
Advanced Quantum Field Theory

1º Semester 2020/2021

I give here a brief description of the proposed topics. You should write a small text
on the chosen topic and make an oral presentation of 20 minutes. As we discussed you
send to me the small text a week before the presentation. These will take place on Friday
February 12th so that I can deliver the grades on time.

IST, 21 of December, 2020
Jorge C. Romão
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1 Renormalization Group and Unified Theories

Objective: Evaluate the evolution of the coupling constants using the renormalization
group, for the Standard Model and for the MSSM. The student should do the explicit
calculations for the coefficients of the β functions that are needed, not just use the results
from the book [1].

Bibliography:

� Advanced Quantum Field Theory , Jorge C. Romão, Chapter 7.

Student: Anton Kuncinas
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2 QED in a non-linear gauge

Consider QED with a non-linear gauge condition,

F = ∂µA
µ +

λ

2
AµA

µ .

1. Write Leff and show that sLeff = 0, where s is the Slavnov operator.

2. Write the Feynman rules for the new vertices and propagators. Then evaluate at
tree level γ + γ → γ + γ. Compare with the results in the usual linear gauge.

3. Evaluate the vacuum polarization at one-loop.

4. Show that the diagram of the figure, that would be potentially dangerous for the
anomalous magnetic moment of the electron (would be proportional to λ) vanishes.

ee

γ

Student: Pablo Bilbao
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3 Vacuum Polarization in QCD

Consider the theory that describes the interactions of quarks with gluons (QCD) given
by the Lagrangian:

LQCD = −1

4
F a
µνF

µνa +
n

∑

α=1

ψ
α

i (iD/−mα)ijψ
α
j

where

F a
µν = ∂µA

a
ν − ∂νA

a
µ + gfabcAbµA

c
ν

(Dµ)ij = δij∂µ − ig

(

λa

2

)

ij

Aaµ .

The index α = 1, 2, . . . , n denotes the different quark flavours (up,down,...,top). In order
to quantize the theory use the linear gauge condition,

LGF = − 1

2ξ
(∂µA

µa)2 ,

that gives the following Lagrangian for the ghosts,

LG = ∂µω
a∂µωa + gfabc∂µωaAbµω

c

To renormalize the theory one needs the following counter-term Lagrangian,

∆L = −1

4
(Z3 − 1)

(

∂µA
a
ν − ∂νA

a
µ

)2 − (Z4 − 1)gfabc∂µA
a
νA

µbAνc

−1

4
g2(Z5 − 1)fabcfadeAbµA

c
νA

µdAνe +
∑

α

(Z2 − 1)iψ
α

i γ
µ∂µψ

α
i

−
∑

α

mα(Zmα − 1)ψ
α

i ψ
α
i + (Z1 − 1)g

∑

α

ψ
α

i γ
µ

(

λa

2

)

ij

ψαj A
a
µ

+(Z6 − 1)∂µω
a∂µωa + (Z7 − 1)gfabc∂µωaAbµω

c .

1. Verify the expression for LG.

2. Verify the Feynman rules given in the text.

3. Evaluate the vacuum polarization.

Student: José Bastos
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4 Renormalization of QCD

Consider the theory that describes the interactions of quarks with gluons (QCD) given
by the Lagrangian:

LQCD = −1

4
F a
µνF

µνa +

n
∑

α=1

ψ
α

i (iD/−mα)ijψ
α
j

where

F a
µν = ∂µA

a
ν − ∂νA

a
µ + gfabcAbµA

c
ν

(Dµ)ij = δij∂µ − ig

(

λa

2

)

ij

Aaµ .

The index α = 1, 2, . . . , n denotes the different quark flavours (up,down,...,top). In order
to quantize the theory use the linear gauge condition,

LGF = − 1

2ξ
(∂µA

µa)2 ,

that gives the following Lagrangian for the ghosts,

LG = ∂µω
a∂µωa + gfabc∂µωaAbµω

c

To renormalize the theory one needs the following counter-term Lagrangian,

∆L = −1

4
(Z3 − 1)

(

∂µA
a
ν − ∂νA

a
µ

)2 − (Z4 − 1)gfabc∂µA
a
νA

µbAνc

−1

4
g2(Z5 − 1)fabcfadeAbµA

c
νA

µdAνe +
∑

α

(Z2 − 1)iψ
α

i γ
µ∂µψ

α
i

−
∑

α

mα(Zmα − 1)ψ
α

i ψ
α
i + (Z1 − 1)g

∑

α

ψ
α

i γ
µ

(

λa

2

)

ij

ψαj A
a
µ

+(Z6 − 1)∂µω
a∂µωa + (Z7 − 1)gfabc∂µωaAbµω

c .

1. Show that the following relations must be true

Z1

Z2

=
Z4

Z3

=
Z7

Z6

=

√
Z5√
Z3

2. Evaluate Z1, Z2, Z3, Z4, Z6 e Z7 using Minimal Subtraction (MS). Show explicitly
that Z1Z6 = Z2Z7.

3. Evaluate the contribution of the fermions to Z4 and Z5. Show that they are in
agreement with the previous relations.

Student:
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5 Renormalization of Scalar Electrodynamics

Consider Scalar Electrodynamics, that is the gauge theory of interactions of photons with
charged scalar particles.

1. Write the Lagrangian for this theory.

2. Derive the Feynman rules.

3. Identify the divergent diagrams.

4. Do the on-shell renormalization for the self-energies of the photon and charged scalar
particle.

Student: Francisco Albergaria
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6 Unitarity in Non-Abelian Gauge Theories

Consider the theory that describes the interactions of quarks with gluons (QCD) given
by the Lagrangian:

LQCD = −1

4
F a
µνF

µνa +

n
∑

α=1

ψ
α

i (iD/−mα)ijψ
α
j

where

F a
µν = ∂µA

a
ν − ∂νA

a
µ + gfabcAbµA

c
ν

(Dµ)ij = δij∂µ − ig

(

λa

2

)

ij

Aaµ .

The index α = 1, 2, . . . , n denotes the different quark flavours (up,down,...,top). In order
to quantize the theory use the linear gauge condition,

LGF = − 1

2ξ
(∂µA

µa)2 ,

that gives the following Lagrangian for the ghosts,

LG = ∂µω
a∂µωa + gfabc∂µωaAbµω

c

1. Verify the expression for LG.

2. Show explicitly that the action is BRS invariant.

Consider now the amplitudes

iT abµν ≡ iT ab ≡
k1

k2

p1

p2

µ, a

ν, b

a

b

k1

k2

p1

p2

3. Evaluate T abµν at tree level. Verify that, for off-shell gluons, we have kµ1T
ab
µν 6= 0.

What happens for on-shell gluons?

4. Verify, at tree level, the Ward identities

kµ1 T
ab
µν = kν2 T

ab

5. Use the above results to explicitly prove unitarity at one-loop level, showing that
the optical theorem holds in this case.

Student: Francisco Vazão
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7 Feynman Rules for QED using the Path Integral

The generating functional for the Green functions in QED is given by,

Z(Jµ, η, η) =

∫

D(Aµ, ψ, ψ) e
i
∫
d4x(LQED+LGF+J

µAµ+ηψ+ψη) . (1)

where

LQED = −1

4
FµνF

µν + ψ(iD/−m)ψ

LGF = − 1

2ξ
(∂ · A)2

Dµ = ∂µ + ieAµ .

a) Determine Z0[J
µ, η, η]

b) Show that

Z[Jµ, η, η] = exp

{

(−ie)
∫

d4x (−1)
δ

iδηα(x)
(γµ)αβ

δ

iδηβ(x)

δ

iδJµ(x)

}

Z0[J
µ, η, η] . (2)

c) Expand
Z = Z0

[

1 + (−ie)Z1 + (−ie)2Z2 + · · ·
]

(3)

where we have subtracted the vacuum-vacuum amplitudes in Zi, that is, Zi[0] = 0 →
Z[0] = 1. Show that

Z1 = −i (4)

Z2 =
1

2
Z2

1 +
1

2
+

− +
1

2
(5)

d) Discuss the numerical factors and signs of the previous diagrams.
e) Evaluate in lowest order

〈0|TAµ(x)ψβ(y)ψα(z) |0〉 =
δ3Z

iδηα(z)iδηβ(y)iδJµ(x)
(6)

and verify that it coincides with the Feynman rules for the vertex.

8



f) Determine the amplitude for the Compton scattering in lowest order, that is, eval-
uate the Green function,

〈0|TAµ(x)Aν(y)ψβ(z)ψα(w) |0〉 =
δ4Z

iδηα(w)iδηβ(z)iδJν(y)iδJµ
(7)

and verify that it reproduces the result obtained from the usual Feynman rules in Chapter
3 of the text. You do not have to obtain Sfi, just the Green functions, as the rest of the
procedure is equal to what we have done in Chapter 3.

Student: Rodrigo Vicente
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8 β Function in a general SU(N) gauge theory: AAA

8.1 Definitions

We define here the theory to have all conventions consistent. Notice that some of these
conventions differ from the textbook.

Classical Theory

Consider the non-abelian SU(N) gauge theory defined by its classical Lagrangian,

LSU(n) = −1

4
F a
µνF

µνa + ψi(iD/ −mF )ijψj + (Dµφ)
†
iD

µφi −m2
Sφ

†
iφi (8)

where

F a
µν = ∂µA

a
ν − ∂νA

a
µ − gfabcAbµA

c
ν (9)

(Dµ)ij = δij∂µ + ig (T a)ij A
a
µ . (10)

and T aij are the generators in the representation to which the fermion and scalar belong
(possibly different ones). To quantify the theory we have to introduce the gauge fixing
term, that we choose to be of the form,

LGF = − 1

2ξ
(∂µA

µa)2 , (11)

for which we have the following ghost Lagrangian,

LG = ∂µω
a∂µωa − gfabc∂µωaAbµω

c . (12)

Counterterm Lagrangian

To renormalize the theory we need the following counterterm Lagrangian

∆L = −1

4
(ZA − 1)

(

∂µA
a
ν − ∂νA

a
µ

)2
+ (ZAAA − 1)gfabc∂µA

a
νA

µbAνc

−1

4
g2(ZAAAA − 1)fabcfadeAbµA

c
νA

µdAνe + (ZF − 1)iψiγ
µ∂µψi −mF (Zmψ − 1)ψiψi

−(ZψψA − 1)g ψiγ
µ (T a)ij ψjA

a
µ + (ZG − 1)∂µω

a∂µωa − (ZGGA − 1)gfabc∂µωaAbµω
c

+(ZS − 1)∂µφ
∗
i∂

µφi −m2
S(ZS − 1)φ∗

iφi − (ZSSA − 1)
[

igAaµφ
†
iT

a
ij∂

µφj − igAaµ∂
µφ†

iT
a
ijφj

]

+(ZSSAA − 1)g2φ†
iT

a
ijφjA

a
µφ

†
kT

b
kmφmA

bmu . (13)
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Feynman Rules

For completeness we give here the Feynman rules for this theory.

• Propagators:

i) Gauge bosons

−iδab
[

gµν

k2 + iǫ
− (1− ξ)

kµkν

(k2 + iǫ)2

]

≡ iδab
Nµν(k, ξ)

k2 + iǫ
(14)a b

µ ν

k

where, for future use, we have defined the numerator of the propagator in an arbitrary
Rξ gauge as,

Nµν(k, ξ) ≡ −
[

gµν − (1− ξ)
kµkν

k2

]

(15)

ii) Ghosts

i

k2 + iǫ
δab (16)a b

k

• Vertices:

i)Triple gauge boson vertex

gfabc[ gµν(p1 − p2)
ρ + gνρ(p2 − p3)

µ

+gρµ(p3 − p1)
ν ] ≡ Γµνρabc (p1, p2, p3)

p1 + p2 + p3 = 0

(17)

µ, a ν, b

ρ, c

p1

p2

p3

ii) Quartic gauge boson vertex

−ig2
[

feabfecd(g
µρgνσ − gµσgνρ)

+feacfedb(g
µσgρν − gµνgρσ)

+feadfebc(g
µνgρσ − gµρgνσ)

]

≡ Γµνρσabcd

p1 + p2 + p3 + p4 = 0
(18)

µ, a ν, b

ρ, cσ, d

p1 p2

p3p4

11



iii) Ghost-Gauge boson interaction

−g fabcpµ1 ≡ Γµabc(p1)

p1 +p2 + p3 = 0
(19)

µ, c

a b
p1

p2

p3

iv) Fermion-Gauge boson interaction

−ig(γµ)βαT aij (20)

µ, a

α, jβ, i
p1

p2

p3

v) Scalar-Gauge boson interaction: Cubic term

−ig(p1 − p2)
µT aij ≡ V µ

S (p1, p2)T
a
ij (21)

µ, a

i j
p1

p2

p3

vi) Scalar-Gauge boson interaction: Quartic term

ig2gµν{T a, T b}ij (22)

µ, a ν, b

i j

Notice that in the definition of Γµνρabc (p1, p2, p3) in Eq. (95) all the momenta are outgoing.
This explains the different sign when comparing with Ref.[2].

Group factors

We summarize here some useful formulas for dealing with some group theory factors. Our
generators obey the defining commutation relations,

[

T a, T b
]

= i fabcT c (23)

12



where the structure constants of the Lie group G are completely antisymmetric, and the
generators in a representation R of G are normalized as follows,

Tr[T aT b] = TRδ
ab (24)

The structure constants obey the Jacobi identity

fabdf dce + f bcdf dae + f cadf dbe = 0 (25)

and we define the two Casimir invariants

fabdf dbc = CAδ
ad, T aT a = CR 1 . (26)

Useful relations are,

TR r = dR CA (27)

Tr[T aT bT c]− Tr[T aT cT b] = i TR f
abc (28)

T abcd + T abdc + T acdb + T adcb − 2T acbd − 2T adbc = TR
(

fadef bce + facef bde
)

, (29)

where r is the dimension of G, dR the dimension of the representation R of G and T abcd ≡
Tr[T aT bT cT d]. For SU(N) we have,

r = N2 − 1 dN = N (30)

TN =
1

2
CN =

N2 − 1

2N
(31)

CA = TAdj = N . (32)

8.2 Calculate the β function

The β function can be obtained in many ways. Here use as starting point

Zg = ZAAA Z
−3/2
A (33)

In all calculations consider the gauge with ξ = 1 and evaluate the counter-terms using
the MS scheme (just consider the coefficient of the pole).

1. Calculate the pure gauge contribution to ZA at one loop.

2. Calculate the pure gauge contribution to ZAAA at one loop.

3. Calculate the fermion contribution to ZA and ZAAA at one loop.

4. Calculate the scalar contribution to ZA and ZAAA at one loop.

5. Finally evaluate the β function for this theory. Check that you recover Eq. 7.181 of
the textbook [1].

Student:
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9 β Function in a general SU(N) gauge theory: FFA

9.1 Definitions

We define here the theory to have all conventions consistent. Notice that some of these
conventions differ from the textbook.

Classical Theory

Consider the non-abelian SU(N) gauge theory defined by its classical Lagrangian,

LSU(n) = −1

4
F a
µνF

µνa + ψi(iD/ −mF )ijψj + (Dµφ)
†
iD

µφi −m2
Sφ

†
iφi (34)

where

F a
µν = ∂µA

a
ν − ∂νA

a
µ − gfabcAbµA

c
ν (35)

(Dµ)ij = δij∂µ + ig (T a)ij A
a
µ . (36)

and T aij are the generators in the representation to which the fermion and scalar belong
(possibly different ones). To quantify the theory we have to introduce the gauge fixing
term, that we choose to be of the form,

LGF = − 1

2ξ
(∂µA

µa)2 , (37)

for which we have the following ghost Lagrangian,

LG = ∂µω
a∂µωa − gfabc∂µωaAbµω

c . (38)

Counterterm Lagrangian

To renormalize the theory we need the following counterterm Lagrangian

∆L = −1

4
(ZA − 1)

(

∂µA
a
ν − ∂νA

a
µ

)2
+ (ZAAA − 1)gfabc∂µA

a
νA

µbAνc

−1

4
g2(ZAAAA − 1)fabcfadeAbµA

c
νA

µdAνe + (ZF − 1)iψiγ
µ∂µψi −mF (Zmψ − 1)ψiψi

−(ZψψA − 1)g ψiγ
µ (T a)ij ψjA

a
µ + (ZG − 1)∂µω

a∂µωa − (ZGGA − 1)gfabc∂µωaAbµω
c

+(ZS − 1)∂µφ
∗
i∂

µφi −m2
S(ZS − 1)φ∗

iφi − (ZSSA − 1)
[

igAaµφ
†
iT

a
ij∂

µφj − igAaµ∂
µφ†

iT
a
ijφj

]

+(ZSSAA − 1)g2φ†
iT

a
ijφjA

a
µφ

†
kT

b
kmφmA

bmu . (39)
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Feynman Rules

For completeness we give here the Feynman rules for this theory.

• Propagators:

i) Gauge bosons

−iδab
[

gµν

k2 + iǫ
− (1− ξ)

kµkν

(k2 + iǫ)2

]

≡ iδab
Nµν(k, ξ)

k2 + iǫ
(40)a b

µ ν

k

where, for future use, we have defined the numerator of the propagator in an arbitrary
Rξ gauge as,

Nµν(k, ξ) ≡ −
[

gµν − (1− ξ)
kµkν

k2

]

(41)

ii) Ghosts

i

k2 + iǫ
δab (42)a b

k

• Vertices:

i)Triple gauge boson vertex

gfabc[ gµν(p1 − p2)
ρ + gνρ(p2 − p3)

µ

+gρµ(p3 − p1)
ν ] ≡ Γµνρabc (p1, p2, p3)

p1 + p2 + p3 = 0

(43)

µ, a ν, b

ρ, c

p1

p2

p3

ii) Quartic gauge boson vertex

−ig2
[

feabfecd(g
µρgνσ − gµσgνρ)

+feacfedb(g
µσgρν − gµνgρσ)

+feadfebc(g
µνgρσ − gµρgνσ)

]

≡ Γµνρσabcd

p1 + p2 + p3 + p4 = 0
(44)

µ, a ν, b

ρ, cσ, d

p1 p2

p3p4

15



iii) Ghost-Gauge boson interaction

−g fabcpµ1 ≡ Γµabc(p1)

p1 +p2 + p3 = 0
(45)

µ, c

a b
p1

p2

p3

iv) Fermion-Gauge boson interaction

−ig(γµ)βαT aij (46)

µ, a

α, jβ, i
p1

p2

p3

v) Scalar-Gauge boson interaction: Cubic term

−ig(p1 − p2)
µT aij ≡ V µ

S (p1, p2)T
a
ij (47)

µ, a

i j
p1

p2

p3

vi) Scalar-Gauge boson interaction: Quartic term

ig2gµν{T a, T b}ij (48)

µ, a ν, b

i j

Notice that in the definition of Γµνρabc (p1, p2, p3) in Eq. (95) all the momenta are outgoing.
This explains the different sign when comparing with Ref.[2].

Group factors

We summarize here some useful formulas for dealing with some group theory factors. Our
generators obey the defining commutation relations,

[

T a, T b
]

= i fabcT c (49)

16



where the structure constants of the Lie group G are completely antisymmetric, and the
generators in a representation R of G are normalized as follows,

Tr[T aT b] = TRδ
ab (50)

The structure constants obey the Jacobi identity

fabdf dce + f bcdf dae + f cadf dbe = 0 (51)

and we define the two Casimir invariants

fabdf dbc = CAδ
ad, T aT a = CR 1 . (52)

Useful relations are,

TR r = dR CA (53)

Tr[T aT bT c]− Tr[T aT cT b] = i TR f
abc (54)

T abcd + T abdc + T acdb + T adcb − 2T acbd − 2T adbc = TR
(

fadef bce + facef bde
)

, (55)

where r is the dimension of G, dR the dimension of the representation R of G and T abcd ≡
Tr[T aT bT cT d]. For SU(N) we have,

r = N2 − 1 dN = N (56)

TN =
1

2
CN =

N2 − 1

2N
(57)

CA = TAdj = N . (58)

9.2 Calculate the β function

The β function can be obtained in many ways. Here use as starting point

Zg = ZFFA Z
−1/2
A Z−1

F (59)

In all calculations consider the gauge with ξ = 1 and evaluate the counter-terms using
the MS scheme (just consider the coefficient of the pole).

1. Calculate the pure gauge contribution to ZA at one loop.

2. Calculate ZFFA and ZF at one loop.

3. Calculate the fermion contribution to ZA at one loop.

4. Calculate the scalar contribution to ZA at one loop.

5. Finally evaluate the β function for this theory. Check that you recover Eq. 7.181 of
the textbook [1].

Student:
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10 β Function in a general SU(N) gauge theory: GGA

10.1 Definitions

We define here the theory to have all conventions consistent. Notice that some of these
conventions differ from the textbook.

Classical Theory

Consider the non-abelian SU(N) gauge theory defined by its classical Lagrangian,

LSU(n) = −1

4
F a
µνF

µνa + ψi(iD/ −mF )ijψj + (Dµφ)
†
iD

µφi −m2
Sφ

†
iφi (60)

where

F a
µν = ∂µA

a
ν − ∂νA

a
µ − gfabcAbµA

c
ν (61)

(Dµ)ij = δij∂µ + ig (T a)ij A
a
µ . (62)

and T aij are the generators in the representation to which the fermion and scalar belong
(possibly different ones). To quantify the theory we have to introduce the gauge fixing
term, that we choose to be of the form,

LGF = − 1

2ξ
(∂µA

µa)2 , (63)

for which we have the following ghost Lagrangian,

LG = ∂µω
a∂µωa − gfabc∂µωaAbµω

c . (64)

Counterterm Lagrangian

To renormalize the theory we need the following counterterm Lagrangian

∆L = −1

4
(ZA − 1)

(

∂µA
a
ν − ∂νA

a
µ

)2
+ (ZAAA − 1)gfabc∂µA

a
νA

µbAνc

−1

4
g2(ZAAAA − 1)fabcfadeAbµA

c
νA

µdAνe + (ZF − 1)iψiγ
µ∂µψi −mF (Zmψ − 1)ψiψi

−(ZψψA − 1)g ψiγ
µ (T a)ij ψjA

a
µ + (ZG − 1)∂µω

a∂µωa − (ZGGA − 1)gfabc∂µωaAbµω
c

+(ZS − 1)∂µφ
∗
i∂

µφi −m2
S(ZS − 1)φ∗

iφi − (ZSSA − 1)
[

igAaµφ
†
iT

a
ij∂

µφj − igAaµ∂
µφ†

iT
a
ijφj

]

+(ZSSAA − 1)g2φ†
iT

a
ijφjA

a
µφ

†
kT

b
kmφmA

bmu . (65)

18



Feynman Rules

For completeness we give here the Feynman rules for this theory.

• Propagators:

i) Gauge bosons

−iδab
[

gµν

k2 + iǫ
− (1− ξ)

kµkν

(k2 + iǫ)2

]

≡ iδab
Nµν(k, ξ)

k2 + iǫ
(66)a b

µ ν

k

where, for future use, we have defined the numerator of the propagator in an arbitrary
Rξ gauge as,

Nµν(k, ξ) ≡ −
[

gµν − (1− ξ)
kµkν

k2

]

(67)

ii) Ghosts

i

k2 + iǫ
δab (68)a b

k

• Vertices:

i)Triple gauge boson vertex

gfabc[ gµν(p1 − p2)
ρ + gνρ(p2 − p3)

µ

+gρµ(p3 − p1)
ν ] ≡ Γµνρabc (p1, p2, p3)

p1 + p2 + p3 = 0

(69)

µ, a ν, b

ρ, c

p1

p2

p3

ii) Quartic gauge boson vertex

−ig2
[

feabfecd(g
µρgνσ − gµσgνρ)

+feacfedb(g
µσgρν − gµνgρσ)

+feadfebc(g
µνgρσ − gµρgνσ)

]

≡ Γµνρσabcd

p1 + p2 + p3 + p4 = 0
(70)

µ, a ν, b

ρ, cσ, d

p1 p2

p3p4
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iii) Ghost-Gauge boson interaction

−g fabcpµ1 ≡ Γµabc(p1)

p1 +p2 + p3 = 0
(71)

µ, c

a b
p1

p2

p3

iv) Fermion-Gauge boson interaction

−ig(γµ)βαT aij (72)

µ, a

α, jβ, i
p1

p2

p3

v) Scalar-Gauge boson interaction: Cubic term

−ig(p1 − p2)
µT aij ≡ V µ

S (p1, p2)T
a
ij (73)

µ, a

i j
p1

p2

p3

vi) Scalar-Gauge boson interaction: Quartic term

ig2gµν{T a, T b}ij (74)

µ, a ν, b

i j

Notice that in the definition of Γµνρabc (p1, p2, p3) in Eq. (95) all the momenta are outgoing.
This explains the different sign when comparing with Ref.[2].

Group factors

We summarize here some useful formulas for dealing with some group theory factors. Our
generators obey the defining commutation relations,

[

T a, T b
]

= i fabcT c (75)
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where the structure constants of the Lie group G are completely antisymmetric, and the
generators in a representation R of G are normalized as follows,

Tr[T aT b] = TRδ
ab (76)

The structure constants obey the Jacobi identity

fabdf dce + f bcdf dae + f cadf dbe = 0 (77)

and we define the two Casimir invariants

fabdf dbc = CAδ
ad, T aT a = CR 1 . (78)

Useful relations are,

TR r = dR CA (79)

Tr[T aT bT c]− Tr[T aT cT b] = i TR f
abc (80)

T abcd + T abdc + T acdb + T adcb − 2T acbd − 2T adbc = TR
(

fadef bce + facef bde
)

, (81)

where r is the dimension of G, dR the dimension of the representation R of G and T abcd ≡
Tr[T aT bT cT d]. For SU(N) we have,

r = N2 − 1 dN = N (82)

TN =
1

2
CN =

N2 − 1

2N
(83)

CA = TAdj = N . (84)

10.2 Calculate the β function

The β function can be obtained in many ways. Here use as starting point

Zg = ZGGA Z
−1/2
A Z−1

G (85)

In all calculations consider the gauge with ξ = 1 and evaluate the counter-terms using
the MS scheme (just consider the coefficient of the pole).

1. Calculate the pure gauge contribution to ZA at one loop.

2. Calculate ZGGA and ZG at one loop.

3. Calculate the fermion contribution to ZA at one loop.

4. Calculate the scalar contribution to ZA at one loop.

5. Finally evaluate the β function for this theory. Check that you recover Eq. 7.181 of
the textbook [1].

Student:
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11 β Function in a general SU(N) gauge theory: SSA

11.1 Definitions

We define here the theory to have all conventions consistent. Notice that some of these
conventions differ from the textbook.

Classical Theory

Consider the non-abelian SU(N) gauge theory defined by its classical Lagrangian,

LSU(n) = −1

4
F a
µνF

µνa + ψi(iD/ −mF )ijψj + (Dµφ)
†
iD

µφi −m2
Sφ

†
iφi (86)

where

F a
µν = ∂µA

a
ν − ∂νA

a
µ − gfabcAbµA

c
ν (87)

(Dµ)ij = δij∂µ + ig (T a)ij A
a
µ . (88)

and T aij are the generators in the representation to which the fermion and scalar belong
(possibly different ones). To quantify the theory we have to introduce the gauge fixing
term, that we choose to be of the form,

LGF = − 1

2ξ
(∂µA

µa)2 , (89)

for which we have the following ghost Lagrangian,

LG = ∂µω
a∂µωa − gfabc∂µωaAbµω

c . (90)

Counterterm Lagrangian

To renormalize the theory we need the following counterterm Lagrangian

∆L = −1

4
(ZA − 1)

(

∂µA
a
ν − ∂νA

a
µ

)2
+ (ZAAA − 1)gfabc∂µA

a
νA

µbAνc

−1

4
g2(ZAAAA − 1)fabcfadeAbµA

c
νA

µdAνe + (ZF − 1)iψiγ
µ∂µψi −mF (Zmψ − 1)ψiψi

−(ZψψA − 1)g ψiγ
µ (T a)ij ψjA

a
µ + (ZG − 1)∂µω

a∂µωa − (ZGGA − 1)gfabc∂µωaAbµω
c

+(ZS − 1)∂µφ
∗
i∂

µφi −m2
S(ZS − 1)φ∗

iφi − (ZSSA − 1)
[

igAaµφ
†
iT

a
ij∂

µφj − igAaµ∂
µφ†

iT
a
ijφj

]

+(ZSSAA − 1)g2φ†
iT

a
ijφjA

a
µφ

†
kT

b
kmφmA

bmu . (91)
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Feynman Rules

For completeness we give here the Feynman rules for this theory.

• Propagators:

i) Gauge bosons

−iδab
[

gµν

k2 + iǫ
− (1− ξ)

kµkν

(k2 + iǫ)2

]

≡ iδab
Nµν(k, ξ)

k2 + iǫ
(92)a b

µ ν

k

where, for future use, we have defined the numerator of the propagator in an arbitrary
Rξ gauge as,

Nµν(k, ξ) ≡ −
[

gµν − (1− ξ)
kµkν

k2

]

(93)

ii) Ghosts

i

k2 + iǫ
δab (94)a b

k

• Vertices:

i)Triple gauge boson vertex

gfabc[ gµν(p1 − p2)
ρ + gνρ(p2 − p3)

µ

+gρµ(p3 − p1)
ν ] ≡ Γµνρabc (p1, p2, p3)

p1 + p2 + p3 = 0

(95)

µ, a ν, b

ρ, c

p1

p2

p3

ii) Quartic gauge boson vertex

−ig2
[

feabfecd(g
µρgνσ − gµσgνρ)

+feacfedb(g
µσgρν − gµνgρσ)

+feadfebc(g
µνgρσ − gµρgνσ)

]

≡ Γµνρσabcd

p1 + p2 + p3 + p4 = 0
(96)

µ, a ν, b

ρ, cσ, d

p1 p2

p3p4
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iii) Ghost-Gauge boson interaction

−g fabcpµ1 ≡ Γµabc(p1)

p1 +p2 + p3 = 0
(97)

µ, c

a b
p1

p2

p3

iv) Fermion-Gauge boson interaction

−ig(γµ)βαT aij (98)

µ, a

α, jβ, i
p1

p2

p3

v) Scalar-Gauge boson interaction: Cubic term

−ig(p1 − p2)
µT aij ≡ V µ

S (p1, p2)T
a
ij (99)

µ, a

i j
p1

p2

p3

vi) Scalar-Gauge boson interaction: Quartic term

ig2gµν{T a, T b}ij (100)

µ, a ν, b

i j

Notice that in the definition of Γµνρabc (p1, p2, p3) in Eq. (95) all the momenta are outgoing.
This explains the different sign when comparing with Ref.[2].

Group factors

We summarize here some useful formulas for dealing with some group theory factors. Our
generators obey the defining commutation relations,

[

T a, T b
]

= i fabcT c (101)
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where the structure constants of the Lie group G are completely antisymmetric, and the
generators in a representation R of G are normalized as follows,

Tr[T aT b] = TRδ
ab (102)

The structure constants obey the Jacobi identity

fabdf dce + f bcdf dae + f cadf dbe = 0 (103)

and we define the two Casimir invariants

fabdf dbc = CAδ
ad, T aT a = CR 1 . (104)

Useful relations are,

TR r = dR CA (105)

Tr[T aT bT c]− Tr[T aT cT b] = i TR f
abc (106)

T abcd + T abdc + T acdb + T adcb − 2T acbd − 2T adbc = TR
(

fadef bce + facef bde
)

, (107)

where r is the dimension of G, dR the dimension of the representation R of G and T abcd ≡
Tr[T aT bT cT d]. For SU(N) we have,

r = N2 − 1 dN = N (108)

TN =
1

2
CN =

N2 − 1

2N
(109)

CA = TAdj = N . (110)

11.2 Calculate the β function

The β function can be obtained in many ways. Here use as starting point

Zg = ZSSA Z
−1/2
A Z−1

S (111)

In all calculations consider the gauge with ξ = 1 and evaluate the counter-terms using
the MS scheme (just consider the coefficient of the pole).

1. Calculate the pure gauge contribution to ZA at one loop.

2. Calculate ZSSA and ZS at one loop.

3. Calculate the fermion contribution to ZA at one loop.

4. Calculate the scalar contribution to ZA at one loop.

5. Finally evaluate the β function for this theory. Check that you recover Eq. 7.181 of
the textbook [1].

Student:
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