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TECNICO .
W LISBOA | Natural Units

0 In particle Physics we use the natural units system where h =c =1

Summary complemented with eg = 1o = 1. Notice these are consistent ¢ = 1/(egug).

Decays

0 Useful expressions

Scattering

1 =¢c=2999792 x 108 ms™' — 1s=2.999792 x 10° m
1 = he=197.327 MeV fermi — 1MeV ! =197.327 x 107 ° m
1=h=1.05457T1 x1073*Js — 1J.s=9.482529 x 1033

Feynman Rules

0 We can write everything in terms of energy
1 m = 5.067730 x 10'* MeV ™!

1s=1.520214 x 10%! MeV !

1J.s 1Jsx1s
1 Kg = — — 5.613088 x 10%° MeV .
& 1m?2 x1s1 1 m?2 % ©

0 Useful relations
1s™1 =6.578023 x 10~%% MeV
1 pb = 2.568189 x 1071 MeV~?
1 GeV ™2 = 3.893794 x 10° pb
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Natural Units

Summary
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Scattering
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[]

We could think that information is lost. However it is always possible to put
back the % and c. Consider the cross section for e~ +e™ — u~ + u™ in QED.
If we neglect the masses we have

Ao

o =

GeV 2

S

where s is the square of the CM energy and a = 1/137.032 - - -, the fine
structure constant.

To go back to the S| system we use the fact that the cross section has
dimensions of mass.

[? = (ML*T™%) " hfe
=M2L47 (ML (LT’
:M—Z—I—B L—4—|—26—|—’y T4—2ﬁ—’y :

with solution 8 = 2,y = 2. Therefore

2
41 hecta?
o =

S
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Golden Rule for Decays

Summary

Natural Units

Scattering

Feynman Rules

N I O [ N A

r=— S / M|® (2m)*6% (p1 — Di
T M (2m) "% = 3 g%)g%
— =~ N—— ~~
A B C D

A: Initial state
B: Symmetry factor final state

C: Invariant amplitude (Dynamics)
D: Final State

Dimensions of M:
(M] = (mass)*™ " = (M)*"
For I

[F] _ M—1M8—2nM—4M2n—2 — M
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Summary

Natural Units

Decays

Scattering
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0 For two body decays the calculations can be done easily if particles are not
polarized.

0 We get

d3pz d3p3
[ = (2m)%6% —
le /|./\/l| )"0 (p1 — p2 — P3) (217250 (27)72,0

d>py d3ps3
7 M2 (pr— s —
327_(_2m1 /l | (pl P2 p3) p(Q) pg

: /|M|25 VIl +m3 = /Il + m3 4 p:
= mi — ms —
32m2m, S S )

where we have done the integration in p3, from which ps + p3s = 0 with
=/ pi? +m.

0 To continue we use spherical coordinates in momentum space

d’py = dQs|pa|?d|ps)|

With our assumptions M does not depend on the angles and the angular
integration gives 4.
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TECNICO . .
W LISBOA | Decays into two particles
Summary ] We get,
Natural Units
S 0(m1 — V/Ip2|? + m3 — \/|p2|® + m3)
_ IR 2 1 P2 2 P2 3
Scattering F — /d|p2||p2|2 |M| 0,,0
Feynman Rules 87Tm1 p2p3
0 Using
Z )
|f ‘x T
Into
N R 6(|p2| —--)
O(m — \/|p?|2 +ms - \/|p2|2 M) = "l
T

0 We finally get

S
8mrm3

I =
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Golden Rule for Cross Sections

Summary

Natural Units

Decays

Scattering

Feynman Rules

N I O [ N A

1 /
o= S IM|” (27)
4\/(191 - p2)? — mim;
N -~ N N—=——
A B C
A: Initial state
B: Symmetry factor for final state
C: Invariant amplitude (Dynamics)
D: Final state
Dimensions of M:

(M] = (mass)*™ " = (M)*"
Dimensions of o

[0’] _ M—2 MS—QnM—4 M2n—4
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W TLFSCEIa\IOIgO Process 1 +2 — 3+ 4 in the CM

Summary 0 The simplest case is the process 1 +2 — 3 + 4 in the CM frame.

Natural Units

Decays 0 Even in this case is not possible to do all the integrations without knowing M

Scattering

0 It is convenient to use the Mandelstam variable s, defined by

Feynman Rules

s = (p1 +p2)2

0 Expanding
2 2
§ = mj +my +2p1 - p2

we get

<S —m% —m%)

DO |

P1 D2 —

0 Therefore the initial state factor reads

1y (b1 p2)? — mim3 = 45 ||
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Process 1 +2 — 3+ 4 in the CM
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0 Show last step: Start with

2 2\ 2
s+m5—m
S (2 2 2 1 2 2
|p1| =LE7 —m7 ( ) — my

2V/s

[ we get

. 1 2
s|p1|2 =7 [(5 + m% — m%) — 4smﬂ

=[5 o= i wid)? - ]|

:(pl 'p2)2 — mfm%

0 and therefore

1y (b1 p2)? — mim3 = 45 ||
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W TLFSCEIa\IolgO Process 1 +2 — 3+ 4 in the CM

0 We have then

Summary

_ S / ) d’p3 d’py
Natural Units o = — M 54 D1 _|_ P2 — P3 — P4
Decays 647T2\/§|p]_ | | | ( ) pg p9l

Scattering

Feynman Rules O Start with integration in py,

S / 2 d3p3
o= — M 5[—\/ﬁ32+m2—\/ﬁ32+m2
647T2\/§|p1| | | ( | | 3 | | 4)pgp2

0 Introduce spherical coordinates in the momentum p3.

do d|P3Hp3\
dQ 64%2\/—|p | p3p4 |M| O(v's = \/|p3|2 +m3 \/|p3|2 —|—m4
_ /I./\/l|2 d|ps||ps* o(|ps| — )
647T2\/§ 91| P3pY @ N @
p3 pg
S |P3‘ |/\/l| S ‘p3‘ |/\/l|2
~64n2/5 g | pY + p] 64m?s |pi]

0 To finish we have to know M
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TECNICO .
W LISBOA | A spinless model

S 0 To proceed we have to specify the rules to compute M. These will be different
Natural Units for each different theory.

Decays

_ 0 Let us start with the simplest case of neutral scalars (spin 0). Consider a
cattering . .
model with three of such particles: A, B e C'. We assume that the masses are

ma > mp+ mg

in such a way that the decay A into B + C' is allowed.

0 The model has only one interaction represented by the Feynman diagram

.
AN

C

and the rule of multiplying by —i g

0 The constant g has dimensions of mass in this model.
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TECNICO .
W LISBOA | A spinless model

0 The scattering A+ A — B + B in lowest order is given by diagrams of Fig. 1.

ol U There are two diagrams because they are not distinguishable and must be
e added.

Scattering

Summary

Feynman Rules

Figure 1: Process A+ A — B + B in lowest order

0 The scattering A+ B — A+ B is shown in Fig. 2.

Figure 2: Process A+ B — A+ B in lowest order
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A spinless model

Summary

Natural Units

Decays

Scattering
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0 This processes in lowest order are known as tree level processes.

0 Higher order processes involve closed loops, like the corrections to the vertex
shown in Fig. 3.

ACB A °
A CB
B
C AC

Figure 3: One loop corrections to the vertex

0 In the spirit of perturbation theory these corrections, being of order g°, must
be smaller then the lowest order, of order g, and then can be neglected in first
approximation.
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Feynman rules for the ABC' model

Summary

Natural Units

Decays

Scattering

Feynman Rules

Draw all distinct ways of connecting the initial state to the final state in a
given order in the interaction

For each vertex multiply by the factor
—ig
For each internal line with momentum ¢ multiply by the propagator
1
G2 — m?2
Apply energy-momentum conservation at each vertex

For each loop choose one momentum £ for one of the internal lines and
multiply by the factor

d*q

[

The result of the previous rules gives —i M, therefore to obtain M multiply
the final result by ¢
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Natural Units

Decays

Scattering
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0 As particle A can decay we will calculate its lifetime

0 The Feynman diagram coincides with the vertex

NG

Figure 4: Decay A — B + C' in lowest order
0 Feynman rules give in this case
M =g
0 We can now use the formula for two body decays to get

r_ g’lpl
— 2
8mTm4
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Lifetime of particle A
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0 For the lifetime we get

1 8wm?
T — — —
I 2P

0 Where the momentum in the rest frame of A is given by

_ 2 2
5l =/ E% — m3
m> —I—m2 m2 2
L A B C 2
( 2m g )
1
:2— \/mfl4 + m% + m‘é 2m124m23 2m124m20 — ZmQBmQC
mA
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Scattering A+ A —~ B+ B

Summary

Natural Units

Decays

Scattering
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0 Consider the kinematics of Fig. 5

P2 P4 P2
— —— P4
A B A B
q11|C ¢ 1|C
A B A N\ B
—> —> —
P1 D3 P1 Ps
q2

Figure 5: Kinematics for process A+ A — B+ B

0 Energy momentum conservation gives

qi —P1 —P3, 42 —P1 — P4
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W 1i580A” Scattering A+ A —~ B+ B

0 Feynman rules give

Summary

Natural Units 2 2 2 2

Decays M — g _|_ g — g _|_ —'g
(b1 — p3)2 —m2Z, ' (p1—pa)2 —m2,  t—m2 2

Scattering P1 P3 mC P1 P4 mc mc U mc

Feynman Rules

where we used the Mandelstam variables
0 For these reason these diagrams are called ¢t and u channel, respectively
0 Introducing in the formula for the differential cross section in the CM we get

4 2

7 1 1
g* |D3] N 2

do 1
dQ 2 64r2s |py| [t—mZ%  u—m2

0 To proceed we write t and u as

t =(p1 — p3)? = m% +m%p — 2E,E3(1 — 3331 cos §)
u =(p1 — p4)2 = mi + sz — 2E1E4(1 + 8431 cos )

where (3; as the velocities in the CM and @ is the scattering angle between
particles 1 and 3. Note the factor S = 1/2 for identical particles.
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TECNICO| ,.
LISBOA | Higher order processes

0 The examples we saw are in lowest order. WWhen we go to next order we begin
to run into problems

Summary

Natural Units

Decays 0 We are not going to show how these can be solved but let us show in a simple
Scattering case what type of problems we have.

Feynman Rules

0 Consider the corrections to the propagator of particle A, also called the
self-energy. The Feynman diagram is shown in Fig. 6.

A
—
p

q
A~
B
&/
p+q

Figure 6: Self-energy of particle A

0 Applying the Feynman rules we get

2 d*q 1
M=1ig / (2m)* [¢2 — m3][(p + @)% — mE]
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Higher order processes

Summary

Natural Units

Decays

Scattering

Feynman Rules

0 The integrations are done from —oo to +00. We immediately see that we run

into problems as the integral diverges logarithmically

1 dq
frak=[4=
q q

This problem took more then 30 years to be fully understood through a
procedure known as renormalization.

The study of this procedure is out of the scope of this course, but it can be
said that it is now fully understood and we can make sense of those divergent
integrals and compare the results with the experiment with great success.
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