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1.1 The Poincaré group consists of the Lorentz group plus the translations. If Jµν
denote the generators of the Lorentz group and Pµ the generators of the translations the
commutation relations are,

[Jµν , Jρσ] = i (gνρJµσ − gνσJµρ − gµρJνσ + gµσJνρ) (1)

[Pα, Jµν ] = i (gµαPν − gναPµ) (2)

[Pµ, Pν ] = 0

Show that

[

P 2, Jµν
]

=
[

P 2, Pµ

]

= 0 (3)

[

W 2, Jµν
]

=
[

W 2, Pµ

]

=
[

W 2, P 2
]

= 0

where

Wµ = −1

2
εµνρσ J

νρ P σ

is the Pauli-Lubanski vector operator.

1.2 Consider finite boosts. Define

ωi ≡ ω0i and tanhω = |~β|

where ~β is the relative velocity between the two frames.

a) Show that

SL = e−
1

2
~ω·~α

b) For finite rotations show that this can be written as

SL(~ω) = cosh
ω

2
− ω̂ · ~α sinh

ω

2

where ω̂ =
~β

|~β|
.

c) Consider now a Lorentz boost along the x axis with relative velocity β0. Show
explicitly that

SL(β0)γ
µS−1

L (β0) a
ν
µ = γν

for finite Lorentz boosts.

1



1.3 Fill in the entries of the multiplication table for the γ matrices as indicated in Table
1. This is a very useful table in actual calculations. To establish the Table we should note
that any product of matrices γ can be written in terms of the 16 independent matrices
we discussed in class. Also note that our conventions imply:

ε0123 = +1 , εαβ1γ1δ1ε
αβ2γ2δ2 = −

∑

P

(−1)P g
P [β2

β1
gγ2γ1g

δ2]
δ1

γ5 = iγ0γ1γ2γ3 = −iγ0γ1γ2γ3 , εαβγ1δ1ε
αβγ2δ2 = −2

(

gγ2γ1g
δ2
δ1
− gδ2γ1g

γ2
δ1

)

εαβγδ1ε
αβγδ2 = −6gδ2δ1 .

1 γ5 γµ γ5γ
µ σµν

1 1

γ5

γα

γ5γ
α

σαβ

Table 1: Multiplication table for γ matrices.

1.4 Starting from the definition

Sfi = lim
t→εf∞

∫

d3x ψ†
f (x)Ψi(x)

obtain the central result of Chapter 2, Eq. (2.50),

Sfi = δfi − ieQeεf

∫

d4y ψf(y)A/(y)Ψi(y) . (4)

where e > 0 e Qe = −1. This proof has some subtleties, therefore we go step by step.

a) First show that (Eq. (2.40))

SF (x
′ − x) = θ(t′ − t)

∫

d3p

(2π)3

2
∑

r=1

ψr
p(x

′)ψ
r

p(x)− θ(t− t′)

∫

d3p

(2π)3

4
∑

r=3

ψr
p(x

′)ψ
r

p(x)

where

ψr
p(x) =

1√
2E

wr(~p) e−iεrp·x

b) Now derive Eqs. (2.47) and (2.48),

lim
t→+∞

Ψ(x)− ψ(x) =

∫

d3p

(2π)3

2
∑

r=1

ψr
p(x)

[

−ieQe

∫

d4y ψ
r

p(y)A/(y)Ψ(y)

]

lim
t→−∞

Ψ(x)− ψ(x) =

∫

d3p

(2π)3

4
∑

r=3

ψr
p(x)

[

+ieQe

∫

d4y ψ
r

p(y)A/(y)Ψ(y)

]

c) Finally use these results to show Eq. (4).
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