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Higgs & Unitarity

The Standard Model (SM) of strong and electroweak interactions has
provided the cornerstone of elementary particle physics

The basic principle of of the Standard Model is gauge invariance which puts
together in the same basic framework the matter particles, their interactions
and the gauge vector bosons which mediate them

It is based on the gauge group SU.(3) x SUL(2) x Uy (1)

The theory consists of three sectors: Quantum Chromodynamics (QCD)
which deals with the strong interaction, Quantum Electrodynamics (QED)
responsible for the electromagnetic force, and the weak interaction sector

QED and the weak forces are combined in what is called the Electroweak SM

Apart from the recent important confirmation of neutrino anomalies and
some theoretical unaesthetical aspects, the SM has been remarkably
successful in account for all aspects over the past three decades
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The plan of this lecture is as follows

0 The massless Standard Model

0 Electroweak model SU(2)r, x U(1)y
0 Quantum Chromodynamics SU,(3)

0 Spontaneous breaking of the gauge symmetry
0 The Higgs mechanism
0 The complete Standard Model with massive particles

0 Examples of calculations in the SM
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0 There are four gauge bosons, three W (a = 1,2, 3) transforming as the

adjoint representation of SU(2)r, and one B,, for U(1)y. The
corresponding field tensors are:

We, =0, W5 —0,Wi+ geape WWS

B,, =0,B,—0,B,
g, g’ are the coupling constants of the SU(2), U(1)y groups

0 The kinetic Lagrangian for the bosons is given by

1 a 174 1 174

ﬁG — _ZWMVW# - ZBMVBM

0 It is invariant under the (separate) local gauge transformations
aaa aaa a9 1 2 —1 —ia® 2
WM? %WL;—ULW Z/{ gaMULZ/{L , Z/{L:€ 2
1 (Xe"
B, —B, = B, ?a Uy U, Uy = etior
a abc b 1 1
oW, =€ a M—gﬁua : 5BM:—?5’MOAY
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0 The matter fields of the SM are all the known fermions which are classified
in three generations. One can project each fermion in two helicity states, left
and right

Yy, = %(1 —¥5)Y, Vg = %(1 + ¥5) 1

0 They transform differently under the SU(2), group. Left handed
components are assigned to doublet representation while right handed ones
transform as singlets

1% u
LL — ( E) ) QL — ( ) ) 6_7uRadR7
©Jr d),’ "

where we have only shown the particles in the first generation. The other
two generations are just copies of the first.

0 We define the electric charge generator

Q=Ts+Y, T3= ;03
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Summary 0 The quantum numbers for the first family are
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Particle | v.r, er wur dr er wur dg
e QCD

. : 1 1 1 1

Hi Mechanism = — = = - =

ggs Mechanis T3 5 5 5 5 O O O
Massive SM

0 ¥ 1 _1 1 1 _ 2 _1
= j_ff " Y 2 2 6 6 13 3
e el — up

2 1 2 1

Muon Decay Q O _]. g _§ _]_ § —§

Higgs & Unitarity

0 Under finite local gauge transformations

a

Uy — U = ' 7 Y gy

VR = YR =€ YR

a

O The principle of gauge invariance establishes that the piece of the
Lagrangian describing the gauge interactions of the fermions is obtained
from kinetic energy part of the Lagrangian, after substituting the derivative
by the covariant derivative,
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0 We define
O errg
0,1 — D,V = (au —ig LW +ig YBM) U
OuYr — Dyr = (8u + g’ YBM) YR

0 Using the transformations properties of the fields (matter and gauge) we can
show that the covariant derivatives have the appropriate transformations
properties (that is, they transform in the same way as the fields)

a a

Dy — DU =e " 7 Y DU, Dypr — Dpibp = €YY Dyuipp

0 This assures that the Lagrangian

1 a v 1 v
ﬁEW — — ZWMVWC/; - ZBMVBM
+ Z i@[/}/’u DM\IJL—F Z ’L'JR’}/’“ D/ﬂbR

doublets singlets

is invariant under local SU(2);, x U(1)y gauge transformations

0 Mass terms are not allowed as they break gauge invariance
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0 Quantum Chromodynamics is the gauge theory of SU.(3) that describes the
strong force

0 The gauge bosons, A%, (a = 1,...,8), called gluons, are in the adjoint
representation of SU.(3). Only the quarks feel the strong force and they
belong to the fundamental, triplet, representation of SU.(3)

0 The Lagrangian is

1 a v . —
—ZGWGQ + qufv’“‘ D,q;y
f

Lqcp =

where the sum is over the quark flavours (¢ = u,d,c, s,t,b) and
a Ad Ad abcAb A€ . )\a Ad
Gy = Oudy — O A, + 9 A A, Dugp = | Op —igs— Ay ) ar

fab¢ are the structure constants and )\, the Gell-Mann matrices

0 We will leave all the discussion of the flavour in the SM to the lectures of
Francisco Botella
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0 Most symmetries in Nature are not exact. We say they are broken. For
instance the isospin symmetry is broken because the proton and neutron do
not have equal masses

0 There are two ways to implement the breaking

[0 Explicit Breaking: There are small terms in the Lagrangian that break
the symmetry

[0 Spontaneous Breaking: The Lagrangian is invariant but the vacuum
breaks the symmetry choosing some particular direction in field space

0 We are interested in the second type, spontaneous breaking. To illustrate, let
us consider the simplest case, a complex scalar field with the following
Lagrangian

L=0,0"0"p— 9" ¢ — N¢*9)* = 0.0 "¢ —V(¢™9)

0 The Hamiltonian is

H = d*d+ (5¢*) : (5gb) + V, [Bounded from below — A > 0, p?arbitary
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0 We want to study the mass spectra of the theory. For that we have look at
the quadratic terms expanded around the vacuum

0 For the potential

V = 20" ¢+ A (670)°

the minimization equations are

ov
D™

0 We have two possibilities

0 ¢=0

0 ¢%¢ = |]* = —

\V]

=

2

>~

= ¢(u* +2X[¢]*) =0,

oV

09

= 6" (1% + 2\|of%) = 0
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N VA

02

Minimum: ¢ = 0 Minimum: ¢*¢ = |¢|* = — &5

Jorge C. Romao IDPASC School Udine — 12



ST

Spontaneous Symmetry Breaking (SSB): Spectra

Summary

Massless SM

Higgs Mechanism

® Symmetry Breaking
® An SU(2)xU(1) case
e Goldstone theorem

e Higgs mechanism
e U (1)

Massive SM

z9 . fF

e el ,u_u+

Muon Decay
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0 We want to find the spectra of the two degrees of freedom for the case of

SSB

0 The easiest way is to parameterize the complex field as

b(z) = V5 5@ (v + i\/";)

where £ and o are real scalar fields.

0 Then
——&(x) x ¢ x| ——F—&(x)
= +evav d,0, OFop™ = o* +e VZv oHo
O = fv Oué ¢ " ¢ T X
and we get
1

£:§

2 4
— 1 <v2 + vV 2v0 + %) — A (’04 + 2v2030 + 3vV20%0% 4+ V2vo? + UZ)

2
o 0o+ — (‘3“5 ore + — (‘3“5 oré (\/5’00 + %)
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0 Using the minimum condition we get

1

1 1
L= 5 0,0 8“0+§ 0,€ 0H¢ ) (—2u%) 0% +constant & higher order terms

0 This Lagrangian describes two real scalar fields £ and o, one with mass
me = \/—2 p? and another massless mg = 0.

O This is interpreted as follows: V' is a potential with the form of the Mexican
hat or bottom of a champagne bottle

O The field o refers to radial excitations and the V(p)

field & to excitations around the bottom.

[0 These do not cost energy and therefore £ is mass-
less.

N A

0 This is a particular case of a general theorem
known as Goldstone theorem.
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Higgs & Unitarity

0 As another example let us consider a Lagrangian invariant under the

symmetry group SU(2) x U(1)

L=0,070"0 — 12dTd — \(OTD)? = 9,0T0"D — V(OTD)

where
D1 + 12
¢+ \/5
o = = .
do ®3 + 194

V2

0 This is invariant under the transformations

.Ta a
2

() =€ O(z), P =e“d
0 We are interested in the case of a non trivial minimum

2

H 9
g = - =

2N ¢
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0 As before we can parameterize the field as

b(z) = T o(x)

v+ —=

V2

0 The 4 real scalar fields are now 6%(z) and o(x).

0 To get the mass spectrum we substitute and expand to get

1
L =3 O,0 0o + 02%0& oM + 1o + constant & higher order

1 1 . A A
=3 0,0 oo + 5 0,0% 0"0" + u?o? + constant & higher order

where 62 = Vv 200%

0 We have therefore 3 massless fields 8(x) and one massive field with mass

Jorge C. Romao

IDPASC School Udine — 16



iy I1ST
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0 Again this a general case of the Theorem of Goldstone

( Consider a theory invariant under group GG with n generators. If
there is a spontaneous breaking of the symmetry such that the
vacuum is invariant under G’ C G with m generators the number
of massless particles is n — m, that is, equal to the number of
\broken generators

J

0 In the first example we had U (1) with one generator and the vacuum had no
symmetry, and therefore we got just one massless particle

0 In the SU(2) x U(1) example we started with 3 + 1 = 4 generators and got
3 massless particles. So there must exist a generator that leaves the vacuum
invariant. This the combination () = HTT?’ that we will identify with the
electric charge. We have then

T 1 0\ (0

QPrin = = =0
2 v 0O O v
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O At this point we can ask the following question. We started the discussion of
SSB because we wanted to give masses to gauge theories where they were
forbidden by symmetry. But all that we have achieved was to get more
massless particles!

0 Here comes the miracle, the Higgs Mechanism: If we have SSB in gauge
theories, then the gauge fields can absorb the massless modes and become
massive!

0 To show how this is done let us go to our first example, the charged scalar
field. Promoting the symmetry to a local one we have the Lagrangian

= (Du6)"(D"6) — W27 6 — A(6"6)" — 7 FyuF™

where the covariant derivative is

D, =0, +ieA,

0 The Lagrangian is invariant under local gauge transformations

B(x) = ¢'(x) = 0 o(x), Auw) > Ay(x) = Ap(x) — - Duel)
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0 If 42 > 0 we just have scalar QED. However if 12 < 0 we have SSB and we
should analize the spectra more carefully

0 The vacuum should then be (respecting Lorentz invariance)

2

L4
(Ap) =0, (@) =v= _5>0

0 To get the spectra we parametrize

B(z) = € Vir (v " %)

to get

1 1 1
L=—7 FuwF" +5 0,0 0o+ 5 0, 0"¢ + e*v? A, AF

-+ \/ﬁveAua’“L{ + pu?0® + higher order terms

0 We have A, and 0,§ mixed and we cannot read the spectra
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O Solution: we use the gauge freedom to make a gauge transformation with

parameter €(x) = —%

0 In this gauge, called Unitary gauge, we have

o) = e B () = o+ T8
$(a) = ¢/(2) = e (e) = vt =
1

O Substituting in the Lagrangian, £(¢, A,) = L(¢', A},)

1 1 1
L(¢'A) =— T ) FM 4 5 Ouo 0o + ePv? Aj AT — 5 o2 (6 v? + p?)
1 1
+ 5 €2A:JJA//”LO' (2v20 + ) — V2 o — 1 Ao

0 The ¢ field disappered and we get the masses for o and A,

My = \/6)\”02 + 12 =/—2u2, my=V2ev

Jorge C. Romao

IDPASC School Udine — 20



iy I1ST

The Higgs Mechanism in the Standard Model
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Higgs & Unitarity

0 We are now ready to apply the Higgs mechanism to the Standard Model. As
the SU.(3) group of the strong interactions will remain unbroken, we will
just consider the SU(2)r x U(1)y of the electroweak interactions

0 As we have seen, in order to preserve the SU(2)y x U(1)y invariance all
fields are massless. Their mass will be generated by the Higgs mechanism

0 In order to implement this idea in the SM a SU(2)r, scalar doublet @ is
introduced in the theory

-

with the quantum numbers

Particle | ot ¢°
1 1
LI R Q=Ts+V
1 1 — 3
Y 3 3
QO | 1 0
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Higgs & Unitarity

We start by writing the following SU(2), x U(1)y invariant Lagrangian
Ly = (D) (D'D) — 270 — A (dTD)"

As before, we choose the non-trivial vacuum for u? < 0, with the minimum
of the potential at |®|? = —Zu?/\. For the quantized theory this is
equivalent to

(ol = —= = /-5

/2 2\

If we now perform perturbation theory around the true vacuum (0* and H
are real and have zero vacuum expectation value)

0 0

v+ H(z) —><I>’(a:):e_i297(w)§@: v+ H(z)

V2 V2

'Qa(w)da

b =e"

where we have performed a gauge transformation into the unitary gauge
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Higgs & Unitarity

O In the unitary gauge there is only one physical scalar field, the Higgs boson
H, and the 6% degrees of freedom become the longitudinal components of
the 3 gauge bosons of SUL(2) which are now massive.

0 Introducing into the Lagrangian and dropping the primes we get
1 2 22 1 4 3 v

1 _

—(H +v)° (*W3W> + ¢?B,B" + 29 W3B" + 2¢*W I W~H)

where

1 WLz iWw?
mw = 597}7 mpg = v _2:“27 W/jl: g £

V2

0 We see that B,, and Wﬁ’ mix
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Higgs & Unitarity

0 As we have cross terms between Ai and B, to get the mass eigenstates we
have to diagonalize the mass matrix

2 /
1 g gg

2 = .2
M* = —wv o

4 g9 g

0 The eigenvalues are 0 and : v?(g* + ¢"*). If we call the massless eigenstate
A, (photon) and the other Z,, we can write

A, = —sin HWAi + cos 0w B,

Z,, = cos QWAfL + sin 0w B,

0 The weak mixing angle Oy is determined by requiring that A, is massless

— sin HW g/
— =0 — tanfy = =
4 cos Oy g
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Higgs & Unitarity

O The constants g, ¢’ and Oy, are not independent. In fact

/
tan Oy = g
g

—  gsinfOy = ¢’ cos Oy

0 But they are also related to the electric charge. To see that we write

D,V

D,Vr=0,+i¢'Y1B, = lﬁu +ig cosOwQA, + i

=19, —i-2

—1

cos Oy

0

- 5’M—z’i( .
_ V2 \W,

(4,

0

)

Wy
0
W+

ON ) +1gsin Oy QA,

) — ZgT3W3 + Zg/Y]]_BM] \IJL

(T3 — sin” 0w Q) ZM] 5

- 2
Z, |V
COS HW S11 QwQ M] R

0 Therefore A,, couples as the photon (minimal coupling) if

gsinfy = e

%

e = ¢’ cos Oy

where e > 0 is the charge of the proton
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Higgs & Unitarity

0 We now turn to the Yukawa Lagrangian Lvy,. The most general
SU2) x Uy (1) invariant Lagrangian for Yukawa interactions is

where ® = ioy ®* is a doublet with Y = —1/2 as needed by gauge invariance

O In the unitary gauge we have

0 v+ H(x)
= | vyt H@) |, ®= V2
2 0
0 We get

ﬁYuk:—Z l/ MlljR—i_uzLMj ]R_I_d/ZLMj IR
]

H H
+\@l Yiup + —d'ir,

Yid.p +h.c.
1] ] \/§ R

H
Yll’R—I——uZ s

37 \/§
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Summary 0 The mass matrices are
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l v u u d da Y
Massive SM MZJ YI’] f ? M'Z’j Yzj f ? MZ] Yzj f
e Higgs Lagrangian
e W and Z Mass

@ Electric Charge

O The mass eigenstates are then obtained via the rotations

e VCKM

e Full SM Lagrangian ) . /
e CC and NC Rng jL Ui, = R%z’jujL RL@] ]L

0 r L _ npu /
= 7 RRZ] iR UiR = RijujR Rsz iR

e_e+ — ,LL_[,L+

Muon Decay

where the Rf's are unitary matrices.
Higgs & Unitarity

In the SM neutrinos are massless because the model does not contain
right-handed neutrinos. For convenience we choose v;r, = Rng - With
this rotation we get

1

f

where m; are the physical fermion masses

Jorge C. Romao IDPASC School Udine — 27



iy I1ST

The Cabbibo-Kobayashi-Maskawa matrix
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Higgs & Unitarity

We write now £t in term of the physical mass eigenstates

The derivative and the neutral current coupling remain diagonal since it
always involves RI'RF =1

The diagonal form of the neutral current coupling implies that there are not

flavour changing neutral currents. This is the Glashow, lliopoulos and Miani
(GIM) mechanism.

The charged current Lagrangian for quarks becomes

L= —Uz")’“(l — 75)V§;MdjW,f +h.c. | See F. Botella's Lectures

2v/2

where V" = R%R%T is the Cabbibo-Kobayashi-Maskawa. It contains 4 free
parameters, 3 angles and a phase which leads to CP violating terms

The charged currents for leptons remain diagonal because we have chosen
the neutrino states to be rotated by the same matrix as the charge leptons.
This is only possible because in the SM the neutrinos are massless

Jorge C. Romao

IDPASC School Udine — 28



ST

Full Lagrangian for the Standard Model after SSB

Summary

Massless SM

Higgs Mechanism

Massive SM

e Higgs Lagrangian
e W and Z Mass
@ Electric Charge

® Fermion Masses
o VCKM

e Full SM Lagrangian

e CC and NC
z9 . 7

e_e+ — ,LL_[,L+

Muon Decay

Higgs & Unitarity

0 We are now in position to write the full Lagrangian for the the SM

1 a auv 1 b buv 1 v
ESM — ZG/“/G Hy ZWI’LVW Hy ZBMVBM
+ (D,®)"(D"®) — 12 01 — A (DTD)°
+ > iU DL+ Y iy Dutr

doublets singlets

=S Y T U+ Y Wi S+ Y, @)+ hic ]
1j

_ g _
=—c ) QY YAyt — - > et (gé — g% 75) V2
/ f
g — L =5 L9 — =5 _
+ —= %ﬂ“ de + — %7“ qu +
\/i do%ol:ets 2 : \/i do%ol:ets 2 :

where we have kept only the charged and neutral currents and

_(Yu) (e U A ST DD S N
\IJL_(wd e L7 d L7 ) gV_2T3L S QWQa 9 2T3L

L
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The Charge and Neutral Current Interactions

Summary

Massless SM
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Massive SM

e Higgs Lagrangian
e W and Z Mass
@ Electric Charge

® Fermion Masses
o VCKM

e Full SM Lagrangian

e CC and NC
z9 . 7

e_e+ — ,LL_[,L+

Muon Decay

Higgs & Unitarity

0 The charged current Feynaman rules are

Py

>WN\/W: i 7“1_%
V2 2

Pq

Wy
- .9 ,1—5
W, 1—=—~*
>«m~ . ﬂy 5
Yy

0 For the neutral current we have ¢ 1 s, f g 1
f gy, = §T3 —sin” 0w @Q’, g = §T3L
Z0 Zcosgew V(g — ghv5)
f
Fermion | e™, u™, 77 | Ve, Yy, V7 | U d C S t b
P R P P B
o | o1 | o |a|-4z]-4[3]
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IST Decay Z2° — ff

0 As a first example in the SM let us consider the process

Summary

Massless SM f

Higgs Mechanism —

0
Massive SM Z — f f
7

e Average |M|2
e Total width I"

ZO ; g wif _
Uyl (9 — 92475)

where f is any fermion of the SM with the exception of the top.

e et — /,L_;L"_

Muon Decay 0 The amplitude is then
Higgs & Unitarity

19 _
M= e (k) ula )y (of — 9k ) vla

0 The decay width is obtained from the definition

2

1 d3q;
I = M]2(2m)*0* (k — q1 — :
[ a1z PPC k- [T G
O In the Z° rest frame
dl’ 1 1 4m?
D \M|2 1 — _2f
dQ ~ 64m2 M; M2
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ST Decay Z° — ff: The average amplitude squared |)/|?

0 The next step is to evaluate |M|?

Summary

Massless SM

2
. . 1 1 g
Higgs Mechanism 2 — 2 — M *V
Massive SM |M‘ 3 Z ‘M| 3 (COS 9W> ZG (k7 )\)6 <k7>\)
7 . spins A
® Average | .V 2
O Tr {(41 +1m) (gé gA%) (d2 — myp)n (gé — gﬁ%ﬂ

e et — ,LL_;,L—'_

Muon Decay

0 Using now
Higgs & Unitarity

7 *U 12 % KHEY
Dk N (h,2) = —g" + =
\ A
Tr[...] =4 {(gv + g ) (Q1MQ2V + q1v92u — Guv 91 q2)
g m} (917 = 947) = 20 11025 9194
0 We get
4 g \ my i

M2 = = M2 laf2 452009 (f2_2 fz)
M3 (S2) M |ol2 gk 2 (L) (o2 -2
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IST Decay 7 — ff: The total width T

Summary 0 Using the relation

Massless SM

Higgs Mechanism GF 92 g 2 1

Massive SM —_— = =

20 - 17 V2  8M3E, (cos 0W> 8M?2

® Average |M|2

where we have used the SM relation My, = My cos Oy, we finally get

e e — u u

Muon Decay 2 2

. — 2G rm3 4m m

Higgs & Unitarity F:—Z __f f2+ f2_|_2 _f ( f2_2 f2)

3v2m M?2 Jv- T Ia My ) \TV Ia

0 For the SM fermions is a good approximation to neglect (ms/Mz)? (even
for the b quark is only 3 x 107?), so

— 2G Fm3
07— S == (ol +oh?)

and

['(Z —ete ) ~83.4 MeV
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e et — u ut in the Standard Model

Summary
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Massive SM

z9 . fF

e Amplitude
edo /dQ2

® Cross Section

Muon Decay

Higgs & Unitarity

00 We consider now the process e e™ — p~ ' in the SM. We have the
diagrams

P1 q P1 q

P2 q2 P2 q2

0 We get for the amplitude (we include I'z in the propagator)

—jahv

M =(ie)? v(p2)ypulpr) wlqi)vev(g2)

. k
—1 (g,w/ - ]1\2_21/)
——=u(q1)y” ( ] — 9;7;75) ’

Zg — M e e
+ <cosew> v(p2)7* (9v gA%)U(pl)S_M%H.MZFZ

0 For the energies we are considering it is safe to take m, = 0. Then we can
neglect the terms in kuk,,/M% in the propagator after using the Dirac
equation
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IST e et — u~pt in the Standard Model

0 We get for the amplitude

Summary

Massless SM 62

Higgs Mechanism M :Zg |:6(p2)7’u’u(p1) ﬂ(Ql)’Y,u”(QQ)

Massive SM

. + ()27 (0% — 9575)u(pr) Tan)va (o — 9575)0(a2)

e et — ,LL_M+

o do /dQ where

® Cross Section

Muon Decay 1 S

sin? Oy cos? Oy s — M2 4+ iM Ty

Higgs & Unitarity

0 After some trace calculations

64

MP = {A +|F(s)2B + 2Re [F<s)0}}

0 We get for A

A=32(p1-q1p2-G2+p1-q D21 +m?f p1 - p2)
=45> [1 + cos® 0 + (1 — 8%) sin® 0]
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e et — u ut in the Standard Model

Summary
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Higgs Mechanism
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z9 . fF

e et — ,LL_[,L+

e Amplitude

odo/dS)

e Cross Section

Muon Decay

Higgs & Unitarity

0 For B and C

B 2482{9{/2(9\6/2 +95°)[1 + cos® 0 + (1 — 8%) sin” 0]
+ 91{12(9\6/2 +95°)B%(1 + cos® ) + 8gjg€/g£g‘f/6 coS 9}

C :432{g‘e/g‘f/ [1 + cos? 0 + (1 — 5?) sin? (9] — Zgjgfgﬁ COS (9}

0 For the differential cross section

do  o?

dS) :45

B{ch [1 + cos? 0 + (1 — 5?) sin? (9]
—2Q X1(9) [g‘efg‘f/ [1+cos® 0+ (1 — B8%)sin’ 0] + 2gjg£ﬁ cos 9}
1+ Xa(s) [952(932 +952)[1+ cos? 0 + (1 — B2) sin? 6]

+ 942057 + 9578 (1 + cos?0) + 89595 g%,91, B eos 0] |

where X1 (s) = Re(F(s)), Xa(s)=|F(s)]?
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e~ et — u~ut: Total Cross section

Summary
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z9 . fF

e et — ,LL_[,L+

e Amplitude
edo /dQ2

Muon Decay

Higgs & Unitarity

O Integrating in the solid angle ) we get

2
3s

o =

B3 — 8%+ 2, (s)g597(3 — 87)

+X0(5) [0 (652 + 65%)3 — B + 205205 + 952)%] }

which should be compared with pure QED

20 10

B(3— %)

OQED — 3s

10% |

O In the figure we show the result

comparing with pure QED. This
was fully confirmed at LEP

=
210° ¢
o}

10™

10°

100 150 200
Ecm (GeV)
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Muon Decay

Summary

Massless SM

Higgs Mechanism

Massive SM

z9 . fF

e et — ,LL_[,L+

e Amplitude
e Total width

Higgs & Unitarity

0 The last example is the decay of the muon. Historically this process was very
important for the acceptance of Fermi theory of four-fermion interaction

0 Today this process is understood in the SM through the diagram

Vi

q2 Ve
with an intermediate W boson
0 The amplitude is
. 2 —1 g _ q9u4u
Y\ @ L= (“” M%v) - 1=
M s —_— M k v

(ﬁ) u(q1)y ( > ) u(k)— Mz HMWFWU(p)V ( 5 ) vie2)

2 _ Gy
g g,ul/ M‘%V

=i u(q)y" (1 —s) u(k)ul(p)y” (1 —75) v(g2) — Mg, + iMw Ty

Jorge C. Romao

IDPASC School Udine — 38



ST

Muon Decay

Summary
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Higgs Mechanism

Massive SM
z9 . fF

e et — ,LL_[,L+

Muon Decay

e Amplitude

e Total width

Higgs & Unitarity

0 The width is given by the usual expression

1 ¢
['= 202m)464Hk —p— qp —
| G P8k = p — 1~ ) 32poH —

0 The final state with three particles makes things complicated. However a
simplification can be done due to the fact that ¢* < M3,

0 This approximation corresponds to the effective Fermi theory and is
equivalent to collapsing the propagator into a point

g _ 9u4v
v M2, L Juv
2 2

O In this approximation we get

M = i )y (1= 55) u(k)i(e), (1= o) olae) — T =
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Muon Decay: Total width ...
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z9 . fF

e et — ,LL_[,L+

Muon Decay

e Amplitude

e Total width
Higgs & Unitarity

0 We get for averaged squared amplitude

L = ot Tl (=) + )y (1= )]

spins

g4
=2 (—4> k-gap-q
My,

0 Then for the total width

4 3 3
g d Q1 d CI2
I' = k: — k -
(MW> (27) 5mu / / 2q2 P01 —42) k-2 P

0 We can use Lorentz invariance to show that (A =k — p)

Tr| (P + me) v, (1 — v5) 270 (1 — 75)]

d3q; d3q 7'('
Iog = / 01 02 (A —q1 — @©)q1ag2s = —

2
2(]1 2(]2 24 <ga5A +2AQA5)
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Muon Decay: Total width ...
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e Amplitude

e Total width
Higgs & Unitarity

0 Putting everything together

4 d>p
3k - 4(k - p)* — 2m3im?
0= (15) G [ s [Bb ol 4 md) = (k5 = 2mi]

m—l—m

2m'u
o [T BB = 3B + ) — 4B, — 2mm]
G2m?
152 Ll —a*)(1— 72 — 72" 4+ 2°%) — 242" In ]
A8
where x = <

O Introducing the values from PDG we get

1
' =295 x 10719 MeV =448 x 10° s™!, 7= 5 =22 107% s
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Higgs and Unitarity
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z9 . fF

e et — ,LL_[,L+
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Higgs & Unitarity

e Couplings

e Pol. Vectors

e Unitarity

= + +
O W, + W > W, + W[
o Klnematics
® X
e Unitarity

® X

O In the last part of this lecture | will review the role of the Higgs boson in
preserving unitarity of the scattering amplitudes in the Standard Model.

0 We will look at the process
O W, +Wr =W, + W,
for longitudinally polarized gauge bosons.
0 We will need the couplings of the Higgs with the gauge bosons
+

! mz guv
cos Oy H

Z, W,

0 And the gauge boson self-couplings

Jorge C. Romao

IDPASC School Udine — 42



iy 1sT Gauge Boson Self-Couplings

Wa
Summary
'V'.ass'ess SM . Ay —ie [gas(p — k) + ggu(lf —q)a + Jpo (¢ —p)sl = _ieraﬁu(pa k. q)
Higgs Mechanism k/
Massive SM N
_ WB

ZO—>ff

e et — ,u_u+

Muon Decay Wa

Higgs & Unitarity

}W& no 1gcos Oy [gag(p k) + ggu(k —q)a + gua(q - p)ﬂ] = igraﬁu(pa k,q)
e Unitarity

.WL_+WZ:—>WE+W2' W+

o Klnematics 5

® X

e Unitarity +

o W2 W
;Ef 29()4!/96# Goan9gpry — gaﬂguu]

Logu(®, k@) = [gap(® — k) + 980k — Q) + Gualq —p)s]
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Polarization Vectors
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+
oW, + W — W, + W]
o Klnematics
® X
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® X

0 In many problems with massive gauge bosons we do not measure their
polarization, and therefore we sum over all polarizations using the well
known result,

kY
My

> ek, N (R, A) = —g" +
A

where we used the W boson as an example.

0 As we will be considering the case of longitudinal polarized gauge bosons, we
have to review the expressions for the polarization vectors.

O Let us start with the case of longitudinal polarization. In the gauge boson
rest frame where p* = (M, 0,0, 0), the longitudinal polarization vector is

(0,0,0,1), satisfying er(p)-er(p) = —1,er(p) - p=0.

et (p)

O In the frame where the gauge boson is moving with velocity B’ we have

#(p) = (v8,7B), B=7/E, v '=+1-p2%5=43/8
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Unitarity and Growth of the Amplitudes with /s
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0 The last topic we want to discuss is the behaviour of the amplitudes with the
growth of the center of mass energy.

0 For these 1 + 2 — 3 4 4 processes, it can be shown that the amplitudes for
large values of /s should, at most, be constant with the energy,

lim M = constant.
V/§—00

0 This in turn will imply that the cross sections given by

—2

do 1 |p3cM] M

dQ 64725 |Piom|

will decrease for values of /s > M, where M is any mass in the problem.
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The scattering W, + W, — W, + W/
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T = N
oW, + Wl 5w, + W

L
o Klnematics

® X
e Unitarity

® X

[]

[]

Now we will consider the scattering of longitudinal VVLi

Wi (p1) + Wi (p2) = Wi (q1) + Wi (ge)

where the momenta are as indicated and the subscript L means that the
gauge bosons W are longitudinally polarized.

In the SM this process has seven tree-level diagrams

Figure 1: Diagrams contributing to W + WZF — W, + WEL
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Kinematics for W,

+ W = W,

+ W
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.WL_+W2' - Wp +W]:"
® X

e Unitarity

® X

y

\

P1 =

P2 =

q1 =

g2 =

ga 0,0, 5)

gu 0,0, —0)
ﬁ(l,ﬁSiDQCM,O,BCOSHCM)

2

g(L—ﬁSinQCM,O, —Bcos o)

0 B=+/1—4M2 /s

0 Notice that the invariant relations of the type e (p1) - er(p1) =

er(p1) =

er(p2) =

er(q)

er(q2) =

er(p1) - p1 = 0 are verified for all cases.

NE
2 My
My
2 My
N
2Mwy
NE
2Mwy

(8,0,0,1)

(8, sin e, 0, cos 0o r)

(8, —sin O, 0, — cos O )

—1 and

0 This case is very interesting, because not only the gauge structure is
necessary for the amplitudes to have the correct behaviour, but also the
Higgs boson is fundamental.
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The Amplitudes
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Let us denote, in an obvious notation, the amplitudes as
t t
M= M2, + M, + Maw + M5
We have then,

2.2
g-Ss
M3 == e (pr)er (p2)€}, (a1)€(a2) Tapn(p1, P2, —p1 = p2)

X s~ v(—q2,—q1,01 +p2) g

2.2

My = — LW
o 2 2
s — My, /cyy

¥ (p1)es (p2)€) (1)€3.(q2) T (D1, D2, —P1 — D2)

(p1 + p2)*(p1 +p2)”
My, /ciy

XI5~ (—q2,—q1,p1 + p2) |g"" —

2.2
g°s
My = = ef (pr)er (p2)e] (a1)€r, (a2) Tayu(pr, —q1, g1 — p1)

X I's 8.,(—q2,D02,q92 — p2) """
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The Amplitudes - - -
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2.2
gC
M, = — rQW/CQ €2 (p1)€r.(p2)€1(q1)€3,(a2) Tay,u(P1, —q1, a1 — p1)
Wi =W

o (01— aq)H(pr —q1)”
M/ ety

X I's gu(—q2,p2,92 — p2) |9

Maw = g% €% (p1)€s (p2)€1(01)€3.(02) (2906 98 — Gaup G5y — Gory 955)
2 2
g M
My = — _—]\% 6%(%)6?(1?2)61(%)6%((12) 9ap Yvs
S H
2 2
g My,
My = — 15 L (p1)eL (p2)€}, (01)€1,(2) o 95
H

0 Where s2, = sin® Oy, ¢, = cos? Oy, and use the SM relations
MW = CwMZ and e = gsw .

0 If we insert the ¢ ~ p* /My, we see that the amplitudes can grow

potentially as s? or even s3.

0 We calculate the amplitudes using the exact expressions for €
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The Amplitudes - - -
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M
My
Mt

~

My

2 .2
g Sy

T AML s

(2M2, + 5)” (4MZ, — 5 — 2t)

2 2
g Cy

_ 2 2 2 .
=10 (s~ MZ (2Myy +5)” (4My — s — 2t)

N i
AME T (s — 4M32,)?

[256MV1£ — 64M8, (45 + t) + 16 ME, 5(55 + 14¢)

— AM, s (257 + 21st + 20£%) + 8MZ, 52t (s + 3t) — s22(2s + t)}

2.2
g Cyw

— 2
AMy, (s —AMg,)™ (t — My, /ciy)

[256MV1£ — 64MS, (45 + t) + 16ME, 5(5s + 14t)

— AM,s (252 + 21t + 202) + 8M2, s%t(s + 3t) — s242(2s + t)}

2
g-s [ 6 4 2
— — 64My, + A8M (s +t) — 4M&G,s(3s + Tt
4 4 (3 4 2)2 W W( ) W ( )

+s (32 + 4st + tz)}
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S, And finally for the Higgs mediated diagrams,
Massless SM

Higgs Mechanism

Massive SM 2 2

Zz0 _, 7 MSH — g2 (S B 2MW)

e_e+—>u_u+ 4M%V (S_Mjg—f)

Muon Decay 4 9 2
Hiigs 8|¢.Unitarity Mt o g2 (_SMW —|_ 2MW8 + St)

e Couplings H — 2
e Pol. Vectors 4 t — M2 M S — 4M3

e Unitarity ( H) ( w W)
:‘;(VILn:mV:iic: e

o niterty 0 For /s > My the first five amplitudes grow as s? and the last two (from

the Higgs exchange) as s.

0 We define the dimensionless variable x = s/(4M3,), for z > 1 we should be
able to write all amplitudes in the form
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z9 . fF
e e+ — U ;L+
oo Decs M: —g?4s¥, cos 0 0 g*3s%, cos 6
u y
cos
Higgs & Unitarity M7, —g?4c%, cos b —g%cos® g° l3 cosf &, — 4—2]
e Couplings 2,42 “w
@ Pol. Vectors /\/lﬁy 92 s%,[, ( —cos?20 —2cosf + 3) g2 83%,[, cosf % ( —2cos? 6 — cosh — 1)
® Unitarity cosf 3 2 cosf =1 cos? 6 cosf
ow, +wi > wp +wi MtZ 926%4/(—0082(9—20080—{—3) g° 80058612,{,———— A —2008296124/— —COSQC‘Q/V——Q
e Klnematics 2 2 cosf — 1 3 4CW
® X + 3cosf — i —L—F—}
v de T2
® x Maw 92<60829+6c080—3) g% (2 — 6cosb) 0
1 0
Z 0 g2¥ g23CO89+...
~Z
M2
S 0 2 2 1 — H
My 9 g ( 4ME,
1 cosé@ 1+ cos@ M?
t 0 2 (- 2 H
M T\27 2 g > iz
> 0 0 £
yZH
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e Klnematics

® X

® X

0 We see that the terms proportional to ? cancel among the first five
diagrams involving only the gauge bosons.

0 The term proportional do x remains after we sum over the gauge part. So, if
we consider only a gauge theory of intermediate gauge bosons, we are in
trouble.

O This trouble can be traced back to the fact that with mass the gauge
invariance is lost, and the theory is inconsistent if the diagrams involving the
Higgs boson field are not taken in account.

0 In conclusion, the Higgs boson is crucial to make the SM consistent.
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Cross section
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0 As the amplitudes are pure c-numbers with no spinor part, the cross section
is simply obtained by summing all the amplitudes and taking the absolute

value of the result to obtain M|?.

0 We get
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