysp[p_, p_]1 -> O, MySPclq_, q_1 -> 0%}
simp2=Table [Spinor [vlist [[i]],0] . DiracMatrix[5] . Spinor[vlist[[j]l],0]

-> -MySP[vlist[[i]],vlist[[j]]] + MySPclvlist([[jl],vlist[[i11],{i,1,4},
{j,1,4¥1 /. {Mysp[p_, p_1 -> 0, MySPclq_, q_1 -> 0%}

simp=Flatten [{simpl,simp2}];

M[si1_,s2_]:=Expand[(res1([s1,s2] /. simp)
/. {MysPla_,b_]1-> spla,bl,MySPcla_,b_]1-> spcla,b]l}]

(% % % % % % % % ok ok ok ok ok ok ok ok ok K K K End SpinorProductsZfF.m *  k ok ok ok ok ok ok ok kK kKK K )

Code 8.2 Spinor Products for Z — ff with mass

(***kkkk*kk*kkx*k*k*x*x*x**x SpinorProductsZfFMass.m sk ok ok sk ok ok sk ok ok ok ok ok ok ok ok ok ok K K k )
(* Program to Calculate the Helicity Amplitudes Z-> f fbar decay
with massive fermions, Eq. (6.45) of ITC

Compatible with FeynCalc 9.3
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Last Version: 04/05/2020

Author: Jorge C. Romao

email: jorge.romao@tecnico.ulisboa.pt
*)
Remove ["Global ‘*"]

(* Definitions x)
dpls_]:= (1 + s DiracMatrix[5]1)/2

Ulp_,s_1:= dp[s] . Spinorl[p,0]
UBar [p_,s_]:= SpinorUBar[p,0] . dpl[-s]

UBarGammaUGammaU=Function [{pl,p2,si,i},If[i==1, 2 U[p2,si],If[i==2,
2 Ulpl,-sil11]1;

UBarGammaUGammaUBar=Function [{pl,p2,si,i},If[i==1,UBar([pl,si],If[i==2,
UBar [p2,-si]]]1]1;

gvga= gm dp[-1] + gp dpl[1]

(* Fermions with masss *)

Um([pl_,p2_,m_,s_]:=(If[s==1,MySP[pl,p2],MySPclp2,p1]l]l/m Ulpl,s] +
Ulp2,-s1)
Vm[pl_,p2_,m_,s_]:=(If[s==1,MySP[pl,p2],MySPc(p2,p1]l]l/m Ulpl,s] -
Ulp2,-s1)

UmBar [p1l_,p2_,m_,s_]:=(If[s==1,MySPc[pl,p2],MySP[p2,p1]1]/m UBar[p1l,s]
+ UBar [p2,-s])

VmBar [pl_,p2_,m_,s_]:=(If[s==1,MySPc[pl,p2],MySP[p2,p1]1]/m UBar([pl,s]
- UBar[p2,-s])

(* Amplitudes x*)

Mi[s1_,s2_]:=-gZ Sum[(UmBar[wl,w2,m,s1] . UBarGammaUGammaU[rl,r2,-1,i1]
UBarGammaUGammaUBar [r1,r2,-1,i1] . gvga . Vm[tl1,t2,m,s2]),{i1,1,2}];

Mic[s1_,s2_]:=-gZ Sum[(VmBar[t1,t2,m,s2] . UBarGammaUGammaU[rl,r2,-1,i1]
UBarGammaUGammaUBar [r1,r2,-1,i1] . gvga . Um[wl,w2,m,s1]),{i1,1,2}];

res[sl_,s2_]:=DiracSimplify[M1[s1,s2],DiracSubstitute67-> Truel;
resc[s1_,s2_]:=DiracSimplify[Mic[s1,s2],DiracSubstitute67->Truel;

vlist={wl,w2,t1,t2,r1,r2%}

simpl=Table [Spinor[vlist[[i]],0] . Spinor[vlist[[j]],0] ->
MySP[vlist [[il],v1ist[[j]]] + MySPcl[vlist[[jl],vlist[[i]1],{i,1,63},
{j,1,6}] /. {MySP[p_, p_] -> 0, MySPcl[q_, q_]1 -> 0}

simp2=Table [Spinor [vlist [[i]],0].DiracMatrix [5].Spinor[vlist[[j]],0]->
-MySP[vlist [[i]],v1list[[j]]] + MySPclvlist([[j]l],v1list([[i]1]],{i,1,6%},
{j,1,631 /. {MysSpP[lp_, p_]1 -> 0, MySPclq_, q_]1 -> 0}

simp=Flatten [{simpl,simp2}];

Maux [s1_,s2_]:=Expand[res[sl1,s2] /. simp]
Mauxc[s1_,s2_]:=Expand[resc([sl,s2] /. simpl

M[s1_,s2_]:= Expand[Maux[s1l,s2] /. {MySP[p_, q_] -> splp, ql,
MySPclp_, q_]1 -> spclp, ql}]

Mc[s1_,s2_]:=Expand[Mauxc[s1l,s2] /.{MySP[p_, q_1 -> splp, ql,
MySPclp_, q_]1 -> spclp, ql} 1]
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(* Change to True to write OutputFortran *)

If [False,

ANS=Expand [M[1,1]*Mc[1,1]+M[-1,1]1*Mc[-1,1]+M[1,-1]*Mc[1,-1]+
M[_l ,_1]*MC [_1 > _1]] H

simp4={splp_,q_] spclp_,q_]1->2 dotlp,ql};

ANS=ANS /. simp4;

simp5={dot[t1,t2]->m~2/2,dot[t2,t1]->m~2/2,dot [wl,w2]->m"2/2,
dot [w2,wl]l->m~2/2};

ANS=ANS /. simp5 ;
ANS=ANS /. simp4 ;
ANS=ANS /. simp4d ;
ANS=ANS /. simp4éd ;
ANS=ANS /. simp5 ;

SetOptions [$0utput ,PageWidth->65];
mpp=M[1,1];

mpm=M[1,-1];

mmp=M[-1,1];

mmm=M[-1,-1];

stmp=0penWrite ["ZfF.f" ,FormatType -> FortranForm];
Write[stmp,"MPP=",mpp]l;

Write[stmp,"MPM=",mpm];

Write[stmp,"MMP=",mmp];

Write[stmp,"MMM=",mmm] ;

Close[stmp];

]

(o kok ok kR ok ok okokok ok kokkokokkokkok k- End Program  kokskokskokokokok kokkokokokok ok kok ok ok ok % )
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Problems

8.1 Consider the two decays of the Z° boson,

VAR (8.85)
7% s evet . (8.86)

Show that (20 s o)
T2 5o ~ 2. (8.87)

8.2 Derive Eq. (8.26)),

T, = Tr [(gl +mp) (95 - gfns) (d2 = ms) < 9”5)}
m? (gf - 9,’;2)

20" 12y 9197%] (8.89)

= 4 [(952 + gff) (1020 + Qo — Guv @1 - G2) — G T

8.3 Neglecting all fermion masses show that

[(Z° — e et)
L'z

BR(Z° — e et) = ~ 3.4% (8.89)

where I'y = I'(Z° — tudo).

8.4 Consider the process ete™ — v,7,. Neglect the fermion masses.
a) Draw the diagrams that contribute in lowest order to this process.
b) Write the amplitude that corresponds to the dominant diagram for /s ~ M,.
¢) Show that for /s ~ M, we have

olete” = v.7,)
olete” — ete)

~ 2 (8.90)
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8.5 Consider the decay W~ — e~ ..

a) Determine the velocity of the electron in the rest frame of the W.
b) Write the expression for the amplitude for this process.

¢) Neglecting the electron mass, determine the expression for the decay width.
Compare with the experimental result I'(W ™~ — e~ 7,) = 229 MeV.

8.6 Determine the branching ratio BR(W~ — e~ v) defined as

W™ = ev)

BR(W™ — e v) = TOV- o AID

(8.91)

where I'(W~ — All) = I'yy = 2.0 GeV.
8.7 Verify Eqs. (552), (853) and §51).

8.8 Show that in the muon decay, the energies of the electron in the rest frame of
the muon, are in the interval,

(8.92)

8.9 This problem is meant to illustrate the gauge invariance of the electromag-
netic current, which is true not only in QED but also in the SM. For the following
processes;
et +e =, +7,+7 Z% — eety T S v+ T+
v,+e —uv,+e +v e et >put+pu +y e +et > v, +v.+7y
W= —e +0.+7 Vpte = u +re+y t—=>b+ Wt 4+~

a) Draw the diagrams that contribute in lowest order. Do not forget that lepton
number is conserved in the SM (neglecting neutrino mixing).

b) Write the expression for the amplitude of each process and verify its gauge
invariance, that is, if

M = eH(k)V,
then
E'V, =0

where k* is the 4-momentum of the photon.
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8.10 Although the 7* meson (pion) is not an elementary particle, as it is made
of quark-antiquark pairs, for some processes it is a good approximation the assume
that is a point like particle with an effective interaction. Then the vertex responsible
for the process 7+ — et + v, is

Ve

_____ Gr ...
D 3 S (1 = 5) pu
et
a) Write the amplitude for the process.

b) Write an expression for the ratio R defined by

[(rt —etr,)

B T o)

(8.93)

as a function of m., m, and m,. Compare your value with the experimental
result, Rey = 1.23 x 1074,

c) Knowing that the lifetime of the 7t is, 7, = 2.6 x 1078 s, and that V,4 = 0.974,
determine the constant f.

d) The result from b) may seem strange, as the decay width of the electron
channel is much smaller than that of the muon channel, although the available
energy (phase space) is much larger. Show that R = 0 in the limit m, = 0.
Explain this result.

8.11 Consider the process 7= — m~ + v,. The effective vertex is given by

J Gr

N * fr ! 1—
k \\q \/§ udf q fYIJ‘( 75>

a) Write the amplitude for the process.

b) Determine the decay width, I'(t~ — 7+, ). Consider that the v, is massless,
but do not neglect the masses of the other particles.

c¢) Knowing the the lifetime of the 7 is, 7. = 2.9x107!3s, determine the Branching
Ratio for that channel. Take f, = 131 MeV and V,4 = 0.974. Note: The
definition of the pion decay constant, f, differs in the literature by factors of
V2. Our definition is that of Griffiths [46] and corresponds to the vertex given
in the figure.
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8.12 The main decay of the 7% is in two photons with a Branching Ratio given
by BR(7® — ~7) = 98.8%. This process is an higher order process (loop) as the
7% being neutral has no direct coupling to the photon. We can parameterize this

coupling through an effective Lagrangian,

L

which gives and effective vertex,

q1

q2

I

1%

= g0 ﬂoeo"‘ﬁ”Faquy

—8i gro €7 q10qap

a) Write the expression for the amplitude.

b) Show that the width is given by,

c) Knowing that the lifetime of the 7° is, 70

constant g,o.

8.13 Consider the muon decay, 1~ — e~ +V.+v,. Evaluate without approximations

2 3
gﬂ'o mﬂ'

™

=

the decay width and compare with the result obtained in section

8.14 When we neglect the lepton masses and consider that the CM energy, /s, is
much smaller than the masses of the W and Z bosons, the total cross sections for

the processes shown in the table below,

Process i
Vp+e —u +1e 1
_ _ o 1
Vet e — U +7U, 3

vyte —vy,t+e

3

[(gv2 + g4%) (977 + 95°) + 2909497 94

v,t+e —v,t+e

p et s, + 7,

Ve+€e —v,+e”

= 8.4 x 107! s, determine the
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can all be written as \

G s
T

g; =

a) Show that this is true, verifying the values already in the table and filling the
other entries.
b) Show that

o(vy+e —uv,+e) 3LZ+R?
oW, +e =V, +e) L2+ 3R2

where,
L. = gy + g4, Re = gy — g4

¢) Define R(z) = o(ve”™ — ve”)/o(V, +e~ — U, +e”) where x = sin’ .
Verify that R(0.25) = 1.

d) Consider the process v, + e~ — v, + e~ in the SM. Reproduce the plot in
Fig. 8.9

M M BT RS T T
0 50 100 150 200
Egy (GeV)

Figure 8.9: Comparison of the approximate result for low energy (blue curve) with
the exact result (red curve) for the process v, + e~ = v, +e.

8.15 In Problem we studied the process, v,(p1) + e~ (p2) = vu(ps) + €™ (pa).
The results, for low and mid range energies shown in Fig. are not clear about the
high energy behaviour of the cross section. This process, that has only the t-channel
7 exchange diagram, allows us to study this behaviour without worrying about the
interferences with other diagrams. Neglect the fermion masses in this problem.
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a) To solve this problem one has to find an explicit expression for M(s,#). To
be able to get that one needs to have explicit expressions for the spinors, or
apply the spinor product technique and use the explicit form of Eq.
as it was explained in section [6.3.1, Show that there are only two non-
vanishing helicity amplitudes, M(——; ——) and M(—+; —+) with the no-
tation M(huu, he; b, he). Find the expression for these amplitudes in terms
of the spinors products, and then as functions of s and 6.

b) Show that these amplitudes for very energies, \/s > My, tends to a constant,
except for the exceptional angle § = 0, where 6 is the scattering angle of the
v,. This is the required behaviour for an amplitude to respect unitarity (see
the discussion in the book of Jiri Horejsi [71]).

c¢) In the discussion of unitarity [12}/71] one defines the partial wave expansion
(due to Jacob and Wick [72]),

=3 “%”(zj + 1)]a(s)]?, (8.94)

where the partial wave, ay, is defined by

1

- /_ M(5,6)Ps(cos B)d(cos). (8.95)

aj

and the P; are the Legendre polynomials. For the two helicity combinations,
find ag and a; and show that they diverge logarithmically in the high energy
limit, /s > M. Note that

op(s) = s [o(——;—=) + o(—+; —+)] (8.96)

in an obvious notation (see appendix E of Ref. [71]).

d) Show that, despite the behaviour of the amplitudes, the cross section tends to
a constant as y/s > M. Find this constant, that is,

4
) . g 2 4
1 =opp=—2>—(1—4 8
ANz or(s) =omue 1287TM%C%V( sw ot 8sw)
GQ
:4—;M§(1 — 483, + 8syy) . (8.97)

e) Verify numerically with CalcHEP. Make sure to use the same constants.

f) Evaluate a;(——;——) and a;(—+; —+) for J =0,1,...,9. Using these results
evaluate numerically

O-Jmax —

[UJmax(__; ——)+ UJmax(_+; _-1-)] , (8.98)

N | —
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where, for instance,

| T2 167 2
o (——y——) = Z T(QJ + Dfas (== =), (8.99)

J=0

Show that you reproduce the plot of Fig. [8.10, where we compare or with
gJmax for Jmax —(,1,...,09.

ot
0 400 800 1200 1600 2000

Ecm (GeV)

Figure 8.10: Comparison of the total cross section with the partial wave expansion

of Eq. (B94).

8.16 Consider the process v, + e~ — pu~ + v, in the SM, but assume that the
coupling of the W with the leptons is modified to

1— 1—
iv“( 75)%%.17#( avs)

N NG >

where, a = 1 — €, and € is a small number.

—1

a) Write the amplitude for the process.

b) Consider that the CM energy is much smaller that the W mass. Write that
the expression for the amplitude in this approximation.

c) Evaluate the differential cross section do/dS) in the CM frame, in the limit
where we neglect all the fermions masses. The angles in df) are those cor-
responding to the direction of the g~ in the CM frame with respect to the
direction of the incident v,,.
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d) Determine the total cross section ¢ in the CM. What would be the necessary
precision in the measurement of ¢ in order to have a 5% error in the determi-
nation of €7

8.17 Consider a more general theory than the SM, where we have n fermions f;

and their antiparticles, f;", where i = 1,2,...n. The general interaction with the Z

boson is given by,

fi

Z 9 (OLP,+ ORP
COSHWW( 1P+ OrPp)

i
a) Write the amplitude for the process Z — f;” fj*.

b) Show that we get for the width,

i oy ([ ] -]

1
X {(O% + 03%) {1 — (2} +27) — %(:cf - x?)ﬂ + 6OLOinxj}

2
where x; = m;/Mj.

c¢) Show that in the case of f;” = f;” = e (electron) the expression reduces to the
known result. Identify Oy and Ogp for this case.

8.18 Consider the process ee™ — ff  (with f # e™).
a) Evaluate the differential cross section do/dfQ.

b) Find an expression for the front-backwards asymmetry App defined by,

where ) p . p
o o

=2 d — =2 —

oF 7T/0 ((:089)dQ 0B 7T/_ d(cos@)dQ

1

¢) Show that for /s = My the App can be written as

Ao B 497 949v 94 _ 31(cp)? = (cR)*] [(c
FB — -

4(g5)* + (92)°1 [(9v)* + (92)?] 4 1(cp)® + ()] [(c})® + (cR)?]

where
cL =9v + 94, CrR=9v — ga-.
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d)
e)
8.19

a)

b)

Make a plot of App as a function of /s in the interval [70,110] GeV, for the
1 lepton and for quarks of type u and d.

Look in the literature for the corresponding experimental values and compare
the results.

Consider the process e"et — ZH

Evaluate the total cross section as a function of the mass of the H boson for
a CM energy /s = 500 GeV. Make a plot of o(e”et — ZH) as a function
of My. (Note: this problem was specially relevant before the discovery of the
Higgs boson at 125 GeV.)

Consider now the process e et — H{;(;. Show that

3
Za(e_e+ — Hll;) ~o(e"et — HZ) x BR(Z — leptoes) (8.100)

To understand this result make a plot of
d0(6_6+ — H&Z)

dEy

(8.101)

as a function of Ep.

8.20 Consider the process e“et — Z929.

2)
b)
)
)

8.21

Write the amplitude for the process.
Determine the differential cross section.
Evaluate the total cross section.

Make a plot of the total cross section as a function of the CM energy /s, for
values from the threshold to 250 GeV.

Consider the process e~ + et — v, + U, + H.

Show that the differential cross section for this process can be written in the
form,
dEgdcost  /2r3s

where /s is the center of mass energy and Ey, py = /E% — M% and 6
are, respectively, the energy, the linear momentum and the polar angle of the
Higgs boson in that frame. In the previous expression X, Xy and X are,
respectively, the contributions from the diagrams with the Z, with the W and
their interference. Determine X, Xy and X;.

(Xz + Xw + X))
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b) Make a plot of the cross section o(e”e™ — v,V H) as a function of the Higgs
boson mass, My, for /s = 192 GeV, and for My between 70 GeV and
140 GeV. Compare in the same plot the contribution from the Z, the W
and their interference. Comment on the results. Neglect the masses of the
leptons and the width of the W and Z whenever it is possible.

8.22 Consider the process Z — H + J in a BSM theory that, besides the SM
particles, has a scalar boson H and a massless pseudo-scalar J, with the coupling,

,J
A g
Z R ——— (p1 — p2)¥
ANNA 2 cos Oy
\\\\‘pQ
\\ H

a) Write the amplitude for this process.
b) Evaluate the decay width as a function of the masses Mz and My.

¢) Show that in the limit My < M the contribution of this process to the width
of the Z is equivalent to 1/2 of one neutrino family.

Note: Before the discovery of the SM Higgs boson with a mass of 125 GeV,
this process was used to put constraints in models with spontaneous flavour
violation [73].

8.23 Consider the process e et — W~ W,

Draw the diagrams that contribute to this process in lowest order.

)

b) Write the expression for the amplitude.
) Evaluate the cross section in the CM frame.
)

Show that the behaviour of the cross section is determined by cancellations
that have origin in the fact that the SM is a gauge theory. For this, show that,

Tals

lim Oy —exchange —
s>M2, 8 96 sin? Gy M},

while
. Ta? 1 S
lim Ototal — =i, In —5
s>MZ, 2sin” Oy s miy

Make a plot of the two cross sections as a function of /s.
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8.24 Consider the process, v, +d — e~ + u, in the SM.
a) Draw the diagrams that contribute in lowest order to the process.
b) Write the amplitude for this process.

c) Evaluate, in the CM frame, the differential cross section, do/dS2, in the limit
where we can neglect all fermion masses. The solid angle € corresponds to
that of the electron with respect to the direction of the v,.

d) Evaluate the total cross section, o(s), and show that,

S «
lim o(s) =0y (—2>
V&> My muy,
Determine the constants oy and «a.
8.25 Consider the process
ve+et — 8§t 4+ 59

in a theory with the following vertices,

_____ S+ ig S () tg

Ve f*
where ST, S are scalars (spin 0), and f* it is a fermion (spin 1/2) with mass m;.

v, and et are, respectively, the electron neutrino and the positron.

a) Draw the diagrams that contribute to process in lowest order.
b) Write the amplitude for the process.

c) Evaluate in the CM frame the differential cross section, do/dS2, in the limit
where one can neglect all initial and final state masses. 2 corresponds the
solid angle of the ST with respect to the direction of the v,.

d) Determine the dominant term in the total cross section, o(s), when /s > my.
How does it behave with respect to 1/s?
Hint: use the following results,
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/1d i L (omet D) 400
r——— = — ne+ - £
1 (142 —2)? 2 2

where ¢ < 1.
8.26 Consider the process et + e~ — ¢ + v in a theory described by the following
Lagrangian,

1 1 —
L = Lqep + 5@@ oo — §m§,¢2 — By ¢

where ¢ is a neutral scalar field and v is the electron. Besides the Feynman rules
for QED, we have those of the figure,

a) Draw the diagrams that contribute to the process in lowest order.
b) Write the amplitude for the process.
c¢) Show that the amplitude is gauge invariant, that is, if M = (k) M, where
k is the 4-momentum of the photon, then we have, k*M,, = 0.
8.27 Consider now the process ¢ — et + e~ for the theory described in Prob.
a) Write the amplitude for the process.

b) Evaluate the decay width I'(¢p — et + e7) as a function of the parameters of
the model.

¢) Imagine the one measures my = 1.8 GeV and a lifetime 7, = 8.5 x 107% .

What is the value of 57 Take m, = 0.511 MeV

8.28 Consider the following process for Higgs production at a future collider,

e”(p) + et (p) = Z(q) + Z(q2) + H(k)

a) Determine the cross section in the CM frame as a function of the masses of
the particles and the CM energy, +/s.

b) Make a plot of the cross section for three values of the Higgs boson mass,
My = {90,120, 150} for /s € [MH + 2My + 10,2000 GeV. Note: These
values were before the Higgs boson was discovered, of course.
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¢) Look in the literature for data on this process and compare with your results
and with the plot in the left panel of Fig. [8.28|

d) Show that the interferences are crucial for the decreasing of the cross section
with the CM energy, therefore not violating the unitarity limit. For this re-
produce the plot in the right panel of Fig. [8.28| where we did not consider the
interference contribution.

1 30
© sl My =90 (GeV) | © 25 My =90 (GeV) |
My =120 (GeV) H My =120 (GeV)
i My = 150 (GeV) 20 My =150 (GeV) A4
0.6 L
[ 15— _
04— [
| 10—
02
5 —
0 L | L | L | L 0 L L L | L
0 500 1000 1500 2000 0 500 1000 1500 2000
Vs (GeV) Vs (GeV)

Figure 8.11: Left panel: Cross section for o(ete™ — HZZ) with all the diagrams;
Right panel without the interference diagrams

Hints:
1. Neglect the electron and positron masses.
2. Do not forget that you have two identical particles in the final state.

3. In d) we argued that the signs are crucial to get the correct result. Use
FeynCalc to do the traces. It is useful to note that we can write (with appro-
priate I';):

M = 0(pa)Tiu(p1)

4. In the plots show the cross sections in fentobarn (£b).

5. To do the numerical integration it can be useful to look for similar examples
in my site [37].
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8.29 Consider the decay y — ¢ + ¢~ in the model described by the following
Lagrangian,

1 _ 1 _ _
L= 350, 0"x + 0,07 097 — §mi X>—mi ¢t o+ oo x
where y is a neutral scalar field, and ¢* é is a charged scalar field. This charge
corresponds to some internal symmetry and it is not the electric charge, therefore
there is no interaction with photons. The constant p has dimensions of mass. The
propagators and the only vertex are,

AN +
p ¢ . X
""""""" 2 2 ,"""' Z/“L
p m@x "_
S0

In the vertex all particles are entering the diagram. Notice that ¢* entering corre-
sponds to ¢ leaving the diagram.

a) Write the amplitude for the process.

b) Evaluate the decay width I'(xy — ¢ + ¢~) in terms of the parameters of the
model.

c) What is the lifetime, in seconds, knowing that m, =5 GeV, m, =1 GeV and
p =10 GeV.

8.30 Consider the process ¢~ + x — ¢~ + x in the model described in Prob.

a) Draw the diagrams that contribute to the process in lowest order.
b) Write the amplitude for the process.

c¢) Consider that /s > my, m, and that therefore it is a good approximation to
take my = m, = 0. in these conditions evaluate the differential cross section,
as a function of the CM energy +/s) and scattering angle 6.

d) In the conditions of c) evaluated the total cross section in the CM frame for
gmin < § < 7 — 0™, What would happen if 6™ = 0? Would this be a real
problem?

8.31 Consider the process et + e~ — ¢ + ¢ + 7 in a theory given by the following
Lagrangian,

1 1 i _
-m? x2—§m§> ¢2+§¢2x—ww

1 1
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where x and ¢ are neutral scalar fields and 1 is the electron. The constant p has
mass dimension in our natural units system and X is dimensionless. Besides QED
the new propagators and vertices are,

\\(b (&
p 1 X . X .
""""" PR et ip T A
pm = Mg R
’ ¢ e

a) Draw the diagrams contributing in lowest order to the process.

b) Write the amplitude for the process.

c¢) Show that the amplitude is gauge invariant, that is, if M = (k) M,, where
k is the 4-momentum of the photon, we have then, k*M,, = 0.

8.32 Consider the decay x — e + e~ in the model described in Prob. |8.31}

a) Write the amplitude for the process.

b) Evaluate the decay width T'(x — et + e7) as a function of the parameters of
the model.

¢) Imagine that one measures m, = 1.8 GeV and a lifetime of 7, = 1.3 x 10~
s. What is the value of A? Take m, = 0.511 MeV.
8.33 Consider the process e™ + y — e~ + x in the model described in Prob. 8.31]
a) Draw the diagrams that contribute in lowest order to the process.
b) Write the expression for the amplitude.

c¢) Consider that /s > m,., m, and that therefore it is a good approximation to
take m. = m, = 0. In these conditions evaluate the differential cross section
in the CM frame, as a function of the CM energy, /s and scattering angle 6.

8.34 Consider the following process,

67(]?1) + €+<p2) — Ve<p3) + ve<p4)

Neglect the masses of all fermions.

a) Use the program qgraf [41] to verify that there are two diagrams in lowest
order and that there is a relative minus sign between them.

b) Use the technique of the spinor products (helicity amplitudes), to write the
amplitudes for the process.
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c) Using the results from b) evaluate the total cross section in the CM frame,
for /s € [40,300]GeV. Make the corresponding plot, with the cross section in
picobarn (pb).

8.35 Consider the process e™ + ¢ — e~ + 7 in a theory described by the following
Lagrangian,

1 1 1 1 1 —
L= Lqrp + 5(‘9,@ oMo + 50;0( ox — §mi ¢ — §mi X* — SH O*X — B Yysth ¢

where ¢ is a neutral pseudo-scalar field, x is a neutral scalar field and v is the
electron. The constant [ is dimensionless in our natural system of units, and the
constant p has dimensions of a mass. Besides QED we have the following propagators
and new vertices,

e \~(b
P i ¢ , s X
--------- P> — m? Tt s Y
)X 7 ,,qs

a) Draw the diagrams that contribute in lowest order to the process.

b) Write the amplitude for this process.

c¢) Show that the amplitude is gauge invariant, that is, if M = (k) M,, where
k is the 4-momentum of the photon, then we have kM, = 0.

8.36 Consider the process,

Ve(p1) + e (p2)+ — ve(ps) + € (pa)

a) Use the program qgraf [41] to verify that in lowest order there are two dia-
grams with a relative minus sign.

b) Use the technique of the spinor products (helicity amplitudes), to write the
amplitudes for the process.

c) Using the results from b) evaluate the total cross section in the CM frame, for
Vs € [100,500]GeV. Make the corresponding plot, with the cross section in
picobarn (pb).

d) Compare the exact result evaluate here with the approximate result of Prob.
Make a plot of the two results in the relevant energy range.

8.37 Consider the process H — ¢~ + v, + WT. Neglect the fermion masses, but
not the mass and widths of the gauge bosons.
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a) Draw the diagrams for this process in lowest order and write the amplitude.

b) Using the technique of your choice, evaluate the decay width. Make a plot of
the decay width as a function of the Higgs boson mass, My, in the interval,
M € [100,200] GeV. Compare, in the same plot, with the width, I'(H — bb).
Verify that you reproduce the plot shown Fig. [8.12

100 F———

107 ¢

N AN N B DU B
100 120 140 160 180 200

my (GeV)

Figure 8.12: Comparison of the partial widths, H — e~ + 7, + W¥ (red), and
H — b+ b (blue).

8.38 Consider the process e~ + x — e~ + 7 in a theory described by the following
Lagrangian,

1 1 1 1 1 1 —
L= ﬁQED+§5u¢ (0,80 +§8uX % —§mi ¢2—§mi X2—§M1 ¢2X—§M2 o> — g x

where ¢ and x are neutral scalar fields and v is the electron. The constant g is
dimensionless and the constants i, s have dimension of mass in our system of
units. Besides QED we have the new propagator and vertices,

a) Draw the diagrams that contribute to the process in lowest order.

b) Write the amplitude for the process.
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c) Show that the amplitude is gauge invariant, that is, if M = (k) M, where
k is the 4-momentum of the photon, then we have kM, = 0.

8.39 Consider the process e~ + et — ¢ + x in the model described in Prob. [8.38

a) Draw the diagrams that contribute to the process in lowest order.
b) Write the amplitude for the process.

c¢) Consider that /s > m,, m, and that therefore is a good approximation to take
me = mg = m, = 0. In these conditions evaluate the differential cross section
do/dQ) in the CM frame as a function of the CM energy /s and scattering
angle 6.

d) Knowing that for y/s = 100 GeV one has measured the cross section, o(e™ +
et — ¢+ x) = 4 pb, determine, in GeV, the product gus.

8.40 Consider the decay of the top quark, t — b+W ™ in the SM. In the calculations
neglect the mass of the bottom quark, b.

a) Write the amplitude for the process.
b) What is the velocity of the W boson in the rest frame of the top?

c) Evaluate the expression for the decay width, I'(t — b+ W), in terms of the
model parameters.

d) Knowing that the polarization vector for the longitudinal polarization of the W
boson, in a frame where it moves with velocity f is given by &7 = (v58,v5/5),
show that the fraction of the decays for which the W is longitudinally polar-
ized is,

my

=
ETom2oME,

8.41 Consider the process v, +e~ — u~ + 1, in the SM.

a) Assume that all the energies are much smaller that the W boson mass. Write
the expression for the amplitude in this approximation.

b) Evaluate the differential cross section do/df2 in the CM frame, in the limit
where all fermion masses are neglected. The angles in the solid angle df) are
those, in the CM, that the direction of the u~ with respect to the direction of
the incident v,.
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c) Evaluate the total cross section in the CM. Express the result in picobarn for

Vs =5 GeV.

8.42 With this problem we want to show the crucial role that the Higgs boson has
in the consistency of the Standard Model. For this consider the following process in
the CM frame,

Wi (p1) + Wi (p2) = Wi (1) + W (g2) (8.102)

where the momenta are indicated and the subscript L means that the W+ bosons
are longitudinally polarized.

a) Knowing that in the rest frame where, p* = (My,0,0,0), the longitudinal
polarization vector is, €7 (p) = (0,0,0, 1), satisfying e.(p) - er(p) = —1 and
er(p)-p =0, show that in the frame where the W moves with velocity 5 , this
vector is,

et (p) = (v8,7P)

where, as usually, g = p/E, v = /1 — % and B = 5/5 Verify that the
invariant relations e (p) - e(p) = —1 and .(p) - p = 0 are kept.

b) For processes with two particles in the initial and final state, one can show
that unitarity (probability conservation) has the consequence that the total
amplitude for the process, in the high energy limit, s > M3, has to be
constant or decrease with the energy. Show that this means that the total
cross section decreases with energy.

c) Write the amplitudes for the process in Eq. (8.102). Write the amplitudes in
the form,
M =M, + M, + My + M (8.103)

where, in an obvious notation, M?, ,, is the sum of the diagrams for the s
channel for v and Z° and similarly for the others.

d) Consider now the high energy limit. For this define a dimensionless variable,
r = s/(4M7,) and show that the various amplitudes can be written in the
form (x> 1),

M; = Aix® + Bix + C; + O(1/x)

e) In agreement with the result of b) we should have
S0 S0

where the sum is over all the diagrams. Show that this happens to > . A; = 0,
that originate only in the gauge couplings, but that for ) °, B; = 0 the diagrams
for the Higgs bosons, with the couplings coming from the Higgs mechanism,
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are crucial, showing in this way the fundamental role of the the Higgs boson
in the consistency of the theory.

Hint: To check that you are in the good path, we leave here some intermediate
results,

3 15
ALy = —4¢* cos ), B§+Z =g (—5 + 7COSQ>

where 6 is the scattering angle, in the CM frame, between the momentum ¢;
and the incident momentum pj.

8.43 Consider the main production process of the Higgs boson in a linear collider,
e et - ZH

a) Evaluate the total cross section in the CM frame as a function of the masses
of the Z and H bosons and the CM energy /s. Neglect the electron mass.
You can use any method at your disposal.

b) Make a plot of the total cross section for /s € [M o+ My, 1000} GeV and for
three values of the Higgs boson mass, My = 110, 125,140 GeV.

c¢) Consider now that the Z° boson is longitudinally polarized (see Prob. [8.42)).
Evaluate the total cross section o;. Make a plot for My = 125 GeV and for

Vs € [MH + My, 1000] GeV, of the ratio

oL

or+or

Discuss the result in the limit when /s > My, M. Note that you do not need
to evaluate the cross section, o7, for the transverse polarization, as oroia =
o1, + or and oo, is the result of a).
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Chapter 9

Radiative Corrections

9.1 QED Renormalization at one-loop

We will consider the theory described by the Lagrangian

1 1

Lagp =~ Py = 520+ AP+ +eA=m)0 (9.1)
The free propagators are
B > o ! =5%..() (9.2)
D p—m+ic Ba pa
9w kuky

M/\N\?NV\/ v ! {k2+i€ =9 (kzﬂ'f)Q}

o k,k, 1 k. kK,

- _Z{(g"”_ 2 ) Prie TS }

= G, (k) (9.3)

and the vertex

313
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[ Fie(Vu)pa  €=le[>0 (9.4)

B

We will now consider the one-loop corrections to the propagators and to the vertex.
We will work in the Feynman gauge (£ = 1).

9.1.1 Vacuum Polarization

In first order the contribution to the photon propagator is given by the diagram of
Fig. that we write in the form,

p+k

Figure 9.1: Vacuum polarization.

GW(k) =G, (k) i 11" (k)GY,, (k) (9.5)
where
. B o [ d'p TP+ m)n @+ E A+ m)]
Mal) = ~crief Cr P —mi i) (p+ BE—mitie) O

— —462/ d4p [zpupu +puku +puk,u - g;w(pQ +p- k— m2)
@2m)t  (p? —m? +ie)((p+ k)? — m? + ie)

Simple power counting indicates that this integral is quadratically divergent for
large values of the internal loop momenta. In fact the divergence is milder, only
logarithmic. The integral being divergent we have first to regularize it and then to
define a renormalization procedure to cancel the infinities. For this purpose we will
use the method of dimensional regularization. For a value of d small enough the
integral converges. If we define ¢ =4 — d, in the end we will have a divergent result



9.1. QED Renormalization at one-loop 315

in the limit ¢ — 0. We get thereford]

i (ke) = —de? / A [2p,py + Duky + Py — G +p - k —m?)]
p\Rs K (2m)d (p2 —m2 +ie)((p + k)2 — m2 + ic)
— —462 Me/ ddp N#l/(p, k) (9 7)
(2m)d (p2 —m? + ie)((p + k)% — m? + ic) .
where

Nm/(pv k) - 2p,upl/ +puku +puku - g,LLV<p2 —}-p k- m2) (98)

To evaluate this integral we first use the Feynman parameterization to rewrite the
denominator as a single term. For that we use (see Appendix [D.3)),

1 1
e e (9.9)
ab Jo [az+b(1 — x)]
S to get
N (p. k
iHW(k,e):—éle 1 / d:v/ P F) 2
[z(p+ k)2 —2m? + (1 — x)(p? — m?) + ic]
N, (p. k
:—46,u/da:/ (P F)
[p? + 2k - px+xk2—m2+zg]

= —4e’p / dx/ N (p. 1) — (910

[(p+ kx)? + k22(1 — x) — m? + ic]

For dimension d sufficiently small this integral converges and we can change variables

p—p—kx (9.11)
We then get
d? kx, k
i, (k€)= —4e’ / dx/ pd (p — k. k) (9.12)
[p? — C + i€
where
C=m?—kz(1—u1) (9.13)

N, is a polynomial of second degree in the loop momenta as can be seen from
Eq. . However as the denominator in Eq. (9.12)) only depends on p? is it easy

to show that
/ d’p P
d —5 =0
(2m) [p2 — C + i€

"'Where p is a parameter with dimensions of a mass that is introduced to ensure the correct
dimensions of the coupling constant in dimension d, that is, [e] = %d = 5. We take then e — eps.
For more details see the Appendix
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Im pOAL

A 4

Figure 9.2: Wick rotation.

d’p p'p” 1, [ d P’
/2 m— .Zzagu/2 B (9.14)
(2m)¢ [p? — C +ie] (2m)4 [p2 — C + i€

This means that we only have to calculate integrals of the form

d 2\7
L = /dp (»*)

(2m)¢ [p? — C + ie™

dp [0 )
B /(QW)d/dp > —C +ie" (9.15)

To make this integration we will use integration in the plane of the complex variable
p° as described in Fig. 9.2l The deformation of the contour corresponds to the so
called Wick rotation,

+o0o +oo
" — ip% : / — / dp', (9.16)

[e.e] e}

and p* = (p°)* — [p* = —(p})* — [P* = —pf, where pp = (pf;, p) is an Euclidean
vector, that is

ry = (p)* + [pl” (9.17)
We can then write (see the Appendix for more details),
. d'pp Py

Ly = i(—1)7 _ 9.18

n=it-0 [ o 1)

where we do not need the ie anymore because the denominator is positive defi-
niteﬂ(C > 0). To proceed with the evaluation of I, ,, we write,

/ dpp = / dpp 7 dQy_y (9.19)

2The case when C < 0 is obtained by analytical continuation of the final result.
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where p = /(p%)? + |p]? is the length of of vector pg in the Euclidean space with d
dimensions and df2;_; is the solid angle that generalizes spherical coordinates. We
can show (see Appendix) that

5
s
dQg_1 =2 (9.20)
/ r'(5)
The p integral is done using the result,
o0 p I (2l ose—2m+l)p (_p _1
/ dﬂ? z — ( 2 ) ? ( 2 +m 2) (921)
0 (24 C)m 2T(m)

and we finally get

et CD IO D) TOn =)
frm =1C i @ T(m)

Note that the integral representation of I, ,,, Eq. is only valid for d < 2(m—7)
to ensure the convergence of the integral when p — co. However the final form of
Eq. can be analytically continued for all the values of d except for those where
the function I'(m — r — d/2) has poles, which are (see section [D.2)),

(9.22)

d
m—T—Q#O,—l,—Z... (9.23)

For the application to dimensional regularization it is convenient to write Eq. (9.22)
after making the substitution d =4 — e. We get

—iﬂ 4_7T 3 o F(Q—l—r—%) F(m—r—2+§>
b =y (c) ¢ fo 1) Fo

that has poles for m —r — 2 < 0 (see section |D.2)).
We now go back to calculate II,,. First we notice that after the change of

variables of Eq. (9.11)) we get, neglecting terms that vanish due to Eq. (9.14]),
Nouw(p — kx, k) = 2p,p, + 2:1:2@1{:1, —2xk,k, — g (p2 + 2%k — zk® — mz) (9.25)

(9.24)

and therefore

N — e/ ddp NMV(p_kka)
py — (27T)d [p2 —C + i6]2

d
Using now Eq. (9.24)) we can write

g i drp\ 7 T(5)
o2 = 962\ "0 ) T2

2
— (— — 1) G Ir o+ [— 20(1 — z)k ke, +2(1 — :U)k:QgW + g,wm2 11y A9.26)
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i C
= 162 (AE —In E) + O(e) (9.27)
where we have used the expansion of the I' function, Eq. (D.14)),
2
r (%) = —7+0( (9.28)

~ being the Euler constant and we have defined,
2
Ac=—-—v+Indn (9.29)
€

In a similar way

 [(4np2\:  T(3—%) D(=1+¢
’ 1672\ C r2—s5 12
L efitoa—om S o (9.30)
1672 ‘ i '

Due to the existence of a pole in 1/e in the previous equations we have to expand
all quantities up to O(e). This means for instance, that

2 2 1 1
-—-1= —1l=—+4+-€+ 2 31
d 4—¢€ 2 86 0(€> (93)

Substituting back into Eq. (9.26)), and using Eq. (9.13)), we obtain

1 1 1 C
N = G [_5 n < i 0(62)] {16%20 (1 +2A,—21In E) + O(e)}

7 C
+ {— 22(1 — 2)kuky,+2(1 — 2)k?g,, + gw,mQ} [167r2 (Ae —In E) + 0(6)]

7 C

i

g [Ae <x(1 ) (- x)) m < Ce(l—a)—2(1— x))

:
T

A Ca_ng et !
g2 I [Ae( 1+1)+1n,u2(1 1)+ ( 2—}—2)] (9.32)

and finally

¢ 2
(AE —In F) (guwk® — kuk,) 22(1 — x) (9.33)
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Now using Eq. (9.7) we get

1 ! C
2 2
I, (k) = —4e 602 (ng: - k:uky)/o dx 2z(1 — x) <AE —In E)
= — (guhk® — kuk,) IL(K*  €) (9.34)
where ) , ,
(k2 €) = 2_0‘/ dz 2(1 — z) [Ae B P a;/(;— )k ] (9.35)
™ Jo

This expression clearly diverges as ¢ — 0. Before we show how to renormalize
it let us discuss the meaning of II,,, (k). The full photon propagator is given by the
series represented in Fig. 0.3 where

=N\ + J\f@'\/\/ + Wﬂ
+ J\/@W& +
Figure 9.3: Full photon propagator.
@ =111,,(k) = sum of all one-particle irreducible (9.36)
(proper) diagrams to all orders '

In lowest order we have the contribution represented in Fig. [0.4 which is what we

@z

Figure 9.4: Lowest order contribution.

have just calculated. To continue it is convenient to rewrite the free propagator of
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the photon (in an arbitrary gauge £) in the following form

o0 (g _I@J@) 1 kuk, 1
Hv g k2

= G, +iGr (9.37)

k. k,
2T =P T

where we have introduced the transversal projector PZ, defined by

k.k,
Pg; = (gW — ’;2 ) (9.38)
obviously satisfying the relations,
k“PIZ; =0
PTupT _ pT (9.39)
R wp

The full photon propagator can also in general be written separating its transversal
an longitudinal parts

G = G:/Cl, + GSV (9.40)
where G, satisfies
G, =PLGu (9.41)

Eq. (9.34]) means that, to first order, the vacuum polarization tensor is transver-
sal, that is

i1L,, (k) = —ik* P}, 1I(k) (9.42)

This result is in fact valid to all orders of perturbation theory, a result that can be
shown using the Ward-Takahashi identities. This means that the longitudinal part
of the photon propagator is not renormalized,

L _ 0L
G, =G, (9.43)
For the transversal part we obtain from Fig. [0.3]

. 1 1 . /V/ . 1
iGl, = Pﬁﬁ%—fﬁuﬁ(—z)k?PT“ H(ﬁ)(—z)PVT,Vﬁ
1. . 1 o . 1
+P£ﬁ(—z)k2PTW H(kz)(—z)PATTE(—z)WPT H(M)(—Z)Pfyﬁ + -
1
= PMTV@ [1— II(K?) + IT*(K*) + - - | (9.44)

which gives, after summing the geometric series,
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1

- AT T

ZGIW - Puqu [1 + H(kz)}
All that we have done up to this point is formal because the function II(k) di-
verges. The most satisfying way to solve this problem is the following. The initial
Lagrangian from which we started has been obtained from the classical theory and
nothing tell us that it should be exactly the same in quantum theory. In fact, as we
have just seen, the normalization of the wave functions is changed when we calculate
one-loop corrections, and the same happens to the physical parameters of the the-
ory, the charge and the mass. Therefore we can think that the correct Lagrangian
is obtained by adding corrections to the classical Lagrangian, order by order in per-
turbation theory, so that we keep the definitions of charge and mass as well as the
normalization of the wave functions. The terms that we add to the Lagrangian are
called countertermﬂ. The total Lagrangian is then,

(9.45)

ﬁtotal = E(@, m, ) + AL (946)

Counterterms are defined from the normalization conditions that we impose on the
fields and other parameters of the theory. In QED we have at our disposal the
normalization of the electron and photon fields and of the two physical parameters,
the electric charge and the electron mass. The normalization conditions are, to a
large extent, arbitrary. It is however convenient to keep the expressions as close
as possible to the free field case, that is, without radiative corrections. We define
therefore the normalization of the photon field as,

lim k%G, =1+ P, (9.47)

where Gf,/T is the renormalized propagator (the transversal part) obtained from the
Lagrangian L. The justification for this definition comes from the following
argument. Consider the Coulomb scattering to all orders of perturbation theory.
We have then the situation described in Fig. [9.5]

Using the Ward-Takahashi identities one can show that the last three diagrams
cancel in the limit ¢ = p’ — p — 0. Then the normalization condition, Eq. ,
means that we have the situation described in Fig. that is, the experimental value
of the electric charge is determined in the limit ¢ — 0 of the Coulomb scattering.

The counterterm Lagrangian has to have the same form as the classical La-
grangian to respect the symmetries of the theory. For the photon field it is tradi-
tional to write

1 1
AL = _Z<ZS —1)F,, F" = _1523 F,, F" (9.48)

corresponding to the following Feynman rule

3This interpretation in terms of quantum corrections makes sense. In fact we can show that an
expansion in powers of the coupling constant can be interpreted as an expansion in Rt , where L
is the number of the loops in the expansion term.
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.o
.

Figure 9.5: Corrections to Coulomb scattering.

lim b‘ = >/VV\N
q—0

Figure 9.6: Definition of the electric charge.

k k k. k,
1 NNNRNNN v — i 625k <gm, — “—) (9.49)

We have then

. N kK,
i, = zHiwp—chng2 (gw,— ’]{:2 )

= —i (I(k,€) +6Z3) k* P}, (9.50)
Therefore we should make the substitution
(k,e) — (k,e) + 0723 (9.51)

in the photon propagator. We obtain,

. 1 1
ZG;‘Z/ = pT (9.52)

W21+ 1 (k, €) + 625
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The normalization condition, Eq. (9.47)), implies
(0, €) + 625 = 0 (9.53)

from which one determines the constant 6Z5. We get

9 1 2
0235 = —II(0,¢) = Sy z(l —x) [Ae —1In m_z]
T Jo H
o m?
= — |Ac—In— 9.54
3m { ! uQ] (5:54)
The renormalized photon propagator can then be written asﬁ
. P -
iG (k) = +iG,, (9.55)

k2[1 + H(k7 6) - H(07 6)]
The finite radiative corrections are given through the function

R (E*) =T1(k?, €) — T1(0, €)

o 1
. dxx(l—x)ln{

™ Jo

o fl 2m? 4m? 12 [ 4Am? 12

where the last equation is valid for k? < 4m?. For k? < m? we get,

m? — z(1 - x)kﬁ]

(k) = ——. (9.57)

For values k? > 4m? the result for I1%(k?) can be obtained from Eq. (9.56) by
analytical continuation. Using (k% > 4m?)

cot™tiz =1 (— tanh™' 2z + %) (9.58)
and 1o
4m? . 4m2
we get

MR (k) = —%{;+2(1+—> 1+\/1——tanh (1—?)(19/.260)

“Notice that the photon mass is not renormalized, that is the pole of the photon propagator
remains at k% = 0.
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—ig’ /1— 4}%1 } (9.61)

The imaginary part of II# is given by

a 2m? 4m?2 4m?
Im R(K?) = 3 (1 + ?) \/1— ER (1 — ?) (9.62)

and it is related to the pair production that can occur E] for k% > 4m?.

For future reference let us consider the case when k? < 0, that occurs when the
photon is exchanged in the ¢-channel. This case can more easily done returning to
the original expression in Eq. and making the identification,

Q2

k? = —Q? sinh?¢ = it (9.63)
We then get
R 2 2a (! 1.2
N7(-Q*)=-— [ dez(l—2z)In[l+z(1 —z)4sinh’p]

T Jo
« coth? o 1

=——||1-— hp—1 - .64
W{( 3 )(gpcotgp )+9] (9.64)

For the case Q? > m? the expression simplifies and reduces to,

o Q* 5
HR(—Q2):—3—7T 1 } :

n_—_
m?2 3

(9.65)

9.1.2 Self-energy of the electron

The electron full propagator is given by the diagrammatic series of Fig. [0.7, which
can be written as,

() = S°p)+ ") (= iD()) ) + -+
= %) [1-i2()S()] (9.66)

that we can represent in diagrammatic form as,

where we have identified
@ = —i X(p) (9.67)

SFor k? > 4m? there is the possibility of producing one pair e*e~. Therefore on top of a virtual
process (vacuum polarization) there is a real process (pair production).
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@ — O 0@

Figure 9.7: Full electron propagator

Multiplying on the left with S;*(p) and on the right with S~%(p) we get

Sy'(p) =51 (p) —i%(p) (9.68)

which we can rewrite as

S7Hp) =S5 (p) +i%(p) (9.69)
Using the expression for the free field propagator,
?

T = S5 ) = il —m) (9.70)

So(p) =

we can then write

S7Hp) = S'(p) +iX(p)
= —i|[p—(m+=0)] (9.71)

We conclude that it is enough to calculate ¥(p) to all orders of perturbation theory
to obtain the full electron propagator. The name self-energy given to 3(p) comes
from the fact that, as can be seen in Eq. , it comes as an additional (momentum
dependent) contribution to the mass.

In lowest order there is only the diagram of Fig. contributing to 3(p) and
therefore we get,

—iX(p) = (“6)2/%(_”1{2 _g;§+i57”]§+k_imﬂgv” (9.72)

k
P p+k P

Figure 9.8: Self-energy of the electron in lowest order.
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where we have chosen the Feynman gauge (¢ = 1) for the photon propagator and
we have introduced a small mass for the photon A, in order to control the infrared
divergences (IR) that will appear when k* — 0 (see below). Using dimensional
regularization and the results of the Dirac algebra in dimension d,

WP +EN" = =P+ Pt 200+ 8) = —(d=2)(p+§)

my At = md (9.73)
we get
, e o [ d% 1 p+E+m "
—i%(p) = —pte / 2r)ak2 — N2 1ic P (p+k)?—m2tic |
o 662/ 4k —(d-2)p+ k) +md
- h 2m)d [k2 — X2+ ig] [(p + k)% — m2 + ie]
[ [ (= 2+ )+ md
-k /0 d / 2m)4[(k2 = X2) (1 — x) 4+ 2(p + k)2 — 2m? + ie]?
_ / dw/ dk —(d =2+ B +md -
0 Yk +px)? + p2a(l — 2) — A2(1 — x) — 2m? + ic]
e . ddk —(d—=2)[p(1 — ) + K] + md
= /od / 2m)4 (k2 4 p2a(l — x) — N2(1 — 2) — am? + ie]?
E—— /O dz [ (d —2)p(1 — ) —i—md] Ios (9.74)
wherd’ ,
Ioo = 12— [Ac = In [=p%(1 — o) + m’z + X2(1 - 2)]] (9.75)

The contribution from the loop in Fig. to the electron self-energy > (p) can then
be written in the form,

S(p)°” = A(p*) + B(p*) p (9.76)
with

A = (4 — e)m1

1 1
2, € _ _
B = —e*uf(2 6)167r2/0 dx (1 — x) [Ae

—In [—p*z(1 — z) + M’z + \*(1 — 2)] (9.77)

6The linear term in k vanishes.



9.1. QED Renormalization at one-loop 327

Using now the expansions
_ 1 )
pd—e) = 4|l1+e lnM_Z + O(e”)
[ 1
pe(d—e)A. = 4[A. +2 <ln,u— —> —I—O(e)]

4

2= =2 :1 t+e (lnu— %) +O(62)}

p(2—eA, = 2 :Ae +2 (mM — %) + O(e)} (9.78)

we can finally write,

4e2m 1 1 —p2a(l — 2) + m?z + N2(1 — z)
(p ) 167T2 o dZL' |: € 9 n |: ,u2 :|:| (9 79)
and
2 2 1 M2 1 _ 2 )\2 1 _
B(PQ)Z——e / dr(1—z)|A.—1—1In pe(l —z)+mir+ N (1 —2)
1672 J, 2

(9.80)
To continue with the renormalization program we have to introduce the counterterm
Lagrangian and define the normalization conditions. We have

AL =i (Z = 1) T "0 — (Zo — ) m o + Zobm B+ (Z — De gy A, (9.81)
and therefore we get for the self-energy
—iN(p) = —iX°P(p) +i (p—m)dZy +idm (9.82)

Contrary to the case of the photon we see that we have two constants to determine.
In the on-shell renormalization scheme that is normally used in QED the two con-
stants are obtained by requiring that the pole of the propagator corresponds to the
physical mass (hence the name of on-shell renormalization), and that the residue of
the pole of the renormalized electron propagator has the same value as the free field
propagator. This implies,

Sp=m)=0 — dm =3P =m)

oY oxtoor
— =0 — 04y = —— 9.83
0P |y ) P (5:83)

We then get for dm,

m = A(m*) +m B(m?)
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2 2 1 2,.2 2 1—
Lo S DY S W (e e k)
1672 J, 2

afa ()

_ me FA —1—/1d:1:(1+93)1n <m2x2+)\2<1_:€))}
€ 2 0

1672 |2 12

30ém 1 2 ! ?77/212
= — |A — — — — 1 1 84
1 [ ¢T3 3/0da:( —i—x)n( e )] (9.84)

where in the last step in Eq. (9.84) we have taken the limit A — 0 because the
integral does not diverge in that limiiﬂ In a similar way we get for 075,

dytoor 0A 0B
0Zy = —(— = +B+m —— 9.85
’ aﬁ p=m a]é p=m aﬁ p=m ( )
where
0A _ derm? 1d 2(1 — x)x
P |y - 16w ), v —m?x(1l — x) + m2x + N\(1 — x)
_ 2am? (1—-x)z
B m2x2+)\2(1—x)
1 2.2 | \2(1 _
B = —g/ da:(l—x){AE—l—ln(mx—i_);(l x))l
21 Jo H
0B 2z(1 — x)?
m W . = —g-m / " N7 (9.86)

Substituting Eq. (9.86)) in Eq. (9.85]) we get,
1 1 1 2,.2 1 1 1— 2
02y = —g{—Ae———/dx(l—x)ln(mf)—Z/ dx( +2)( m):pm}
0 0

m?x? + \2(1 — x)

Q m? A2
- [ A.—4+1n e 2In mQ] (9.87)
where we have taken the A — 0 limit in all cases that was possible. It is clear that
the final result in Eq. diverges in that limit, therefore implying that Z; is
IR divergent. This is not a problem for the theory because 67, is not a physical
parameter. We will see in section[9.3.4] that the IR diverges cancel for real processes.
If we had taken a general gauge (£ # 1) we would find out that dm would not be
changed but that Z, would show a gauge dependence. Again, in physical processes
this should cancel in the end.

76m is not IR divergent.
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9.1.3 The Vertex

The diagram contributing to the QED vertex at one-loop is the one shown in Fig.
In the Feynman gauge (£ = 1) this gives a contribution,

/

p

p

Figure 9.9: The QED vertex.

. €/2 Aloop(, 1 . €/2\3 ddk . 9po
Len Au (',p) = (iep”) (27].)d(_w k2 — A2 + e

o @ +K) +m] i@+ ) +mi
(P + k)2 —m? —1—@'5%(])4— k)2 —m? +ie

~*(9.88)

where A, is related to the full vertex I', through the relation

Ty = e (v + A% +7,021)
= e (v +Af) (9.89)

The integral that defines AifOp (p',p) is divergent. As before we expect to solve this
problem by regularizing the integral, introducing counterterms and normalization
conditions. The counterterm has the same form as the vertex and is already included
in Eq. . The normalization constant is determined by requiring that in the
limit ¢ = p’ — p — 0 the vertex reproduces the tree level vertex because this is
what is consistent with the definition of the electric charge in the ¢ — 0 limit of
the Coulomb scattering. Also this should be defined for on-shell electrons. We have
therefore that the normalization condition gives,

a(p) (A +7u021) up)| ,_,, =0 (9.90)
If we are interested only in calculating 6 Z; and in showing that the divergences can
be removed with the normalization condition then the problem is simpler. It can be
done in two ways.

1** method

We use the fact that §7; is to be calculated on-shell and for p = p’. Then
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iAlOOp( )762 E/ ddk? 1 1 1 P
" b,p)=¢p (27T)dk,2_)\2+Zgryp}6+k_m+@5ryﬂﬁ+k—m+15,y
(9.91)
However we have
1 1 0 1
= _ 9.92
]5—|—k—m—|—i5%]b—|—k—m+i5 Opt p+ f —m +ie 9:92)
and therefore
B} dk 1 p+E+m
'AlOOp — 2 € / ?(9.93
i\ (p,p) e H opr | (2m)T k2 — A2 + i 1P (p+k)2—m?+ ic | (9.93)
o . 0 loop
= _Za_pﬂ by (p) (994)

We conclude then, that Affoi" (p,p) is related to the self-energy of the electro,

0
loop _ loop
N pop) = =5 5% (9.95)
On-shell we have
@Eloop
Aloor ‘ — — 57 9.96
PP, 5 - i (9:90)

and the normalization condition, Eq. , gives

071 = 07, (9.97)
As we have already calculated §Z, in Eq. (9.87)), then §Z; is determined.

2" method

In this second method we do not rely in the Ward identity but just calculate the
integrals for the vertex in Eq. . For the moment we do not put p’ = p but
we will assume that the vertex form factors are to be evaluated for on-shell spinors.
Then we have

iu(p ) A Pu(p) =

o2 e/ A%k a(p)y, [p + )]y P+ K+ m) v ulp)
] @) DoD1 Dy

d?k N,
_ 2 € 1%
= eu / (27)1 DoDyDs (9.98)

8This result is one of the forms of the Ward-Takahashi identity.



9.1. QED Renormalization at one-loop 331

where

N, = (p) [(—2 )Ry, + Ap - Py + A+ 1) - kv + dmk,

— 4 (p+ D)+ 202 — )i () (9.99)
Dy = k* — N\ +ie (9.100)
Dy = (k+p)? —m?®+ic (9.101)
Dy = (k+p)* —m?® +ie (9.102)

Now we use the results of section to do the momentum integrals. We have for
our case

o= p* ok =pt (9.103)
Pt = xpt 4 xoph (9.104)
C = (21 +2)’m? —1120¢° + (1 — 2y — 22)\? (9.105)
where
g=p —p. (9.106)
We get,

iu(p) A Pu(p) = @—F /dml/ dmg—

{mp’)w(p) [ (=24 d)(atm? + am? + 2vraapf - p) — 49

2 — d)? C
-M@+pﬁimﬂ+xw%k(2 )C(A(%nﬁ)}

Falp)ulp)m {4<x1p' taap)— A+ Pl + )
—2(2 — d)(z1 + x2) (21D’ + xgp)ﬂ} } (9.107)

= iu(p) [G(¢°) v+ H (@) (p+P)u] ulp) (9.108)
where we have deﬁnedﬂ,
1 1*151 2 2 . 2 1 o - )\2
G = 2 [AE —2— 2/ d$1/ dy In (z1 + x2)*m xlxgg + (1 =21 — 29)
47 0 0 m

9To obtain Eq. (9.113) one has to show that the symmetry of the integrals in x; <> x5 implies
that the coefficient of p is equal to the coefficient of p’. To see this define

1 1—x1
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1 1—x1 -9 + 2,2 2_4 2+22
e [ (A
0 0 (x1 4 22)?m? — 129> + (1 — 21 — 22) A

2 9
2z + 29) (4" — ') (9.112)
(21 4 22)?m? — 122> + (1 — 21 — 29) N2
1 11—z _2 2 2
_ U O s Al L) } (9.113)
7 |Jo 0 (1 + x2)?m? — x120¢% + (1 — 21 — 22) N2

Now, using the definition of Eq. ((9.89)), we get for the renormalized vertex,

a(p ) AF (Y p)ulp) =u(®@) [(G(@®) +0Z1) vu + H(@) (p+ 1)) ulp)  (9.114)

As 07 is calculated in the limit of ¢ = p’ —p — 0 it is convenient to use the Gordon
identity to get rid of the (p’ + p)* term. We have

(p) (¢ +p), ulp) = T(p') |2m, = 0, ¢ | u(p) (9.115)

and therefore,

a(p )N (P, pulp) = u(p) [(G(QQ) +2mH (¢%) + 521> Y — i H(¢*) 0 ¢” | u(p)

ot Fola”) | ) (9.110

= u(p) {mFl((f) +
where we have introduced the usual notation for the vertex form factors,
Fi(¢®) = G(¢*)+2mH(¢*) + 02, (9.117)
Bl = —2mH(g) (9.118)
The normalization condition of Eq. implies F;(0) = 0, that is,
07y = —G(0) —2m H(0) (9.119)

We have therefore to calculate G(0) and H(0). In this limit the integrals of Eqgs. (9.112))
and (9.113)) are much simpler. We get (we change variables x1 + x2 — y),

G(0) = { —2—2/ dxl/ dylnym+<1_y)>\
4
Then use 1 .
flar,2) = S [f21,22) + flaz, 20)] 5 [f(21, 22) = f(22,21)] (9.110)
to show that _—
H= / da:l/ flxy, @) + f(x2,21)) - (9.111)

Also notice that you can put d = 4 in this term because H is not divergent.
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! U —2y’m? — 4m? + Sym?
d d 9.120
*/ / VT (T g)a ] (9:120)
—2my —i— 2m
H(0) = dxl/ dy m? 4 (1= g)\2 (9.121)
Now using
1 1 2,2 1 — )\2 1 2
/ d:zcl/ dy In L <2 PX L (mﬂ2 - 1) (9.122)
@ It 2 Iz
—2u%m? — 4m? + Sym? 2
d d =7+2Ih— 9.123
[l [ e =T oz
—2my —|— 2m y? 1
/ da:l/ dyy I+ (1= g)\2 = (9.124)
(where we took the limit A — 0 if poss1b1e) we get,
a m? A2
a 1
Substituting the previous expressions in Eq. (9.119)) we get finally,
2 )\2
57, :43 {—A —4+lnﬂ—21n—2} (9.127)
s 12 m

in agreement with Eq. (9.87)) and Eq. (9.97). The general form of the form factors
F;(¢%), for ¢* # 0, is quite complicated. We give here only the result for ¢*> < 0 (in
the Appendix C of Ref. [12] one can find a general formula for numerical evaluation

of these functions),

n o« A2 0
Fi(¢®) = g { <21nw + 4> (fcothd —1) —0 tanh§ — 8cothd i
oy _ a0
B(7) 27 sinh 6
where
0 q°
-
Slnh 5 = —4—7712
In the limit of zero transferred momenta (¢ = p’ — p = 0) we get
a
F3(0) = o

21

0/2

[ tanh ﬁdﬁ}

(9.128)
(9.129)

(9.130)
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a result that we will use in section while discussing the anomalous magnetic
moment of the electron.

9.2 Counterterms and power counting

All that we have shown in the previous sections can be interpreted as follows. The
initial Lagrangian L(e,m,---) has been obtained from a correspondence between
classical and quantum theory. It is then natural that the initial Lagrangian has to
be modified by quantum corrections. The total Lagrangian is then given by,

Etotal = E(e, m,--- ) + AL (9131)

and
AL=ALY + ALE ... (9.132)

where AL is the i*" —loops correction. This also correspond to order A’ as counting
in terms of loops is equivalent to counting in terms of Al This interpretation is
quite attractive because in the limit 7 — 0 the total Lagrangian reduces to the
classical one. With the Lagrangian L;,; we can then obtain finite results, although
L, is divergent because of the counter-terms in AL.

With this language the results up to the first order in & can be written as,

A2 1

Llem, ) = —gFul™ 4 T AMA, - 360 A7
FPY — mp) — e b (9.133)
LD = L (Zy = DB 4 (2o~ 1) (90— i)
+Zydmipnh — e(Zy — 1)p A (9.134)
The Lagrangian
Liotal = —%ZSFWFW + )\;AMA“ - %(a - A)?
+Zo (i@ — mapip + dma))
—eZyp fup (9.135)

will give the renormalized Green’s functions up the the order A.
In fact, we have only shown that the two-point and three-point Green’s functions
(self-energies and vertex) were finite. It is important to verify that all the Green’s

1ohE—1+L _ h%-‘r
QED).

V<

. We have the following relations L = I —V +1; 3V = E 4 21 (this only for
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functions, with an arbitrary number of external legs are finite, as we have already
used all our freedom in the renormalization of those Green’s functions. This leads
us to the so-called power counting.

Let us consider a Feynman diagram G, with L loops, Iz bosonic and Iz fermionic
internal lines. If there are vertices with derivatives, 9, is the number of derivatives
in that vertex. We define then the superficial degree of divergence of the diagram
(note that L = Ig + Ip +1—V) by,

w(G) = AL+ 6, —Ip—2Ip

= 4+3Ip+20p+ Y (5, —4) (9.136)
For large values of the momenta the diagram will be divergent as
A°(G) i w(G)>0 (9.137)
and as
InA i w(G)=0 (9.138)

where A is a cutoff. The origin of the different terms can be seen in the following

correspondence,
d'q
W (for each loop) — 4L
0, <k — 0,
S (9.139)

The expression for w(G) is more useful when expressed in terms of the number
of external legs and of the dimensionality of the vertices of the theory. Let w, be
the dimension, in terms of mass, of the vertex v, that is,

3
Wy = 5,0 + #campos bosénicos + é#campos fermidnicos (9140)

Then, if we denote by f,(b,) the number of fermionic (bosonic) internal lines that
join at the vertex v, we can write,

3 3
> w, =) (6 + 5fo+00) + S Er + Ep (9.141)

v

where Ep(Ep) are the total number of ezternal fermionic (bosonic) lines of the
diagram. As we have,

[F = %va
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1
I = 5;@ (9.142)

we get
3
> wy =Y 0, +3Ip+2I5+ > Br + Br (9.143)
Substituting in the expression for w(G) we get finally,

w(G) =4 — ;EF —Ep+ ) (w,—4)

4= Er—Ep— Y [0 (9.144)

v

where [g,] denotes the dimension in terms of mass of the coupling constant of vertex
v, satisfying,
wy + [g0] =4 . (9.145)

From the previous expression for the superficial degree of divergence, Eq. ((9.144)),
we can then classify theories in three classes,

i) Non-renormalizable Theories

They have at least one vertex with w, > 4 (or [g,] < 0). The superficial degree
of divergence increases with the number of vertices, that is, with the order of
perturbation theory. For an order high enough all the Green functions will
diverge.

ii) Renormalizable Theories

All the vertices have w, < 4 and at least one has w, = 4. If all vertices have

w, = 4 then 5

and all the diagrams contributing to a given Green function have the same
degree of divergence. Only a finite number of Green functions are divergent.
iii) Super-Renormalizable Theories

All the vertices have w, < 4. Only a finite number of diagrams are divergent ]

Coming back to our question of knowing which are the divergent diagrams in
QED, we can now summarize the situation in Table All the other diagrams are
superficially convergent. We have therefore a situation where there are only a finite

HUThe effective degree of divergence it is sometimes smaller than the superficial degree because
of symmetries of the theory. This is what happens for gauge theories like QED (see Table [9.1]).
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Er | Ep | w(G) Effective degree
of divergence
0 2 2 | 0 (Current Conservation (CC))
0 3 0 (Furry’s Theorem)
0 4 0 Convergent (CC)
2 0 1 0 (Current Conservation)
2 1 0 0

Table 9.1: Superficial and effective degree of divergence in QED.

number of divergent diagrams, exactly the ones that we considered before. This
analysis shows that, up to order &, the Lagrangian

1 1 1
Etotal - —123FMVF'LW + 5)\214“/4“ - 2—5(8 . A)2

+Za(10 P — mp) + Sm))
—eZ1 A (9.147)

gives Green functions that are finite and renormalized with an arbitrary number
of external legs. It remains to be shown that this Lagrangian is still valid up an
arbitrary order in h, with the only modification that the renormalization constants
Zh, 4o, 43 € 0m are now given by power series,

Zy =7+ 2% 4. (9.148)

The previous Lagrangian, Eq. , allows for another interpretation that it is
also useful. The fields A, and 1 are the renormalized fields that give the residues
equal to 1 for the poles of the propagators and the constants e, m are the physical
electric charge and mass of the electron. Let us define the non-renormalized fields
0,1, and Ay and the bare (cutoff dependent) u2, mg through the definitions,

Yo =+2Zy  mg=m—dm
Vo=vVZatp N =Zg' N
A(]:\/ZgA 60221251 Zgle:ﬁe
§o = Z3§

Then the Lagrangian written in terms of the bare quantities is identical to the
original Lagrangian@

(9.149)

1 L1 1
/:, - _ZFO,LLVF(/)J +§)\3A0#Ag—2—§0(8140)2

< 2

12The terms A~ A% = 20 A2 and 3¢ (0-A)? = 5¢-(0- Ag)? are not renormalized. This a consequence
of the Ward-Takahashi identities for QED. The Ward identity Z; = Z, is crucial for the equality
eoAg = eA giving a meaning to the electric charge independently of the renormalization scheme.
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+i (Pt — motgto) — oot (9.150)

Finally we notice that the bare Green functions are related to the renormalized
ones by

Gg7e(p17 ©DPon, kla e k@a ,an m07£07 SO) A)
— Z;‘(A)Zg/QG%,E(pl’ o pony k1 kg pymy e, €) (9.151)

where py - - - pa, (k1 - - k) are the fermion (boson) momenta.

9.3 Finite contributions from RC to physical pro-
cesses

The renormalization procedure described in the previous sections might appear, at
first sight, as an artificial technique to hide the infinities. In fact this is not true,
there are physical consequences of the renormalization procedure that can be verified
experimentally, thus confirming the whole process. In this section we are going to
look at few of these consequences.

9.3.1 Variation of a with the energy scale

Let us consider again, Coulomb scattering described in Fig.[9.5] The Ward-Takahashi,
7 = Zy, valid in all orders in perturbation theory, ensures that the electromagnetic
interaction is modified in the following way,

e 1 . e? 1
drq?  Amg? [1+ 118 (g?)]

(9.152)

with the renormalization condition IT%(0) = 0, that embodies the definition of the
electric charge. Introducing e? = 4ra we can interpret Eq. (9.152)) by saying that
the electric charge depends on the scale, that is,

2 (0)
R S — 9.153
o(q’) 1+ I1%(¢?) ( )
For the case ¢ = —Q?, and in lowest order, we get

Q%) = o0) [1 - TI7(-Q*)]
_ a0y + 2O {m (Q—2> - g] (9.154)

3T m2

where we have used Eq. (9.65). The variation of the inverse of «, with the energy
scale, is represented for QED in left panel of Fig. [9.10, We see that a™! goes from
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QED QED
140 . . . . - 188
138
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136 g f
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Figure 9.10: Variation of a~! with energy for the case of QED. In the left pane in
a linear scale while in the right panel we use a logarithmic scale.

the value 137.36 at Q2 = 0 to the value 134.7 at Q% = 912 GeV?. The variation is
very fast for small values of Q2. This can be seen in the right panel of Fig. that
uses a logarithmic scale for the same data. If we had included all the SM correction
the value would be 128 at the scale M. This effect was experimentally verified at
the LEP accelerator at CERN, and it is represented in the left panel of Fig. [0.11] In
the region of low k2 the plot has an irregular behaviour. This is due to the opening
of different channels and the development of an imaginary part for IT%. In the right
panel of Fiig|9.11| we show this region in more detail. For a more detailed explanation
see Complement

SM SM
140 3 188

138 E

136

134 & @
132 E
130 | \

(o)

128 f T
126 130 B v e b
0 20 40 60 80 100 0 2 4 6 8 10
(02)1/2(Gev) (O2)1/2 (GeV)

Figure 9.11: Variation of a~! with energy in the SM. In the right panel we show in
more detail the variation of a~! in the range where the opening of various channels

in the SM occurs.
We just saw that the effective coupling constant grows with the energy scale.

This is a characteristic of abelian theories. For non- abelian theories, like QCD that
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can have the opposite behaviour, called asymptotic freedom, that is, the coupling
constant decreases with energy, making it possible to do perturbation theory in that
regime.

9.3.2 Lamb shift

The difference A splitting in energy between the states 25/, and 2P, 5 in the hy-
drogen atom was observed experimentally by Lamb e Retherford [74]. It is a very
complicated problem, as there are several corrections that contribute to the final
result. Here we are going just to show one of them, that is the modification of
the Coulomb potential due to the vacuum polarization. For k* < m? the photon
propagator is modified to,

—Guv —Guv a k?

where we have used the result of Eq. (9.57). Doing the inverse Fourier transform,
we get the modified Coulomb potential,

V()= —— 4 ——

= 37 1
yp T s LA (9.156)

The appearance of the delta function means that the new term only affects the states
with [ = 0 and therefore the sates 25/, and 2P/, get split. However this effect is
not enough the explain the magnitude of the splitting. For a complete treatment
see the book of Itzykson and Zuber [32].

9.3.3 Anomalous electron magnetic moment

We will show here, for the case of the electron anomalous moment, how the finite
part of the radiative corrections can be compared with experiment, given credibility
to the renormalization program. In fact we will just consider the first order, while to
compare with the present experimental limit one has to go to fourth order in QED
and to include also the weak and QCD corrections. The electron magnetic moment
is given by

e 7
= —g— 9.157
i=5-95 (9.157)
where e = —Je| for the electron. One of the biggest achievements of the Dirac

equation was precisely to predict the value g = 2. Experimentally we know that g
is close to, but not exactly, 2. It is usual to define this difference as the anomalous
magnetic moment. More precisely,

g=2(1+a) (9.158)
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or

a= g —1 (9.159)

Our task is to calculate a from the radiative corrections that we have computed in
the previous sections. To do that let us start to show how a value a # 0 will appear
in non relativistic quantum mechanics. Schrodinger’s equation for a charged particle
in an exterior field is,

-,

Oy | (p—eA)’ e =

A A — — (1+4+a)7-B 1
i, 5 T e¢ 2m( +a)d @ (9.160)
Now we consider that the external field is a magnetic field B =V xA. Then keeping
only terms first order in e we get

2 - 1 .

P p-A+A-p e L=
H = ——e+—————(1 . A

2m € 2m Qm( +a)d -V x

With this interaction Hamiltonian we calculate the transition amplitude between
two electron states of momenta p and p’. We get

(| Hint ID) = _%/(QW)3XT6 P [p-A—l—A‘p—i—(l—i—a)axV%Y]ep X
e

d3z - o -
- (7 . ; i ik k1 ,—iq
= 5 (27r)3X (P + D) A+i(1+4 a)o'e’ g A¥]e " T*X

_ _QLXT (¢ + )" +i(1 + a)o'eT /] A*(g)x (9.162)
m
This is the result that we want to compare with the non relativistic limit of the

renormalized vertex. The amplitude is given by,
A=eu(p') (v, + A)u(p) A (q)

= cu(p') {m(l + F(g%) + ﬁ%q”Fz(ff) u(p)A*(q)

e _ , ,
=) {0+ ) [1+ F@)] + 000" [1+ Fila®) + Fa(a)] bu(p) A%@163)
where we have used Gordon’s identity. For an external magnetic field B=VxA
and in the limit ¢ — 0 this expression reduces to

A = a(p) {7 + [+ F(0)] +iowd’ [+ FL(0) + Fa(0)] } u(p) A" (g)

= salp) [~ + )+ g (14 2) [u(p)At(a) (9.164)
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where we have used the results of Eq. (9.130)),
Fi(0)=0

Q@

F(0) = —

2(0) 2T

Using the explicit form for the spinors u

ulp) = | . T

we can write in the non relativistic limit,
Y BT, ko, - a i ijk j k
A=—X"(p' +p)+i(l+—)c€’"¢| XA
2m 27

which after comparing with Eq. (9.162)) leads to

o
€
as, = —
th 27

(9.165)

(9.166)

(9.167)

(9.168)

This result obtained for the first time by Schwinger and experimentally confirmed,
was very important in the acceptance of the renormalization program of Feynman,

Dyson and Schwinger for QED.

9.3.4 Cancellation of IR divergences in Coulomb scattering

In this section we will show how the IR divergences cancel in physical processes.
We will take as an example the Coulomb scattering from a fixed nucleus. This is
better done if we start from first principles. Coulomb scattering corresponds to the
diagram of Fig. [0.12] which gives the following matrix element for the S matrix,

AM

C

R

Pi by

Figure 9.12: Lowest order diagram to Coulomb scattering.

S5 = 126H2m)B(Es = Ey) i g ulp)

(9.169)

We will now study the radiative corrections to this result in lowest order in
perturbation theory. Due to the IR divergences it is convenient to introduce a mass
A for the photon. For a classical field, as we are considering, this means a screening.

If we take,
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0 Z . 17
o(x) 647T|f| (9.170)
the Fourier transform will be,
Aq) = Ze; (9.171)
= e

that shows that the screening is equivalent to a mass for the photon. With these
modifications we have,

S = 126X Qm)B(Ey ~ B) 1= T up) (9.172)

We are interested in calculating the corrections up to order €® in the amplitude.
To this contributd™] the diagrams of Fig. [0.13] Diagram 1 is of order e? while

AP AP Af AL AR
bi Py pz’i\/-g:_)’rp f bi by Di Py

Figure 9.13: Coulomb scattering up to second order.
diagrams 2, 3, 4 are of order e*. Therefore the interference between 1 and (2+ 3+ 4)
is of order o and should be added to the result of the bremsstrahlung in a Coulomb

field. The contribution from 1 + 2 4 3 can be easily obtained by noticing that

eAly, — eAl (v, + AT+ 11 G7P,) (9.173)

v

where Aﬁ e Hf have been calculated before. We get

(14243) _ . 2 L 0 al 1
A ¢
(1 +In —) (2 coth 2¢p — 1) — 2 coth 2@/ B tanh Bdf
UL 0

coth? 1 o
+ (1 -3 S0) (pcothyp — 1) + 5} — %;sin}f%o} u(p;) (9.174)

where

13We do not have to consider the self-energies of the external legs of the electron because they
are on-shell.
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2
% = sinh? . (9.175)

Finally the fourth diagram gives

s = zerer [ T >[2”5<Ef—’f°> i 2m( — )

Ji @yt P = k2= F—m+tic| (k—p)?— A2
Z%a? _ 0
= —2 210(Ey — E;) u(py) [m(l — L) + 7 Ei(IL + )] u(p;)  (9.176)
with
3 1
L= | d&’k——= (9.177)
(7 = &) + N[5 — §)* + N [(5)* — (k) + ie]
and
1 k
S+ Pyl = /d3k — . (9.178)
2 (77 — B)2 + N[5 — k)% + N [(9)? — (k)2 + ie]
In the limit A — 0 it can be shown that
w2 2psin(0/2)
I, = 1 —_ 1 7 9.179
R ( X\ ) (9.179)
w2 T 1 1 2psin /2 A
L, = —/—— (= |[1l————| —1 1 +In—
2 2p3 cos? 0/2 {2 [ sin9/2} ! Lin28/2 n( A ) n2p}}
(9.180)
With these expressions we get for the cross section
do  Z?%a*1
0= T 2 Z [@(ps)Tu(p;)| (9.181)
where
r=70(1+A)+7°2£B+C (9.182)
m
and

A ¢
A =2 [(1+ln—) (2c,acoth2g0—1)—2(:oth2g0/ dﬂﬁtanhﬂ—gtanhgp
T m 0
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1 1 Z
+(1—=coth’¢ | (pcothyp — 1)+ | — —a]cj]QE([l + 1) (9.183)
3 9 272
o Q
B = —— 9.184
7 sinh 2¢ ( )
yAe)
Therefore

LS )P = 21+ m) T +m))
4 4

pol
= 2F*(1 — f*sin?6/2) + 2E%2B3* sian
0
+2E%2Re A (1 — /3% sin® 5) +2ReC(2mE) + O(a?)(9.186)

Notice that A, B e C' are of order a. Therefore the final result is, up to order a?:

do do 2a A %
— = (= 1+ = |{1+InZ ) (2pcothp — 1) — = tanh
(dQ)elastic (dQ)Mott{ + ™ |:( * nm>( SOCO v ) 2 an Y

i h? 1
-2 coth2g0/ dfBp tanh 5 + (—COt Sp) (pcothp — 1) + 9
0

¥ B2 sin'Q 92/2 p ﬁsing[l—.s;ne/ﬂ (9.187)
sinh2p 1 — 42sin” /2 1 —p2sin“0/2

As we had said before the result is IR divergent in the limit A — 0. This divergence
is not physical and can be removed in the following way. The detectors have an
energy threshold, below which they can not detect. Therefore in the limit w — 0
bremsstrahlung in a Coulomb field and Coulomb scattering can not be distinguished.
This means that we have to add both results. If we consider an energy interval AE
with A < AFE < E we get

do do &k 5[ 2pi-py m? m?
oAE) =5 5¢ - 2~ 2
ds2 BR A€ ) \jog Jwsar 20(2T) ki-pik-py (k-p) (k- py)
(9.188)
Giving a mass to the photon (that is w = (]k|?> + A?)'/2) the integral can be done

with the result,

do do 200 2AF 1 1+p
— AE)} = (—) —{ 2pcoth2p — 1) 1In +—In——
{dﬂ( sr \dQY ) T ( ) A 26 1-0
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1 Lo 1— 2 /1 2 1 | 1+ B¢
—— oS - n
2 O BG00/2 Jomope (1 - BPERE —cos? 0722 1 —
(9.189)
The inclusive cross section can now be written as
do do do
m(AE) N (m>elastic * [E(AE)] BR
do)
— _ (1—0r+dp) (9.190)
(dQ Mott

where 0 and dp are complicated expressions that depend on the resolution of the
detector AFE but do not depend on A that can be finally put to zero. One can show
that in QED all the IR divergences can be treated in a similar way. One should note
that the final effect of the bremsstrahlung is finite and can be important.
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Complements

Complement 9.1 Renormalizable Theories

We said before that theories where all vertices had w, < 4 are renormalizable. There is
however one aspect that deserves clarification. This is only true if the Lagrangian has all
the possible interactions allowed by the symmetry. To better understand this statement
let us give an example.

Consider the theory described by the following Lagrangian,

1 1 . N _ _
L= Lqep + 500 0"6 — 5mg 6" + XV Ix — MXX — LY — g Xx g (9.191)

where ¢ is a neutral spin zero field, x is a neutral spin 1/2 field, and 1) is the electron.
The constants g1, go are dimensionless in our system of units. Besides QED the theory
has the following propagators and vertices:

. X

i(p+m) L
S 22 P92

p?—m2

It is easy to verify that these new vertices have also w, = 4. Does this mean that the
theory is renormalizable? In fact it is not unless we modify the Lagrangian. Let us
look at the vertex ¢3. It does not exist in the Lagrangian but it arises at one-loop,
through the diagrams in Fig. Now, if we look at the superficial degree of divergence

Figure 9.14: Diagrams for ¢® at one loop level. The fermions in the loop are the
electron and the neutral y. All momenta are entering the diagrams.

of these diagrams we have w(G) = 1, that is they are divergent, unless they vanish by
some symmetry reason (like the case of three photons in QED, Furry’s theorem). Let us
consider the diagram with the electron (the one with the x will be similar). We have for
the amplitude,

g N3 'k Tr[(k +me) (K — do + me) (k + 1 + me)]
M=) () U o I = 2l + 0 = w2l = 42)° = 2]
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N / d'k Tr[(F+me) (K — g + me) (k + do + me)]
(2m)* [k? —m2[(k — q1)* — mZ][(k + q2)* —m2)]

5o [ A%k N

=—g1H / (2m)e [k2 — m2][(k + q1)% — m2][(k — q2)2 — m2)] (9.192)
where
N = Te[(F -+ me) (F = dfz + me) (F+ g+ me)] + Tr[(— K+ me) (—F = g1 +me) (—F + f2 + me)

(9.193)
and we have made, as usual, the change of variables k — —Fk in the second integral to
reduce to a common denominator. A simple calculation gives

N =8m, [3k% + 2k - q1 — 2k - g2 — q1 - @2 + 2] (9.194)
showing that the result is divergent because of the term in k?. Using FeynCalc we obtain
M =gime®* [8Bo(qi, mZ, m?) + 8Bo(g3,mz, m) — 40Bo(g3,m2, m?)

—4 (341 + 345 — a3 +8m?) Co(dt, 43, 43, mz, m2, m?)] (9.195)

The Passarino-Veltman function Cy is convergent, but By diverges as
Div[By] = A, — % 4 Indr (9.196)

Therefore we have for the divergent part of the amplitude

DiviM] = —24¢3m.p®/% A, (9.197)

The diagram with the x gives the same result with g — go and m. — m,,.

Now this is a problem because as there is no ¢3 in the Lagrangian, there will be no
counterterm to absorb this infinity. The problem is that such a term is not forbidden by the
symmetry and therefore should be added to the Lagrangian, along with the corresponding
¢* term for the theory to be renormalizable. Hence the rule that you should have in your
Lagrangian all the the terms that are compatible with the symmetry of the theory, otherwise
you might get in trouble. For this case, the theory is renormalizable with the Lagrangian

1 1 ,7 _ _ _
L =Lqrp + 5046 0"¢ — 5mg ¢° + XX — MAXX — P & — XX &
Bog Ay
T (9.198)

Complement 9.2 Variation of a~! with the energy in the SM

To get the correct result for the SM, it is necessary to consider all the charged particles
that can circulate in the loop. Besides we have to see in which of k? we want to work. At
LEP we had e"e™ collisions and therefore the main process corresponds top the exchange
of a photon in the s-channel. Therefore we should have

a1 (k2) = a~1(0) [1 + 5 mRGR?, mf)} (9.199)
7
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where HR(k:Q,mf) is given in Egs. (]9.56[), (|9.61[) or (]9.64[), depending in the kinematic
region. For LEP, k* > 0 and for all the fermions, except the top quarks, we should use
Eq. , that is, II® is a complex function. To be able to make a plot for 0 < k2 < My
it is better to use the expressions for I1#(k?) written in terms of the Passarino-Veltman
functions [75] as explained in Ref. [12]. We get

R(12 , 2 - 1 2m? 2 2 2 2 2
I (k:,m):3— _§+ 1+? (Bo(k*, m?,m?) — By(0,m*, m?)) (9.200)
77
that covers all the cases discussed before. These functions can be numerically evaluated
with the help of the software LoopTools [76] that implements the code previously devel-
oped by Oldenborg [77]. The result is shown in Fig.

a (k%) = a~1(0) ]1 n ZHR(kQ,mf)j . (9.201)
f
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Problems

9.1 In QED consider the I-loop process with 3 photons in the external lines. The
amplitude for the process can be expressed as,

M = e'(ky)e” (k2)e’ (ks) M,
a) Draw the diagrams that contribute to the process.

b) Write the expression for the amplitude M.

c¢) Show that M = 0.
Notes:
i) You do not have to do the integrations, not even the traces.
it) Assume that you have some regularization so that you can change variables
in the integrals.
iii) The result of Theorem 4.6 of section is crucial.

9.2 Consider the theory described by the Lagrangian

1 1
L= 50X "X+ 0,67 06" —smi X* —mg 676"+ poTém x

where y is a spin 0 neutral scalar field and ¢* is a complex scalar field that has a
charge as indicated. This charge corresponds to some internal symmetry and it is
not the electric charge, so there is no interaction with photons. The constant u has
dimensions of a mass. The propagators and the only vertex are,

. ¢+
D 1 ~\~ .
............ — X ip
pm =My e

At the vertex the particles are entering the vertex. Note that a ¢ entering corre-
sponds to a ¢ leaving the vertex. Draw the diagrams at one loop for the propagators
of the fields ¢ e x and for the vertex. Consider only the One Particle Irreducible
diagrams, that is, those that do not split in two separated diagrams by the cut
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of just one line in the diagram. Without evaluating discuss the divergence of the
diagrams.

9.3 Consider the theory described by the Lagrangian

1 1 1 1 1 1 _
L = Lapp+50u0 0" +50,x 0" —5mg ¢° —5my X* =5 ¢*X— 51 OX" =g v x

where ¢ and y are neutral scalar fields and v is the electron. The constant g is
dimensionless (in the system i = ¢ = 1) and the constants p, zio have dimensions
of mass. Besides QED, the new propagators and vertices are,

) e \sqb \X
D ? X . R X ) . o .
""""" R ) o U o 2!
p Mg x . ¢
e < X

Consider the radiative corrections at one loop in this model. In all the questions
consider only diagrams one particle irreducible. You do not have to do any calcula-
tions.

a) Draw the diagrams for the self energy of the electron at one loop.
b) Draw the diagrams for the self energy of the scalar x at one loop.

c¢) Draw the diagrams for the corrections to the vertex iy at loop. Discuss the
superficial degree of divergence.

d) Draw the one loop diagrams for the vertex ¢1)¢. Discuss the superficial degree
of divergence.

e) Is the theory renormalizable? Justify your answer.
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Appendix A

Revisions: Special Relativity and
Quantum Mechanics

Students taking their first QFT course usually arrive with a variety of backgrounds
and skills. This appendix has several objectives. It is intended to set up the notation.
It also intends to remind the reader who has learned these subjects, of what one
is expected to know. This helps students recognize which topics they should brush
up upon before continuing. Lastly, some students may not have seen these subjects
treated with this notation before (for example, we have had some students previously
unfamiliar with the 4-vector notation). For those, this provides a brief review, and
we will include a number of references for further reading that they should use to
become fully familiar with the prior material.

[QE: | Stands for “Quick Exercise”, and it is supposed to be done as you read
the text.

A.1 Special Relativity in 4-vector notation

Consider figure[A.1], where the primed reference frame moves with velocity ' with re-
spect to the unprimed reference frame along the z axis. The Lorentz transformation

3 A

Figure A.1: Prime reference frame, moving with velocity v along the z direction
with respect to the unprimed reference frame.

353
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(LT) is
{ct:fy(ct—ﬁz) — {t:’y(t—c—QZ) | A1)
2 =7(z—fect) 2= (z—vt)
with 2’ = z and vy = y, and where
F=pB=tfe, B=vie. 7= (A2)

VI-p52

The transformation (A.1)) may be written in matrix form

t t
x x
=A A3
y ' (A3)
2 z
In natural units (¢ = 1),
v 00 —p
0 10 O
A=10 01 o0 (A-4)
-8 00 v

We define a contravariant 4-vector in Minkowski space as any Vectorﬂ which
transforms as in . Examples include the position (in the generalized sense of
time/3-vector ) and momentum (in the generalized sense of energy/3-momentum)
vectors as

ot = (ct,7) ==(2°, 2, 2% 2°) = (2°,7) ,
P = (Efep) = ym(c,0) ==’ p',p*,p") = ym(1, §) (A5)
where == holds in natural units, and a number of notations present in the literature
have been shown. Greek letters (a, 3, ...) take values 0, 1,2, 3, while Roman letters

take only space values 1,2,3. Because the LT is linear and homogeneous, we may

write it as
ox'*

- Oz
We will use the convention that repeated indices are summed over. Another impor-
tant 4-vector is the 4-current

/
x'*

z® = At 2. (A.6)

—

JH=(p, J), (A.7)

where p is the charge (or probability) density, and J is the charge (or probability)
current.

"When there is no confusion, we will refer to 4-vectors simply as vectors.
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We also define the covariant 4-vector
z, = (Tg, 21,29, 13) = (2°, —2', —2? —2%) = (¢, -7). (A.8)
Using the 4 x 4 metric tensor
g = g = diag(1, -1, -1, -1), (A.9)

it is easy to show that
Ty = G’ . (A.10)

Thus, the metric can be used to transform a contravariant vector into a covariant
vector (so-named, lower the index) or vice-versa (raise the index). Moreover

9. = gusg” =06, (A.11)

where 4, is the Kronecker delta, vanishing when p # v and yielding +1 when p = v.
Using (A.3))-(A.4)), the transformation of a covariant matrix could be written in

matrix form as

' t
—a —x
= Naux , A12
_y/ - (A12)
-7 —z
with
v 00 98
0 1.0 O _
M=1 0 g1 o |=A L (A.13)
¥ 0 0 ~
Thus,
_I\B o0xP
zh, = (A 1)_u:c5 = 5o L6 (A.14)

A generic contravariant vector transforms similarly to (A.6) as
At = A* A (A.15)

while a generic covariant vector transforms similarly to (A.14) as

’ —1\B
B, = (M), Bs. (A.16)
Thus,
AB=A,B" (A.17)

is Lorentz invariant. [QE: Find the expressions for p.x and p? = p.p.]
Consider the distance between two spacetime “points”

Ar? = Az. Az = AxtAx, = A — |AF. (A.18)
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Since no signal can travel faster than the speed of light ¢, Ax? > 0 (which implies
¢ > |Ar]/At), implies that the two events can be causally connected. Likewise,
Az? < 0 (which implies ¢ < |A7]/At), implies that there can be no causal connection
between the two events. In the limiting case Az? = 0, only signals (eg., massless
particles) traveling at the speed of light can connect the two events. By analogy
with the space-time 4-vector x*, we use for any 4-vector the nomenclature

A% >0 time-like
A2—0  lightlike . (A.19)
A% <0 space-like

Comparing the chain rule
a oz 0
ox'r — Ox'm QP

with ((A.14)), we conclude that the derivative with respect to a contravariant variable
transforms as a covariant vector operator, and we write

0

(A.20)

This should be compared with (A.8]). Likewise,
0 -
M =—= (0, -V A.22
al’“ ( 05 ) ) ( )

which should be compared with the transformation for z# (A.6]). Notice the differ-
ence in signs of the space components in (A.5) and (A.22)). The D’Alembertian can
be written in Lorentz invariant form as

O0=0*=0,0"=0; — (V). (A.23)

One can now define tensors with multiple contravariant and/or covariant indices,
which transform as and , respectively. We can now understand the
placement of the lower index « in A*, of (A.€)).

Using exercise REFneeded, one can show that

and _
o(p—q) = (2m)°2E,8° (7~ @), (A.25)

where E, = +4/|p]?> + m?, are Lorentz invariant. Consider a function f(p) of the
4-vector p. Assuming that p° is always to be taken as the positive solution p° =

E, = ++/[p|? + m?, then

dp f(p)d(p—q) = f(q). (A.26)
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A.1.1 Rapidity

Defining the rapidity n as
f = tanhn, (A.27)

one finds
v=coshn,  pBy=sinhn. (A.28)

Thus, the LT may be written as

{ ct’ = cosh (n) ct — sinh (n)

z
. A.29
2/ = —sinh (n) ct + cosh (n) z ( )

Thenceforth, we will use natural units ¢ = 1 (and A = 1) and define the con-
travariant 4-vectors x# = (2°, 2%, 22, 23) = (t,7) and p* = (p°, p*, p%,p®) = (E,p).
For a generic boost in the direction 7, define 77 = 17 where n = arctanh(/3). The
special relativity relations

E=my, and p= myﬁ, (A.30)

can be written as
E =mcoshn, p=mnsinhn. (A.31)

A.1.2 Warning: passive versus active transformations

Thus far, we have used the convention common in elementary Physics, in which we
move the referential, as in figure [A.1] This is called the passive convention. This
will lead us to eqs. (77) and (?77). Maggiore 78] and Peskin&Schroeder |79 use
the opposite (active) convention, in which one keeps the referential and (actively)
moves the point position. Thus, they get opposite signs for the angles and boosts.
In particular, the (-) signs of the sin/sinh terms in eqs. (7?7) and (??) become (+)
signs. For them, eqs. (77)-(?7), which have the opposite signs, hold.

A.1.3 Electromagnetism in covariant notation

Consider the 4-vector A* = (¢, /T), where ¢ and A are the electromagnetic scalar and
vector potentials, respectively, from which the electromagnetic fields are obtained
as

E=———-V¢. (A.32)

The Maxwell tensor is

Fr = gAY — o A" (A.33)
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which is antisymmetric in pu <> v. Looking at each component,

Fo%% = _pk  FU = _¢ikpk (A.34)
meaning that
0 —-E, —E, —E,
E 0 —-B, B
wo x z Y
F E, B. 0 _B, (A.35)
E, -B, B, 0
Thus, we can obtain the inhomogeneous Maxwell equations
V.E =p,
~ - - OE
from
O F" =Jv, (A.37)
which implies trivially the continuity equation (“local charge conservation”):
Op =
0=0,J" = 8—? +v.J. (A.38)
[QE: Show this.]
Consider the dual tensor
1
FH = 55*""16 Fos. (A.39)
As a consequence of the antisymmetry of F*
O F" =0, (A.40)
which is equivalent to the Bianchi identity
OuFy +0,F,, + 0,F,, =0. (A.41)
Writing (A.40)) in terms of fields, we recover the homogeneous Maxwell equations
V.B =0,
. OB
VXE=——. A .42
A gauge transformation is induced by any function of spacetime A\(x) as
AF — AP 4 OMN. (A.43)

The Maxwell tensor in (A.33) is gauge invariant. [QE: Show this.] Given this gauge
invariance, one can perform calculations in any gauge of choice. Two common
choices are

0, A" =0, Lorentz gauge, (A.44)

— =

A=0, V.A= Radiation gauge . (A.45)
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A.1.4 Relativistic kinematics

We refer to energy conservation and (3-)momentum conservation collectively as “mo-
mentum” conservation.
Consider the kinematics of Compton scattering

e (p) + (k) = e () + y(K), (A.46)

in the Laboratory (Lab) frame, where the initial electron is at rest and the outgoing
photon’s direction makes an angle # with the incoming photon’s direction. The
letters in parenthesis in (A.46)) indicate our notation for the respective momenta.
Without loss of generality, one can write
p=(m,0), v =(E.p), (A.47)
k= (k,0,0,k), kK = (K, k' sin6,0,k" cosf), (A.48)

where k = P+ k' and m is the mass of the electron. Notice the two different uses
of k: as the 4-vector, and as the magnitude of the 3-vector (ditto for £’). The exact
meaning is always clear from the context.

Using conservation of 4-momentum one can show that

k= h
1+ £(1—cosf)’

(A.49)

which is easily transformed into the usual Compton formula for the shift in wave-

length
h

N —XA=—(1-—cosh). (A.50)
me
[QE: Show ({A.49) and (A.50)).] The quantity
h

(or, sometimes, //(mc)) is the Compton wavelength. Up to a factor of two, this is

the wavelength of a photon with enough energy to create an electron-positron pair,

and can be taken as a rough estimate for the regime where the need for QFT arises.
Take a,b,c > 0 and the triangle function

Ma, b, ¢) = a® + 1 + ¢ — 2(ab+ ac + be) = [a_ <\/g+\/5>2] {a_ (\/5_\@2} |

(A.52)
where the equality obviously holds with any permutation of a,b,c. One can show
that A < 0 if and only if it is possible to form a triangle with sides of length v/a, Vb,
and y/c. [QE: Show this.] This function is very useful in 1 — 2 decays and 2 — 2
scattering processes.
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Consider a particle of mass mq at rest decaying into particles of mass m; and
mo. In mg’s rest frame, the 3-momenta of the daughter particles have magnitude
[QE: Show this.]

\/)‘<mg ) m% ) m%) _ 1 \/[mz

2 = o 2—(my+ mg)z] [m% — (my — mg)ﬂ.
(A.53)
Consider the 2 — 2 process AB — C' D and the Mandelstam variables

|ﬁﬁnal| -

S :(pA _I_pB)Qv
t =(pa —pc)?,
u=(pa — pD)Z. (A.54)

Clearly, s +t+u = Y. m2. Also, \/s coincides with the system’s energy (initial
and final) in the center of momentum frame (CM), where

pa+pe=0=pc+ pp. (A.55)
Moreover,
|2

i =4s |ﬁz = /\(SvmilvaB) )

np =4s [pr|" = A(s, mg, mp), (A.56)
where |p;| = [pa| = |pB| and |pf| = |pc| = |Pp|- [QE: Show all results mentioned

after (A.54)).]

Using the notation in figure we can show that, except for the angle 6, all

/Dc = (E¢,py)
pa= (B4, D) }9
/ rg = (Ep, —p;)
bp = (EDv _ﬁf)

Figure A.2: Notation for 2 — 2 scattering in the CM frame. € is the angle between
the directions of the incoming p4 and the outgoing pe.

momenta and energies are fixed by energy-momentum conservation. Namely [QE:
Show this.]:

1
pA:Q_\/E (5+m,24_m%70707\/m) )
PB :L (S_m?4+m2370707_\/m)7

2

B
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1 .
pc 22—\/§ (s +mg —mi,, /npsing, 0, /iy cosb)
1

PD :2—\/5 (s —m¢ +mb, —/mpsind, 0, —/n7cosb) . (A.57)
For future reference (when performing the integration over the available final

state phase space), we note that

R Lo, dS)
dt = 2|py||pi| dcos ) = |py| |pi] — (A.58)

//dQ://sin9d9d¢:/2wdcos0. (A.59)

In the extreme relativistic limit (where energies are far larger than any masses),
one has [QE: Show this. Do not use previous results; start from scratch.]

where

pa = (paﬁ;)7 PB = (p7 _]71) )
bc = (paﬁf)a Pp = (pa _ﬁf) ) (AGO)

where p = |p;| = |pf|. Also

Nz
2 )

p:
t=— g(l — cosf),
u=-— g(l + cosf), (A.61)

where 6 is the CM scattering angle and p = |p;| = |pf| is the common magnitude of
the 3-momenta of the initial and final particles in the CM frame. In this particular
case, t and u are always negative or zero.

A.2 Quantum Mechanics

The Einstein £ = hv and de Broglie p = h/\ equations relate the energy E with
the frequency v, and the momentum p with the wavelength A\. They may be written
as

E=hw p=hk, (A.62)

or, in covariant notation

P = Rkt == k" (A.63)

meaning that there is no distinction between energy-momentum and frequency-
wavenumber when using natural units A = 1.
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Given the classical relation between energy and momentum, one can find a quan-
tum mechanical equation (to be applied to a wave function) by the substitutions

E— i%, 7— —iV, (A.64)

which can be condensed in 4-vector notation as

P = i (A.65)

A.2.1 Schrodinger equation

Starting from the non-relativistic relation

p2
E=_—+V, (A.66)

2m

and using (|A.64]), we find Schrodinger’s equation

igw(f t) = Hy(Z t) = —V—Qw.ﬁ t) + V(@ t) (A.67)
at 9 ? m ) ) ) *

with the Hamiltonian operator defined as

—

H=——+V. (A.68)

2m

Rarely, we will stress that some quantities are operators by including a hat over
them. We look for fixed frequency solutions of the type

(T, t) = e ™o(T). (A.69)
Substituting into , we find
H (&) = E ¢(), (A.70)

with £ = w, which is known as the time-independent Schrodinger equation. Eq. ({A.70))

shows the correspondence

e~ — positive energy solutions ,
e — negative energy solutions . (A.71)
Consider the free (V

the momentum operator P = —iV because H = P2/(2m). The common eigenstates
are

0) Schrodinger equation. In this case H commutes with

oo (T) = T (A.72)
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Thus, the free solution is the plane wave
W = NeiEa—wt) (A.73)
Since, for this plane wave
d 6 |/g|2
=i—1=— = —— A.74
we conclude that the eigenvalue of the energy operator Ey = w and the eigenvalue
of the momentum operator p'= k are related by

2
. e

2m

showing that a complete set of states involves only positive energy solutions.
Rewriting Schrodinger’s equation (A.67) and multiplying by the complex conju-
gated wavefunction (¢*), we obtain

oV
= — — i) — A.
0=yl iy, (AT6)
with complex conjugate
8 *
0= w ¢ + ¢ 1/} (A.77)
The sum of the last two equations may be written as [QE: Show this.]
dp = =
hulad J = A.T8
5 TV (A.78)
where .
o 2 T __Z * T, ) = %
p=lul*, J= v Ve Ve (A79)

Since p is interpreted as a probability density, Jisa probability current and is
the probability’s continuity equation, which should be compared with the continuity
equation in electromagnetism . More importantly, p is always positive and,
thus, any probability of the type

Prob = / > > 0. (A.80)

The probability is normalized such that, integrating over all space the (total) proba-
bility yields 1. If multiplied by the number of particles, then p can be interpreted as
a number density and gives the total number of particles inside the integrated
region. Integrating over some finite volume V', bounded by a close surface S,

we find 9
——/pdvz/ﬁfdvz/f.ﬁds, (A.81)
ot Jy v s
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where 177 is the unit vector normal to the surface S. The interpretation of this result
is that the rate of decrease of the number of particles within the volume V' equals
the total flux of particles leaving through the surface S. Thus, probability (number
of particles) is conserved.

For a plane wave

=L

(&, t) =Ne'tF0)
P :|N|2 )

J=|N|*=. (A.82)

2 | =

Noting that k /m = ¥ is a velocity, the analogy with the electromagnetic relation
between charge density and current is perfect.

A.2.2 Klein-Gordon equation

We retrace the steps that led to the Schrodinger equation, but start from the rela-
tivistic relation between momentum and energy:

E? —|p)* = m? (A.83)

Performing the substitutions (A.64)), we obtain the Klein-Gordon (KG) equation

0? -
—8—;20 + V3o =m?p. (A.84)

It admits the plane wave solution
o(Z,t) = Nelka—et) (A.85)

Indeed, direct substitution of (A.85) in (A.84) yields w? — |k|> = m2. Thus, the
energy and momentum eigenvalues are related by

E=+]p2+m2, (A.86)

meaning that we need both positive and negative energies in order to get a com-
plete set of states. But, the negative energies are unbounded from below, and the
theory has no minimum. Moreover, such negative energies correspond to negative
probability densities (and negative probabilities) as we will now show.

We start by multiplying (A.84) by —ip*. Then, we complex conjugate (|A.84])
and multiply it by ip. Finally we add the two results, finding

L 4v.J=0, (A.87)
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where
(P
p= ¥ 8t2 ¥ at2 9
J=—i (go* Vg — goﬁcp*) . (A.88)
For the plane wave in (A.85)), we find
p =2E|N[*,
J =2p|N|?. (A.89)

Thus, p cannot be interpreted here as a probability density, since it is negative for
the negative values of the energy E. [QE: Show eqs. (A.87)-(A.89).]

Since is relativistic, it is interesting to re-obtain the KG equation in full
relativistic notation. In covariant notation, reads

P'p, = m? — i0"i0, p(z) = m*p(x), (A.90)
where was used. Recalling , one obtains
(O+m?) p(z) =0. (A.91)
The plane wave solution may be written in covariant notation as
o(r) = Neto | (A.92)
where k% = m?2. This can be checked by direct substitution, noting that
O " = ik, o7 (A.93)
The 4-current is .
Jt=(p,J) =i(e" 0" — 0 0"¢7) (A.94)

which, for plane waves, yields
Jt = 2p*|N|*. (A.95)
Historically, the presence of negative energies and probabilities led Schrodinger
to discard this equation as a good quantum mechanical wave equation. Later, Dirac
developed an equation linear in time, which solved the problem of a positive p but
still had to contend with negative energies. In a twist o genius, Dirac proposed
that all negative energy states were filled by infinitely many electrons and, thus,
only positive energy electrons were allowed. This is the so-called Dirac sea. Still,
he had to contend with the possibility that a photon would hit a negative energy
electron, leaving behind a “hole”. This lead him to invent the antiparticle of the
electron (positron), with opposite charge, later shown experimentally to exist. The
(relativistic) Dirac equation, with its Dirac sea imagery, is not a formally consistent
framework; it is a hack that gives some correct solutions. We now know that the
only formalism consistent with relativity, quantum mechanics and the cluster de-

composition principle (related to locality) is Quantum Field Theory (see Weinberg’s
book [33]).
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Problems

A.1 We wish to prove the relation

d3p/ d3p
= =5 (A.96)

in two different ways.

a) Find the transformations for the energy-momentum components and prove

Eq. (A.96).

b) Consider a function g(x) with zeros at points a; (j = 1,---n) where the
derivatives are nonvanishing: ¢'(z)|s—a, 7# 0. It is known that, then,

Slg(x)] = [

=1

d

% xaj] 5(1’ — aj) . (A97)

Take first g(z) = 2% — a® and find an expression for (2% — a?). Show that

1
[ 5 (PP =15 = )0 = 5 (A.98)
where E = +./|p]?> + m? and 6(z) is the Heaviside step function
1 >0
O(x) = A.99
@={ 175 (A.99)

Use the result to show that
4 2 2 0 d’p
dpé(p —m)@(p): —, (A.100)
2F
and recover Eq. (A.96)).

¢) For completeness, use g(k°) = (k°)2— k|2 —m? and w = +1/|k|? + m? to show
that

/dk[)e—i(kot—lz.a?) f(k?o, IZ) 5 ((kO)Z o |];,’|2 o m2>

2w te 2w

_mi(—wt—F.3) flw k) | cifay fw.k) (A.101)
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where the first (second) term corresponds to the negative (positive) energy
solutions.

We now wish to prove
2F' 8°(p' — @) =2E &*(7— q) . (A.102)

d) Prove (A.102)) by setting the boost along the z axis and following the same
strategy as in a).

A.2 Consider the transformation of a boosted 4-vector A* = (AY, ff) given by

A®Y = cosh () A° — sinh () 4,
A))' = —sinh () A”#) + cosh (n) 4,

(A1) =AL, (A.103)
where
Ay =(Aa),
AL =A—(An)q, (A.104)

are the components of A parallel and perpendicular to the boost 7, respectively.
Obviously, A.f) = Aj.n. Convince yourself that this contains (A.29)). Show that the
3-vector part may be written as

(A) = A+ (v = 1) (Ai) i — 157 A°. (A.105)
A.3
a) Prove Egs. (A.40), (A.41), and (A.42).
b) Write the invariants F,, F*, F,,F*, and F,,F" in terms of E and B.
c) Obviously, the tensor F* transforms under a Lorentz transformation as
F'™ = A NG FP (A.106)

Using as an example a boost along z, infer that the electromagnetic fields
transform under a boost as

E| =E,

B\ =7<E+5>< 5) ,
1

Bj =By,

B =y (é _ B x E)L . (A.107)
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d) Show that if E and B are orthogonal in one reference inertial frame, then they
are orthogonal in all inertial frames.

A.4 Some integrals have tensor structure in Minkowski space. Looking at the
Lorentz indices, one can relate them to scalar integrals. Some further tricks may
allow the latter to be calculated in a simple fashion. Consider the six-dimensional
tensor integral

d*ky APk
Ty = / 0 g 08— b~ ) Kuokas, (A.108)
where k¥ = 0 = kI refer to massless particles (e.g. neutrinos), and A is some

external 4-momentum.

a) Argue that 1,3 must be of the form
Is = AN%gop + BALAg, (A.109)
where A and B may be functions of AZ.
b) Since the delta function forces A = ki + ko, show that

A2
brke = kA = kA = = (A.110)

c) Contract both sides of (A.109) with ¢*#, and find one relation between A and
B. Repeat, contracting with A“A?_ and find a second relation. Show that

1
Lop = (A%gas + 28005) I, (A.111)

where Br B
T= [ =222 54A — Ky — k). A112
/ 2k9 2k9 ( ) ( )

d) Use 6*(A — k; — ko) to perform the d®ky integral. Next, go to the CM frame
of the two “neutrinos” where kY = |ki| = |ko| = kJ. Explain why d®k; =

ey |2d| K7 |2 = (K9)2dk0dS), and conclude that I = 7/2. Thus, show that

s = 2”—4 (A%gas + 20005) . (A.113)

A.5 Consider the process AB — C'D in the s channel. Using crossing symmetry,
show that

a) t is the square of the CM energy for the process DB — C A.
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b) wu is the square of the CM energy for the process AD — C B.
For a more complete analysis, show that

c) In going from AB — C Dto DB — C A, the Mandelstam variables change
as s <> t, with u fixed.

d) In going from AB — CDto AD — C B, the Mandelstam variables change
as s <> u, with ¢ fixed.

e) How do the Mandelstam variables change in going from AB — CD to
AB — DC?

A.6 In the extreme relativistic limit (m., m, << y/s), the differential cross section

of the process e et — p~pu™ is proportional to

u? + t?
s

do ~

(A.114)

Determine the equivalent form for the process e” =~ — e ™.

A.7 [HM 4.6 (Ref. [80])] Take a fermion f, its conjugate f and the s-channel
process to be ff — ff (AB — CD,).

a) Show that one can take

pA:(E7p;> pB:(E7 _15;)7
where |p;| = |py|, and explain the meaning of all variables.
b) Verify that
s =4(p* +m?),
t =—2p*(1 — cosb),
u = —2p*(1 + cosf), (A.116)
where 6 is the CM scattering angle and p = |p;| = |py| is the common magni-

tude of the 3-momenta of the initial and final particles in the CM frame.

c) Show that the process is physically allowed, provided s > 4m? t < 0, and
u < 0. Note that t = 0 (u = 0) corresponds to forward (backward) scattering.

d) [HM 4.7(Ref. [80])] For the crossing reaction ff — ff (AD — CB),
show that u becomes the square of the CM energy and that this process would
become physical in a different kinematic region: u > 4m?, t < 0, and s < 0.
[Note that, for example, —pp = (F, p), where E and p'refer to the incoming

D]
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Appendix B

Wick’s theorem

To evaluate the amplitudes that appear in the calculation of the S-matrix elements
we have to move the annihilation operators to the right until they act on the vacuum.
The final result from these manipulations can be stated in the form of a theorem,
known as Wick’s theorem, which relates the time ordered with the normal ordered
product and can be stated in the following form,

Wick’s Theorem:
T(p(w1) - p(rn)) =
= (1) p(zn) + HO] T(p(21)p(22)) [0) = @(3) - - - () 1 +perm.
+ (O] T'(p(x1)p(w2)) [0) (O] T(p(w3)p(24)) [0) : p(25) - - - () : +perm.
+

(0| T( (1) (5)) 0) - - (O] T(p(wn1) () |0) + perm.
+ 11 even
(O T(p(1)p(2) [0) - - - (0] T(p(—2) (1)) |0) () + perm.
\ n odd
(B.1)

In these expressions all the fields are in the interaction picture and obbey the free
field commutation relations.

Proof:

The proof of the theorem is done by induction. For n = 1 it is certainly true
(and trivial). Also for n = 2 we can shown that

T(p(z1)p(x2)) =: p(x1)p(x2) : +c-number (B.2)
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where the c-number comes from the commutations that are needed to move the
annihilation operators to the right. To find this constant, we do not have to do any
calculation, just to notice that

O:---:10)=0 (B.3)
Then

T(p(z1)p(x2)) =t p(21)p(22)  + (0] T(p(21)P(72)) |0) (B.4)

which is in agreement with Eq. .

Continuing with the induction, let us assume that Eq. is valid for a
given n. We have to show that it remains valid for n + 1. Let us consider then
T(p(xq) - @(zny1)) and let us assume that ¢, is the earliest time. Then

T(p(@1) - p(Tns1)) =
= T(p(z1) - o(zn))o(Tn41)
= (@) (@) : e(Tnt)
+ ) (0| T(p(a1)p(w2)) [0) : pls) -+ @(an) = P(wnsa)

perm

4. (B.5)

To write Eq. (B.5]) in the form of Eq. (B.1) it is necessary to find the rule showing
how to introduce ¢(x,41) inside the normal product. For that, we introduce the
notation,

p(a) = oM (a) + ¢ () (B.6)
where () (z) contains the annihilation operator and ¢(~)(x) the creation operator.
Then we can write,

o)) =Y o7 @) [ ™)) (B.7)

A,B icA jeB

where the sum runs over all the sets A, B that constitute partitions of the n indices.
Then

tp(ry) () @(Tnga) =

= STV @) [T e @)l (@) + 0 (ar0)]

AB icA jeB
= > e @) [T @)™ (@ni)
AB icA jeB

+> T @) (@ngn) [T (@)

A,BicA jeB
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) T @)Y T o @) 01 e® (@)D (@ar) 0) - (B8)

A,Bi€A kEB jEBj#k

we can now write,

(O] (@r) e (@ni1) [0) = (0] p(xr)p(wns1) 0)
= (0] T(p(zk)o(wns1)) 10) (B.9)
where we have used the fact that ¢,,; is the earliest time. We can then write
Eq. in the form,
sp(wn) - (@) s p(@ngn) = (1) - o(Tnp) :
+> (@) - p(ap)p(@re) - o) 1 0] T(p(wr)(xnr1)) 0)
k

(B.10)

With this result, Eq. takes the general form of Eq. for the n+1 case,
ending the proof of the theorem. To fully understand the theorem, it is important
to do in detail the case n = 4, to see how things work. The importance of the Wick’s
theorem for the applications comes from the following two corollaries.

Corollary 1 : If n is odd, then (0| T'(¢(x1) - - - ¢(x,,)) |0) = 0, as results trivially
from Eqgs. (B.1) e (B.3)) and from,

(0] () [0) = 0 (B.11)

Corollary 2: If n is even

OIT(p(1) -~ plwa)) [0) =
= > GO T(p(e)e(2)) [0) - (0| T((wn)(xa)) [0)  (B.12)

perm

where 9, is the sign of the permutation that is necessary to introduce in case of
fermion fields. This result, that in practice is the most important one, also results

from Egs. , and .
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Appendix C

Feynman Rules for the Standard
Model

In this appendix we collect the Feynman rules for the Standard Model F_l necessary
for the calculation in lowest order (tree level). Therefore we choose the unitary
gauge where we only deal with the physical particles and we follow the conventions

of Romao e Silva [59]. For other gauges see [12].

C.1 Propagators

v G
[ NNANNANN Y —2?
w g,uzx - %
ft NNNNNN v —i— Ty
q —MW—HMWFW
Z guy - q]\l}qZV
SNNNANNN —1 —
H v ¢ — M2+ iM,Ty
> Jptmy
p p* —mj
H i
p* — M

!More precisely to the electroweak pat of the SM.
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(C.4)

(C.5)
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C.2 Charged Current

wu d
’ +
Wu

_Z'ify 1% (C.6)
¢d,u
C.3 Neutral Current

Vs Vs
Zy, g ; ; A, '
Zm% <9v - QA’Y5> —Zle’Yu
Vf Yy

C.4 Interactions with three gauge bosons

W
]i}M‘;quu —i€[gap(p — k) + 98u(k — Qo + gualq — p)sl (C.7)
kz
Ws
-
J z

%}TV\NV w —igcosOw [gap(p — k) + 98u(k — Qo + gualg — p)sl  (C.8)
kz
14

B

C.5 Interactions with four gauge bosons

wa W
%‘ —i€2 [29a59,w — Gau9py — gaugﬁu] (Cg)
A, A,
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Wy Wy
% —ig® cos 0w [29apGuv — Gougsy — Javgsu] (C.10)
Z, Z,

\ / ieg cos Oy [29,159#,, — Jap9pr — gaugﬁu] (C.11)

igg [2gaugﬂ1/ — Gap9ur — gaugﬁp} (012)

W W

C.6 Cubic interactions with the Higgs boson

f

H 9 My

_____ < —i5 Moy (C.13)
f

Wi

H .

_____ { 19 My, I (014)
W,
Zl‘

H

""" ) Mz q,., C.15

{ Zcos Ow Z 9p ( )
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,H
no 3 M}
----- —sig=n C.16
.. 2"y (C.16)
\\H

C.7 Quartic interactions with the Higgs boson

H Wit
\4\\ / i
S N 59" Guv (C.17)
H W,
H . 7z
\\: v 39—29,, (C.18)
/‘j’ \ 2 cos? By 7
P Z;

H . ,, H
>‘:x:';/ —z i g2j\\j—§f (C.19)
,,, \\t\ w
o N



Appendix D

Useful techniques for
renormalization

D.1 u parameter

The reason for the p parameter introduced in section is the following. In
dimension d = 4 — ¢, the fields A, and ¢ have dimensions given by the kinetic terms
in the action,

1 _
/dda: {—Z(aﬂAy — 0, A,)? +iry - O (D.1)
We have therefore

0 =—d+2+2[4,] =[4,] =1d-2)=1-

(D.2)
0 =—-d+1+2/] =[] :%(d—l):%—g
Using these dimensions in the interaction term
Sr= /ddx ey, A* (D.3)
we get
[S1] = —d+[e] +2[¢] + [4]
= —4+e+[e]+3—e+1—§
€
= le-5 (D.4)

2

Therefore, if we want the action to be dimensionless (remember that we use the
system where i = ¢ = 1), we have to set

379
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== (D.5)

We see then that in dimensions d # 4 the coupling constant has dimensions. As it
is more convenient to work with a dimensionless coupling constant we introduce a
parameter p with dimensions of a mass and in d # 4 we will make the substitution

e — eu? (e=4—d) (D.6)

while keeping e dimensionless.

D.2 TI'(z) function and other useful relations

The T' function is defined by the integral

F(z):/ e tdt (D.7)
0
or equivalently

/ e Hdt = T (2) (D.8)
0

The function I'(z) has the following important properties

(z+1) = z2[(z)
'n+1) = nl (D.9)

Another related function is the logarithmic derivative of the I' function, with the
properties,

W(z) = diz InT'(2) (D.10)
(1) =—v (D.11)
v(z+1)=vY(z)+ é (D.12)

where v is the Euler constant. The function I'(z) has poles for z = 0, -1, -2, - -
Near the pole z = —m we have (¢ — 0)
(=Hm1 (=™

['(—m+e¢€) = g Y(m+ 1)+ O(e) (D.13)

From this we conclude that when ¢ — 0
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€ 2 € (=)™ [2
r(s)=>+v+o0 [(—n+ <) = z 1 D.14
5 =2 rew 0@ rens = Ravern] 0
For positive integers the function I'(z) has no poles. But as we have to expand
everything up to order €, before making ¢ — 0, we need the expansion near the
positive integers. Using the definition in Eq. (D.10) we get for a general n, up to
order e

IF(n+e)=T(n)+T(n)Y(n)e (D.15)
giving, in particular,
r(1+§) - 1—7§+0(e2) (D.16)

D.3 Feynman parameterization

The most general form for a 1-loop is [[]

- ddk k,U«l e kﬂp
L= D.1
" / (2r)? DDy -+ Dy_y (D.17)

where
D; = (k+1;)* —m? +ic (D.18)

and the momenta r; are related with the external momenta (all taken to be incoming)
through the relations,

o= Y pi=0 (D.19)

as indicated in Fig. . In these expressions there appear in the denominators
products of the denominators of the propagators of the particles in the loop. It is
convenient to combine these products in just one common denominator. This is
achieved by a technique due to Feynman. Let us exemplify with two denominators.

1 ! dx
ab /0 [ax + b(1 — z)]? (B-20)

The proof is trivial. In fact

1 T
J e e bl —oF  bla—bz T (b-21)

1We introduce here the notation 7" to distinguish from a more standard notation used for the
Passarino-Veltman integrals [81] as explained in Refs. [12]82].
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Figure D.1: Conventions for the momenta in the loop.

and therefore Eq. (D.20) immediately follows. Taking successive derivatives with
respect to a and b we get

1 Tp+q [ . P71 — )t
a?b?  T'(p)I'(q) /0 a [ax + b(1 — 2)]P*? (D-22)

and using induction we obtain a general formula

1— zl
a1a2

l—z1——xpn_2 d
/ o1 _(D.23)
B [a121 + asxo + -+ an(1 — 21 — -+ — Tp1)]

Before closing the section let us give an example that will be useful in the self-
energy case. Consider the situation with the kinematics described in Fig. (D.2)).

p+k

Figure D.2: Kinematics for the self-energy in ¢3.

We get

; — / d’k 1
N 4 [(k+p)2—m3+ie [k2 — m3 + i€

B / /ddkz 1
k2 +2p - ka+p?x—mi2ex—m2 (1 —z)+ i
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B / /ddk: 1
B (k2 + 2P - k — M? + i€]®

d?k 1
- / dz / — (D.24)
[(k+ P)2— P2 — M? + i€

where in the last line we have completed the square in the term with the loop
momenta k. The quantities P and M? are, in this case, defined by

P=uxp (D.25)

and
M? = —zp*+miz+ms(l—2x) (D.26)

They depend on the masses, external momenta and Feynman parameters, but not
in the loop momenta. Now changing variables & — k — P we get rid of the linear
terms in k and finally obtain

T o

where C' is independent of the loop momenta k and it is given by

C = P*+ M? (D.28)

Notice that the ie factors will add correctly and can all be put as in Eq. (D.27)).

D.4 Tensor integrals in dimensional regulariza-
tion

We are frequently faced with the task of evaluating the tensor integrals of the form

of Eq. (D.17),
R d M1 Jebp
Trin = / (d WKk (D.29)

27T)d D()Dl N Dn—l

The first step is to reduce to one common denominator using the Feynman param-
eterization technique. The result is,

) 1 1—@1——Tn_2 d%k kM1 ke
THLHp  — T dxq - d n—
n <”)/0 o /0 ! 1/(27r)d k% + 2k - P — M? + i€]"

1 l—x1——Tp_2
= I'(n) / dxy - / dx,—q I8 H? (D.30)
0 0

where we have defined
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d'k ko
ke = D.31
" /(27?)d [k? + 2k - P — M? + ie]" ( )

that we call, from now on, the tensor integral. In principle all these integrals can
be written in terms of scalar integrals. It is however convenient to have a general
formula for them. We start with the result,

; _/ dik 1
0 ) 2m)d (k2 42k - P — M2 +i€]"

i T(n—d/2) [ 1\
=@ Y T (5) (D-32)

where we used the result in Eq. (9.22)) and use the definition of the I" function,

1\? 1 [
— | = dtt* e ¢ D.33
<c> r<z>/o ¢ (D-33)
to write

dk; 1 1 [
= —1)— dt 174271 (D34
/(271’)d (k2 + 2k - P — M? + ie]” (47r)d/2( ) P(n)/o ¢ (D-34)

Now we use

0 1 ok,
- D.35
opr [k2+2kP—M2+Z€]n " [k2+2kP_M2+ZE]n+1 ( )
to show that
| AR T B (=1)PT(n—p) 0 9 ]
K2+ 2k-P—M2+id" 2 T(n) 9P, 0P, [k2+2k-P— M?+ig" "
(D.36)

We then use Eq. (D.34)) to write

/ ddk 1 _ 7 (_l)n_p; /oo ” tn_p_1_d/2€_tc
(2m)? (k2 + 2k - P — M2 +i€]" " (47r)d/2 L'(n—p)J

- €/2 o)
: (—1)”"’—(47T)/ dt ¢np3te/2o7tC
) Jo

1672 Cin—p
(D.37)
Inserting Eq. (D.36]) and Eq. (D.37)) into Eq. (D.31]) we finally get the result
i (4m)/? <odt 0 g
TR — —1)" g 3+€/2 . tC D.38
n 1672 T(n) " /0 (2t)7 op, ' op, ° (D.38)

where C = P? + M?. After doing the derivatives the remaining integrals can be
done using the properties of the I" function (see section . Notice that P, M?
and therefore also C' depend not only in the Feynman parameters but also in the
exterior momenta. The advantage of having a general formula is that it can be
programmed [83] and all the integrals can then be obtained automatically.
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D.5 Explicit formulse for the 1-loop integrals

Although we have presented in the previous sections the general formulee for all the

integrals that appear in 1-loop, Eqgs. (9.22)) and (D.38)), in practice it is convenient to
have expressions for the most important cases with the expansion on the € already

done. The results presented below were generated with the Mathematica package
OneLoop [83] from the general expressions. In these results the integration on the
Feynman parameters has still to be done (see Eq. (D.30))). This is in general a
difficult problem. In Ref. [82] is explained an alternative way of expressing these
integrals in a more convenient way for a numerical evaluation.

D.5.1 Tadpole integrals
With the definitions of Eqgs. (9.22)) and (D.38) we get

?

1071 = 1672 C(l + Ae —1In C)
I =0
i1
= —C%?g"™(3+2A, —2InC D.39
o= gt B n0) (D.39)

where for the tadpole integrals
P=0 ; C=m’ (D.40)

because there are no Feynman parameters and there is only one mass. In this case
the above results are final.

D.5.2 Self-Energy integrals

For the integrals with two denominators we get,

l

Ins = T6m2 (A —1InC)
= 16;2 (—A. +1nC)P*
o= 16’%2 % [C’g’“’(l + A, —InC) +2(A, —In C)PMPV}
e = 16;2 % [— Cg™ (1 + A —InC)P* — Cg"*(1 + A, — InC)P*

— g (1+ A, —InC)P” — 2(A, —In C)P”P“P”] (D.41)
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where, with the notation and conventions of Fig. (D.1|), we have

Pr=gxrl o C=2ri+ (1 —2)mi+ami —ar] (D.42)

D.5.3 ‘Triangle integrals

For the integrals with three denominators we get,

where

i -1
1672 2C
L
1672 2C
i1
— legv(a, -1 —2P“P”}
1672 4C [Cg ( nC)
i1
— g™ (=A. +InC)P" va(_ A, + InC)PH
1672 4C [Cg (ZAc+ I C)P*+ Cg™(~Ac+InC)
+Cgr(—A +1nC)P” + 2P°‘P“P”]
i1 [
- 1 —1 po VB up va af uv
672 30 [C( +Ac—InC) (g"g"" + g"7g"* + g7 g™

+2C (A —InC) (¢"P*P° + g"’ P*P¥ + g"* PP P + g P’ P"

+g"PPPY 4 g* PrPY) — 4PQP5P“P”] (D.43)
Pt = X1 7"}{ + o 7’5
C = 23] +a5r; + 2z 297 - 19 + 21 M3 + T M)
+(1 =21 — 9) M3 — 2172 — 2975 (D.44)

D.5.4 Box integrals

lo4
Iy

iz
I4

a1
 16m2 602
— z __1 m
1672 6C2
1
= — Cg — 2P* P

1672 12C?
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ja _ 11
T 1672 1202
i1
1672 24C?

|:C (guVPa + gl/OcPu + guaPl/) _ 2PaPMPV:|

Iiwaﬁ [02 (A€ —In C) (g/wzgllﬁ + guﬁgua + gaﬂglw)

20 (g"PAPP 1 g“Ppapi 4 grapiph 4 gha ps Y
+ PO 4 P PRPY) + AP PPPIPY] (D.45)

where

_ % H %
P = Ty +I27’2 +.Z'37"3
C = 242 2.2 2,2 9 9 9
= X17] t X5y + 2373+ 221227 - To + 2212371 - T3+ 2X22372 - T3
2 2 2 2
+xymi + xoams +xzms + (1 —xp — 29 — x3) My

—21 7% — 29T — 37 (D.46)

D.6 Divergent part of I-/oop integrals

When we want to study the renormalization of a given theory it is often convenient to
have expressions for the divergent part of the one-loop integrals, with the integration
on the Feynman parameters already done. We present here the results for the most
important cases. These divergent parts were calculated with the help of the package
OneLoop [83]. The results are for the functions 7)"*"*" defined in Eq.

D.6.1 Tadpole integrals

AT )
piv[f] = A
1v 1_ 1672 m
Div [T{f -0
: | i1 4 puv
Div |:T1 ] = WAI eMm g <D47)

D.6.2 Self-Energy integrals

)
16m2 ¢

. - ) 1
Div [Tz"] = g2 (—5) Acry

Div |:T2:| ==
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0

Div [TQ’W] A€ [(3m1 +3m3 — r)g" + 4t 7’1]

1672 12
. UV 7’ 1 1 vo o,V
Div [TQH ] - 167T2 <_ﬂ) A [(4m1 + 2m2 - Tl) (gM 7”1 +g ,u + gu )
+ 67‘?7‘fo] (D.48)

D.6.3 Iriangle integrals

DiV [Tg- = O
Div [T; = 0
~ ] z' 1
Di [T = = A g™
1V 3 | 4
1 el 1 v, .« « vo af v v
Div [Tf | = 167T2 ( —2) e |9 (Y +ry) + g7 () ) + g (i —1—7“2)}
Div [T?f‘ = 167T2 5 ~a, [(2m1 +2m3 4 2m3) (9"°g"" + 9P g + 9"’ g"*)

+¢*# 27’17“1 + riry + (ry <> 1) + g 21“1 ry +rirs + (r; ¢ 7“2)]

+g”5 2rir + ik + (1 <> re)| + g" 27“1 7“1 + 7 ré’ + (r1 < T‘2>:|

+gh 27“1 ry + rfrg + (r1 <> re)| + g 27"1 i+ 7’1 rh + (ry < 7“2)]
(2 rym = 13) (99" + g + g9 | (D.49)
D.6.4 Box integrals

Div [TJ — Div [Tf] — Div [Tf“} — Div [Tf”a] =0

: aI22e] i 1 v o« av o, v
Div [Tf ﬂ — 55 [g“ 9B + ghPger 4 giog ﬂ (D.50)




Appendix E

Solutions to Problems

We give here the solutions to all problems where the solution is not given in the text
of the problem. In some cases we just give one of the results that will be enough to
check if you got the correct answer.

Solutions to Problems Chapter

Problem [1.1]

a) See section |1.4.5))

b) Weight (72 kg) = 4.04 x 10%" MeV, Height (1.7m) = 8.61 x 10'2 MeV ™', Age
(71 y) = 3.40 x 10% MeV 1.

Problem 1.2

Problem 1.3

c)
Problem [1.4]
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Problem [1.6
a)
b)
Problem

Problem [1.§
Problem [1.9]
Problem [1.10]
Problem [L.11]
Problem [1.12]

Problem [1.13]
c)

Problem [1.14]
d)

Problem [1.22]
a)
b)

c)
d)

Problem [1.23
b)
c)

Problem [1.33
a)
b)

Problem [1.34]
a)

Problem [1.35]

Problem [1.42
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Solutions to Problems Chapter

Problem [3.4]
o First Order )

M — (—
SW = ( @)\)4!

/d4x1 L 01010101 1,

e Second Order

50 =35,
i=A
where s )
5@ = £ (%) [ deidias: 6161010162620200 s
2 2
Sg) = _( ;)\) (%) 4 x 4/d4x1d4m2 ; ¢1¢1¢1§Z‘51_§,f>2¢2¢2¢2 5
2 2
S = ( ;/\) <%) 3! x 3! x 2/d4x1d4x2 L 9101010102020202
2 2

51(32) = _( ;)\) (%) 4 x4 x 3 /d4a:’1d4:c2 L OL1O1010102020202 ¢,

. . I_,

S = (=iA)® <l')2 4!/d4x1d4x2 L P101010102020292
4! ‘ — ‘

Problem [3.5]
i M =Tu(ps) (ie,)u(pr) Dy (py — ps)t(pa) (ievy )u(ps) ,
i M =(=1)a(pa) (e, )u(py) DE (pr — pa)a(ps) (iev u(ps) -
Problem [3.6]
i M® =Ti(ps) (iey,) Sr(ps — k1) (iev, )v(pa)e” (kr)e” (kz)
i M® =1(ps) (ie,) S (ps — k2) (iev,)v(pa)e” (k)" (k2) -
Problem [3.7]
i M® =0(pa)(ie,) Sk (p1 — k) (ier,)u(pr) e (kr)e” (kz)
i M® =0(py) (ie7,) Sr(p1 — ka) (i€, Ju(pr )€ (k)€ (ka) .
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Solutions to Problems Chapter

Problem [4.4]
a) 1= 1aW:7“7W:UMV7W:7“757%: —7s-
¢) YPL ="Pp, v Pr = "Pg.

Solutions to Problems Chapter

Problem [5.1]
a) M= (MY + M) e, (ki)e,(ks), where

v — - +m v
MY = — & u(ps)y" (p':?’_ /fS? ——57"v(pa)

v — v - +m
MY = —e*u(ps)y (]fl_ pr;Q — Y v(pa)

b) We have for &,

ki MY = a(ps)y o(ps), kM = —e*u(ps)y v(ps), ki M™ = 0.

_ 2
Gror = | (5 4 dm2s — 8m?)) In Vst s dme
Vs+ /s —4m?2

- (s )~ 1)

Problem 5.2
b) M = (M" + ME” + ME”) €, (k)e, (K), where

Miw = — 62m(2p + k‘)”(p + k +p/)y
v 1 v
MY ==& (= K@ = )

MEY =2e? gt
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c) We get
kMY = —e*(p+ k+p)"
k, MY =e*(2p — K')”
k ML =2e*K”
kMY = [p+k—p — K] =0
Problem [5.3]
c) From Eq. (5.13)) and Eq. (5.146) we get

i do a? 1 5 do
1m —_— = — = Im —
A—=1,0-0 dQMott s sin(0/2) 60 dQMgller

Solutions to Problems Chapter

Problem [8.4]
b) We have

2
1
./\/l—g

~2¢h, s —m%4 +iMzly

v(p2)V" (9v — gavs)u(p1) w(ps)yPro(pa)

c) At /s = My we have,

slete s um) _ P+ @)
oletem —etem)  (g97)*+(93)*

(E.1)

Problem [8.5]
MZ, —m?
D Pe= 3
w e
M3
c) W™ = e v,) = GrMy
6mV/2

Problem [8.9]
We just give the results for ¢ — b+ W™ + v, the others being similar.

b) We have for, t(p1) — b(p2) + W (p3) + v(k),

e

Q

ke, M = U(p2)y* Pru(p1) €a(k)

S
Wl N
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ku My = 7 3 U(p2)v* Pru(p1) €a(k)
kM = =2 ()" Prau(p) calh)
Fu (MY + My + M) =
Problem [8.10]
b) - D
p\Mhr p
c) Tt = v, +ut) = G;:ﬂjgfz m? (m2 — mi)Q, therefore f, ~ 131.7 MeV.

d) lim R = 0. Helicity suppression.

me—0
Problem m
2 2 . 2 2
167r m,
(T — v, + )
= 10.
) T an 08
Problem [8.12]

c¢) 3.16 x 1076 MeV ™.
Problem [8.16]

do gFS
) dQ  Ax?

2
Q) o= ZE51 _ 9. 2 —ﬁ—m%

™ o

Problem [8.18§|

a) See Eq. (8.55).

Problem [8.20]

22— (1 — 2e¢)

c) We have

_ 9" gvt+gat6gvgh

Z 2
dmeyy, S

32+4M§)1 s— MZ+ \/s(s —4M32)
2(s —2M2%) s— M2 — \/s(s —4M2)

(s = a013)
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Problem [8.22
M2 _ M2 3
b) F — GF ( Z - H)
247/2 M3
3
c) I'= GrMy
247/2
Problem [8.23

c) We give the separate contributions in an obvious notation,

ot 1= a2
(20My, s + 12My, + 5°)

7 T 192701, 52
4M2 9
et (—2¢% 8%, + chy + Bsiy) V1 — =5 (s — 4Myy)

0z = > 20M32,s + 12M2, + 2

g 15367 M, 5%, (2 —s)’ (2003 w+s’)

oA 1AMy

y = ° 16M2, s — 128 M 192 M8 3

g 15367TM1%/3%V82(8—4MI%/) [8( ws wsS+ W+S)

2M32, — — 4M?2
+24 My, (2M7, — s) 4/ s (s — 4AME) In w = st V/s(s i)
2ME, — s — \/s(s —AME,)
amz, \3/2
oy —3k) (1)
g. —_=
72T 384 ML, 2, (s — M2)

(20My, s + 12My, + 5°)

AM3,

et 1= s 4 2 2 3 6 8 4
O :3847TM{}V5124, 3 (4M5V — s) {3 (—100MW3 + 14MWS + 88MWS + 96MW + s )

2ME, — — 4M?
+24 My, /s (s — AME,) (M7, + 2s) In w =5+ y/s(s i)
2MZ, — s — \/s(s —AME,)

AMZ,

et (ciy — siv) 1-="
Oz, =
2 TI68T M st 5% (AME, — s) (s — M2)

FI6Myy, + s*) + 24M /s (s — AME,) (M, + 2s)

I <2MV2V—3+ s(s—4M§V)>]

2ME, — s — \/s(s — 4ME,)

[s (—100M;y s* + 14M, s* + 88 My, s

Problem [8.24]
0 do  GLMy, s
dQ 7w (s(1—cosf) + M2,)?
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2M2
d) O'OIGF—W,OKIO.

m
Problem [8.25]

do g s(1—cos?0)+4m}

) dQ 6472 [s(1 — cosf) + 2m7]?

2

g 1 S
d ~ —In— 1
) o 1672 s nmff +00/s)

Problem [8.26]
c) We have for, e™(p1) + e (p2) — ¢(p3) + v(k),

kMY = ef(p)ysulpr),  kuMb = —eB0(p2)vsulpr), k(MY + M) =0.

Problem [8.27
32 4m?
b) ' = — 1— —=
) 8T My mi
Problem [8.29
1 2 Am?
oL fy
16w my, msy
Problem [8.30]

c¢) In the limit mg = m, = 0 we get
do p* (1—cosf)?
dQ 647253 (1 + cos )2

4 min min
o M min COS 9 2 9
d) o= e cos ™" — 4sin2 Jrin +2In (tan 5 )1
Problem [8.37]

c¢) We have for, e™(p1) + e*(p2) — ¢(p3) + d(pa) +7(k),

e e

kMY = F0(p2)u(pr), KMy = ————0(p2)u(pr),

s—mx X

k, (MY + My) =0.

Problem [8.32]
3/2
o 2 2 )
81 m2

X
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Problem [8.33]
do N (3+cosh)?
c) dQ  12872s 1+ cosf
Problem [8.35]

c) We have for, e™(p1) + ¢(p2) — e (p3) + v(k),
k, MY = eB (ps)ysulpr), k,Mby = —ef B(p2)ysu(pr),
k(MY 4+ M) = 0.

Problem [8.36]
b) Denoting by C U S g1 v
enotin, = —F (= = —— C e cC —
g by Lz 22, t—m%’ w 2 u—m2’ L = gv T gA, CR
gv — ga, we get,
M(——; ——) = 2Czcy, s54512 + 2Cw Si3812, M(—+; —+) = 2CzcR S3351
and [M[2 =2 [s* (Chc} + Cfy — 2Cz¢,.Cw ) + Chcgu’]

Problem [8.3§]
c) We have for, e~ (p1) + x(p2) — e (ps) + v(k),
kMY = eg D(ps)u(pr),  ku My = —eg v(p2)u(pr),
k, (MY + M5) = 0.

Problem [8.39]
do _ (gp)* 1

) G0 " Tosn? 52

2
1
d) o= (91) —, 80, g = 10.16 GeV.

327 §2’
Problem [8.40]
g

[ S
¢) It 64mm; M,
Problem [8.47]
do  Gts G%s
) Q- A 77 &
Problem [8.43
a) We get,

2 2
(m? — M2)? (m? +2M3,), Ty

2
G2 M2 (g% + ¢2) \/—2M§(M§+s)+M§I+(M§—s)
g =

67s? (M2 — 5)?

X [—QMIQJ(M%an)+M§+10M§s+M§+sQ
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