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10.1 Gasiorowicz 10.2

Nota: Este problema é muito importante, pois permite encontrar os estados proprios de
qualquer operador que seja uma combinacao linear de S;. De facto, é facil mostrar que
uma combinacao linear da forma

M = ¢, S, + ¢, Sy + ¢, S,

com
ol + ey + P =1,

h cosa sina e
M=—

2\ sinae? —cosa

é equivalente a

Mostre este resultado, encontrando a relacao entre c,, ¢y, c. e a e . Assim, pode agora
usar os resultados deste problema na resolugao dos problemas 10.2 e 10.4.

10.2 Gasiorowicz 10.5
10.3 Gasiorowicz 10.7

Nota: Este problema é equivalente a mostrar que

g; O’j = 5ij —l-’iEiijk

10.4 Gasiorowicz 10.8
10.5 Gasiorowicz 10.10

Nota: Este problema é equivalente a mostrar que (ver problema 10.3)
(¢-d)°=a-a

onde na ultima relacao estd subentendida a matriz identidade 2 x 2 no lado direito.

10.6 Gasiorowicz 10.11

10.7 Gasiorowicz 10.12

10.8 Gasiorowicz 10.13

10.9 Gasiorowicz 10.14

10.10 Na aula tedrica apresentdmos, sem demonstracao, o resultado da adi¢cao de dois
momentos angulares arbitrarios (orbitais ou de spin). Recordamos aqui os resultados.
Seja

J=J+J

onde os valores proprios de J? sao h%j;(j; + 1). Entao temos os resultados seguintes:
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1. Os valores préprios de J? sao h%j(j + 1). Os valores possiveis para j sao
Ji+Jes i+ =1, |5 — ol

2. Qualquer estado |7, m) se pode exprimir como uma combinagao linear dos produtos
dos estados |71, m1) e |j2, m2) na seguinte forma

|j,m) = Z C (4, m; jr, ma, ja, ma) |1, ma) | J2, ma)
m=mi+mz

onde C(j,m; j1, my, Ja, m2) sdo os coeficientes de Clebsch-Gordon e estdao dados na
Fig. 1 para os valores mais baixos de j; e js.

a) Consulte a tabela para verificar que no caso de spin 1/2 se obtém os resultados de-
monstrados na aula.

Singleto :

1 1
0,00 = =5 11/2,1/2)[1/2,=1/2) = 5 [1/2,=1/2) [1/2,1/2)
Tripleto:

11,1) = |1/2,1/2)]1/2,1/2)

1 1
7 11/2,1/2)[1/2, —1/2) + 7 11/2,—1/2)]1/2,1/2)

11, -1y =11/2,—-1/2) |1/2,—1/2)

|1a0> =

b) Mostre que a multiplicidade total é (2j; + 1)(2j2 + 1) como deveria ser. Para isso
considere j; > 7o e mostre que

201 +J2) + U+ 201 +J2 — 1)+ 1+ + [201 — J2) + 1] = (251 + 1)(2j2 + 1)

Verifique, ver alinea a), que no caso de spin 1/2 temos 4 estados.

¢) Para o problema do &tomo de hidrogénio com spin vamos precisar da adi¢gao do momento
angular orbital L com o spin do electrao. Os valores possiveis para J = L+S sao Jj=1%£1/2
(para [ > 1 claro, doutra forma para [ = 0 temos J = §) Os resultados necessarios sao
(Gasiorowicz, Eq. 10.82, a menos dum sinal global, na definicao da segunda relagao para
estar de acordo com a tabela dos coeficientes Clebsch-Gordon),

l+m;+1/2 [+1/2—m; _
Vit1/2m; = %]—HYzmj—l/z Xt + leyl,mjﬂ/z X
[14+1/2 —m; l+m;+1/2 B
Vio1jom; = — leyi,mj—l/z X"+ W%,mﬂ-lﬂ X
Use a tabela da Fig. 1 para verificar este resultado para [ = 1,2. Verifique que as

multiplicidades estao correctas.



35. Clebsch-Gordan coefficients 1
35. CLEBSCH-GORDAN COEFFICIENTS, SPHERICAL HARMONICS,
AND d FUNCTIONS
J 3
Note: A square-root sign is to be understood over every coefficient, e.g., for —8/15 read —,/8/15. Notation: M M
1/2x1/2 |\ o — T2
=4/— cosﬁ X i
[+172+172] 1] 0o o H ar 2x1/2 1572 572 3/2 my  my | Coefficients
+1/2 -1/2(1/2 1/2| 1 ) |2 +1/2]  1]+3/2+3/2
“1/2 +1/2]1/2-1/2|-1 vl = — / — sinee“f’ +2 -1/2| 1/5 as5| 5/2 3/2
|—1/2 -1/2| 1 +1 +1/2| 4/5-1/5)+1/2 +1/2
0 5 (3 2p +1-1/2| 2/5 3/5| 5/2 3/2
2 =\ z-\5cos70 — *) 0+1/2| 3/5 -2/5]|-1/2 -1/2
1x1/2 | 3/2 dm A2 | 0-1/2| 3/5 2/5| 5/2 3/2
+3/2] 3/2 1/2 =
|+1 +1/2 1p+1/2 +1/2 Y21 - _ _‘) Smecosoeuﬁ —1+1/2| 2/5 -3/5|-3/2 -3/2
8m 2 -1-1/2| 4/5 1/5| 5/2
+1-1/2| 1/3 2/3| 3/2 1/2 3/2x1/2 |
0+1/2| 2/3 -1/3|-1/2 -1/2 , 1 _— /I+3 2{1/2 *i é +i -2 +1/2| 1/5 -4/5|-5/2
- 2 -2 —
0-1/2| 2/3 1/3| 72| Y2 = 3 sin“fe 22l 1
-1 +1/2| 1/3-2/3|-3/2 +3/2 -1/21/4 3/4] 2 1
ax1[> |‘1 > n +1/2 +1/23/4-1/4] © 0
+3[ 3 2 3/2x1 +g§§ VY +1/2-1/21/2 1/2| 2 1
[#2+1] 1]+2 +2 [z 71 1l+3/2 +3/2 -1/2+1/2|1/2 -1/2| -1 -1
+2 0[1/3 2/3] 3 2 1 +3/2 0| 2/5 3/5]| 5/2 3/2 1/2 -1/2 -1/2| 3/4 1/4] 2
+1 +1)2/3 -1/3] +1 +1  +1 +1/2 +1| 3/5 -2/5|+1/2 +1/2 +1/2 -3/2 +1/2| 1/4-3/4]-2
+2 -1|1/15 1/3 3/5 +3/2-1[1/10 2/5 1/2 |z3/2-1/72] 1
1x1 |2 +1 0|8/15 1/6-3/10| 3 2 1 +1/2 0| 3/5 1/15 -1/3| 5/2 3/2 1/2
+2) 2 1§ o+1]| 2/5-1/2 1/10] 0 © 0 -1/2+1(3/10 -8/15 1/6|-1/2 -1/2 -1/2
|+1 +1 1] +1 +1
+1-1[1/5 1/2 3/10 +1/2 -1(3/10 8/15 1/6
+1 of1/2 172 2 1 o 0 0[3/5 0 -2/5 3 2 1 -1/2 0| 3/5 -1/15 -1/3| 5/2 3/2
0o+1l1/2-1/2] o 0o o -1+1]|1/5 -1/2 3/20] -1 -1 -1 -3/2 +1|1/10 -2/5 1/2|-3/2 -3/2
+1-1|1/6 1/2 1/3 0-1 2/5 1/2 1/10 |—1/2 -1] 3/5 2/5| 5/2
0 02/3 0-1/3] 2 1 -1 o0|8/15-1/6-3/10| 3 2 -3/2 0| 2/5 -3/5|-5/2
-1+1]1/6-1/2 1/3]-1 -1| _ -2 +1|1/15 -1/3  3/5| -2 -2 [32-1] 1
o-1f1/2 172] 2 |—1 -1|2/3 173] 3
Y, = (-1)mY | oz -z |2 2_o|1/3-2/3|-3 (Jrjzmamaljija T M)
= I = Ty R .
| dfn,o: T 1 m o—ime | = (=1) 91792 (jojymamy |jojr J M)
J :(71)m7m’ J — g 3/2%x3/2 3 1/2 (4 1+ cosé
/ m! —m,—m/ +3] 3 2 dl . =cosf d = cos = dl, ==
m',m m,m’ m m |+3/2 +3/2 11 +2 12 U,U 1/2 1/2 2 1,1 2
2x3/2 | 172 3/2+1/2| 1/2 1/2| 3 2 1 sin 6
/ /2] 7/2 5/2 :1;2 :3;2 1?2 —1;2 +1 41 41 }ﬁ _1jp = sing dig=—"7%
Lzez2l _aps/zes/z 3/2-1/2 [1/5 1/2 3/10 2 , V2
13/2 -
+2+1/2| 3/7 4/7| 772 5/2 3/2 +1;2 +1/2|3/5 0 _2/5 3 2 T 0 1 1—cosf
+1+3/2] 4/7-3/7|*+3/2  +3/2 +3/2 -1/2+3/2 |1/5-1/2 3/10] 0o o 0o 0 di1=—%—
+2-1/2| 1/7 16/35 2/5 +3/2 -3/2 [1/20 1/4 9/20 1/4
2 +1+1/2| 4/7 1/35-2/5| 7/2 5/2 3/2 1/2 +1§2 _1;2 9520 1;4 _1520 _154
2%X2 g 3 0+3/2| 2/7-18/35 1/5] +1/2 +1/2 +1/2 +1/2 1105 1173 |9/20 ~1/4 -1/20 174 T T
+
[72+2] 1] +3 +3 +2 -3/2| 1/35 6/35 2/5 2/5 -3/2 +3/2 |1/20 -1/4 9/20-1/4] -1 -1 -1
+1-1/2(12/35 5/14 0 -3/10 t1/2-3/2| 1/5 1/2 3/10
t2+111/2 1/2| 4 32 0+1/2(18/35 -3/35 -1/5 1/5| 7/2 5/2 3/2 1/2 _1;2 _1f2 3§5 /o _2,5 )
+1+2]1/2-1/2] +2  +2  +2 -1+3/2| 4/35-27/70 2/5 -1/10]-1/2 -1/2-1/2 -1/2 -3/2+1/2| 1/5-1/2 3/10| -2 -2
+2 0[3/14 1/2 2/7 +1 -3/2| 4/35 27/70 2/5 1/10 n —
14| a7 0-37[ 4 3 2 1 0 -1/2 18/35 3/35 -1/5 -1/5 Byl il B¢
0 42)3/14 -1/2 2/7| +1  +1  +1  +1 -1 +1/2 12/35 -5/14 0 3/10| 7/2  5/2 3/2| E3L
+2 -1|1/14 3/10 3/7 1/5 -2 +3/2 | 1/35 -6/35 2/5 -2/5|-3/2 -3/2-3/2 [372-3/2] 1
+1 0| 3/7 1/5-1/14-3/10 0 -3/2| 2/7 18/35 1/5
0 +1| 3/7 -1/5-1/14 3/10 4 3 2 10 ~1 -1/2| a7 -1/35-2/5] 772 s/2
-1 +2 |1/14-3/10 3/7 -1/5 0 0o 0 0o o 2 +1/2| 1/7-16/35 2/5| -5/2 -5/2
+2 -2 | 1/70 1/10 2/7 2/5 1/5 -1-3/2| 4/7 3/7| 71/2
+1 -1 | 8/35 2/51/14-1/10 -1/5 —2-172| 377 -as7l-1/72
0 0 [18/35 0 -2/7 0 1/5
-1 41 | 8/35 -2/5 1/14 1/10 -1/5| 4 3 2 1 -2-3/2| 1
3/2 1+ cosé [4 -2 +2 | 1/70-1/10 2/7 -2/5 1/5] -1 -1 -1 -1
3/2.3/2 = 5 %3 +1 -2(1/14 3/10 3/7 1/5
-1 1/5 -1/14 -3/1
a32 7\/51 teosh . 0 d3, = (Mf 2o gﬂ —1§§ —151:1l 2518 4 3 2
3/2,1/2 2 2 ’ 2 -2 +1|1/14 -3/10 3/7 -1/5] -2 -2 -2
3/2 1—-cosf 6 9 _  1l4cost 0 -2[3/14 1/2 2/7
(13§2,71/2 = \/572 05 5 dgy = ———5 —siné -1 -1 47 0-37] 4 3
) 1+ cosf -2 0[3/14 -1/2 2/7] -3 -3
3/2 1—cosf . 0 2 in2 d?, = ———(2cosf — 1)
d == " &in— dz, == [ 11 -1 -2(1/2 1/2| 4
3/2,-3/2 2 ny 2,0 Sin -2 -1|1/2-1/2|-4
3/2 _ 3cosf—1 9 _ l—cosb . o _ I3 -2 -2] 1
111/2.1/2 =— cos 3 d2,71 = 3 sin 6 111,0 = 3 siné cos 6
3/2 _ 3cosf+1 (4 Py _ (1 —cosf\2 _ 1—cost 2 _ (3 5 1
Yotz = 5 sing d2,727( 3 ) dlflfT(Qcosﬁle) do,o*(§ cos 075)

Figure 35.1: The sign convention is that of Wigner (Group Theory, Academic Press, New York, 1959), also used by Condon and Shortley (The
Press, New York, 1953), Rose (Elementary Theory of Angular Momentum, Wiley, New York, 1957),

Theory of Atomic Spectra, Cambridge Univ.

and Cohen (Tables of the Clebsch-Gordan Coefficients, North American Rockwell Science Center, Thousand Oaks, Calif., 1974). The coefficients
here have been calculated using computer programs written independently by Cohen and at LBNL.

Figura 1: Coeficientes de Clebsch-Gordon para j; = 1/2,1,3/2,2. Fonte: Particle Data
Group web page, http://pdg.1bl.gov/2007/reviews/clebrpp.pdf



