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In light of the five-year data from the Wilkinson Microwave Anisotropy Probe (WMAP), we discuss

models of inflation based on the pseudo Nambu-Goldstone potential predicted in five-dimensional gauge

theories for different backgrounds: flat Minkowski, anti–de Sitter, and dilatonic spacetime. In this

framework, the inflaton potential is naturally flat due to shift symmetries and the mass scales associated

with it are related to 5D geometrical quantities.
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I. INTRODUCTION

Inflation [1–4] is at present the favorite paradigm for
explaining both the cosmic microwave background radia-
tion (CMBR) temperature anisotropies and the initial con-
ditions for structure formation [5–11]. In the simplest
inflationary models, the energy density of the Universe is
dominated by a single scalar field �, the inflaton, that
slowly rolls down its self-interaction potential. The results
of the Wilkinson Microwave Anisotropy Probe (WMAP)
[12–19] support the standard inflationary predictions, i.e.,
the Universe is consistent with being flat and the primor-
dial fluctuations are adiabatic, nearly scale invariant and
well described by random Gaussian fields [20].

To satisfy the observational constraints, the potential for
the inflaton field must be sufficiently flat. This leads to the
so-called fine-tuning problem in inflation, since couplings
must be adjusted to keep the inflaton weakly self-coupled
and the radiative corrections under control. Despite the
existence of several cosmologically viable inflaton poten-
tials, the construction of a ‘‘naturally’’ flat potential is a
difficult task from the particle physics viewpoint. Among
the models of inflation which do not suffer from the above
fine-tuning problem is the so-called natural inflation, based
on nonlinearly realized symmetries. Particularly simple are
those realizations which involve a pseudo Nambu-
Goldstone boson (pNGB) [21] or extra components of
gauge fields propagating in extra dimensions [22–24].

In the simplest variant of natural inflation [21], the role
of the inflaton is played by a pNGB, and the flatness of the
potential is protected by a shift symmetry under �! �þ
constant, which remains after the global symmetry is
spontaneously broken. An explicit breaking of the shift
symmetry leads typically (in four spacetime dimensions)
to a potential of the form

Vð�Þ ¼ �4½1� cosð�=fÞ�; (1)

where � is the canonically normalized field, f is the

spontaneous breaking scale, and � is the scale at which
the soft explicit breaking takes place. For large values of f,
the potential can be flat. In this framework, the slow-roll

requirements set the bound f * MP � ð8�GÞ�1=2 ’ 2:4�
1018 GeV (MP is the 4D reduced Planck mass), while ��
1015-16 GeV produces the required amplitude of scalar
perturbation measurements. Although from a field theo-
retical description it seems difficult to justify such
Planckian values of the scale f, they can be generated
from effective field theories. For instance, in the 5D ver-
sion of natural inflation considered in Ref. [22], the inflaton
is the extra component of a gauge field, which propagates
in the bulk, and the flatness of its potential, coming only
from nonlocal effects, is not spoiled by higher-dimensional
operators or quantum gravity effects. In this model, and in
further works [23–28], the bulk is taken to be flat.
In an extra-dimensional framework, the standard KK

decomposition approach [29] has been extensively applied
to Higgs physics. This includes models of gauge-Higgs
unification in flat space [30–33] and warped space [34–36].
More recently, an alternative approach based on hologra-
phy has also been successfully applied to theories on the
interval [37–41]. One of the difficulties encountered in
deriving the 4D effective scalar potential from a higher-
dimensional theory is the computation of form factors that
typically describe interactions of the low-energy effective
theory. In Ref. [35], a systematic method to compute the
4D pNGB effective potential and the corresponding form
factors for an arbitrary 5D warped background has been
presented, and the results applied to the phenomenology of
the electroweak symmetry breaking and Higgs physics. In
particular, it is argued that the 4D effective pNGB potential
can be well approximated by [35]

Vð�Þ ¼ X
r

Nr
ð4�Þ2

Z 1

0
dpp3 ln

�
1þ g2rf

2

M2
c

sin2ð�r�=fÞ
sinh2ðp=McÞ

�
;

(2)

where f is the scale of spontaneous global symmetry
breaking, gr is an effective low-energy coupling, Nr ¼
þ3ð�4Þ for gauge (fermion) particles, and �r is a discrete
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number that depends on the gauge group structure. The
sum is performed over all (gauge and fermionic) zero
modes. The Kaluza-Klein (KK) scale Mc is roughly equal
to the mass of the lightest KK mode and corresponds to the
compositeness scale in 4D.

In this paper we investigate models of inflation driven by
the pNGB potential of Eq. (2), as predicted in 5D gauge
theories. As we shall see, this potential is nearly flat
(cosine-type) for grf � Mc, and therefore, it is a suitable
candidate for natural inflation. In particular, we shall con-
sider natural inflation in different backgrounds (flat
Minkowski, anti–de Sitter, or dilatonic spacetime). In this
framework, it is possible to relate the inflationary mass
scales to five-dimensional geometrical quantities.
Furthermore, using the inflationary constraints coming
from the recent WMAP five-year data (WMAP5), we can
put constraints on the relevant mass scales.

II. NATURAL INFLATON POTENTIAL

We consider a 5D gauge theory with a gauge group G
and the fifth dimension compactified in a finite interval,
y 2 ½0; L�, such that the UV and IR branes are located at
y ¼ 0 and y ¼ L, respectively. The four spacetime dimen-
sions are assumed to be flat, while the gravitational back-
ground can be warped, with the line element given by

ds2 ¼ a2ðyÞ���dx�dx� � dy2; (3)

where aðyÞ is the warp factor, að0Þ ¼ 1 and aðLÞ � 1. A
flat Minkowski 5D spacetime corresponds to the choice
aðyÞ ¼ 1. To keep our discussion general, at this stage we
do not specify the warp factor. Choosing different func-
tional forms for aðyÞ will lead to different (curved)
backgrounds.

Once the 5D gauge symmetry is broken down by appro-
priate boundary conditions to a subgroup of G on the UV
and IR branes, the fifth components of the gauge fields
along the broken gauge group generators give rise to scalar
excitations with a flat potential at tree level. In a dual
description, these scalars can be viewed as 4D Goldstone
bosons originated from the spontaneous global symmetry
breaking. An effective one-loop potential for the pseudo
Nambu-Goldstone boson can be then derived à la
Coleman-Weinberg, starting from the 5D KK theory. One
obtains [35]

Vð�Þ ¼ X
r

Nr
ð4�Þ2

Z 1

0
dpp3 ln½1þ Frð�p2Þsin2ð�r�=fÞ�;

(4)

where f is the scale of spontaneous global symmetry
breaking, Nr is the number of degrees of freedom of a
given particle, �r is a discrete number that depends on the
gauge group structure, and the sum is performed over all
zero modes. The quantities Fr are form factors which
depend on the specific 5D background. In a 5D setup, these

factors are in principle calculable, and for the cases we will
be interested in, they are approximately given by the ex-
pression [35]

Frð�p2Þ � g2rf
2

M2
csinh

2ðp=McÞ
; (5)

which then leads to the effective potential given in Eq. (2).
In this framework, the energy scales f andMc are related to
5D geometrical quantities [35],

f�2 ¼ g25

Z L

0
dya�2ðyÞ; (6)

M�1
c ¼

Z L

0
dya�1ðyÞ; (7)

where g5 is the 5D gauge coupling which is related to the

effective 4D coupling by g5 ¼ g4
ffiffiffiffi
L

p
.

To simplify our discussion, in the following we will only
consider one zero gauge mode (r ¼ 1) and identify the
corresponding scalar field � with the inflaton. Let us start
by analyzing the pNGB potential in more detail. We define
the quantity (the subscript r is omitted from now on)

� ¼ gf

Mc

; (8)

and write both � and f in units of the 4D Planck mass

’ ¼ �

MP

; � ¼ f

2�MP

: (9)

In this way, the potential given in Eq. (2) can be rewritten
as

Vð’Þ ¼ 3M4
c

ð4�Þ2
Z 1

0
d~p~p3 ln

�
1þ �2 sin

2ð’=2�Þ
sinh2ð~pÞ

�
; (10)

with the integration variable p replaced by ~p ¼ p=Mc. It is
now easy to see that the compositeness scaleMc is (related
to) the scale of the inflationary potential.
Performing the integration, one can see that for � � 1

the potential can be well approximated by the usual natural
cosine form

Vð’Þ ¼ �4½1� cosð’=�Þ�; (11)

with the potential scale given by

�4 ¼ 3

ð4�Þ2
93	ð5Þ
128

M4
c; (12)

for � ¼ 1 (flat 5D background), and

�4 ¼ 3

ð4�Þ2
3	ð3Þ
4

�2M4
c; (13)

for �	 1. For �
 1, the cosine-type potential is not a
good approximation, but as it turns out, � & 1 is always
satisfied for the cases of interest.
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III. COSINE-TYPE NATURAL INFLATION AND
WMAP 5-YEAR DATA

In this section we shall follow the recent analysis of
Ref. [42] to review the present observational constraints on
slow-roll inflation driven by the potential given in Eq. (11),
taking into account the WMAP5 data [17–19]. In the next
section we will make the connection between the results
obtained for this model and natural inflation in different 5D
backgrounds.

A. Slow-roll inflation

The relevant slow-roll inflationary parameters are


ð’Þ ¼ 1

2

�
V 0ð’Þ
Vð’Þ

�
2 ¼ 1

2�2

�
sinð’=�Þ

1� cosð’=�Þ
�
2
; (14)

�ð’Þ ¼ V 00ð’Þ
Vð’Þ ¼ 1

�2

�
cosð’=�Þ

1� cosð’=�Þ
�
; (15)

where the prime denotes derivative with respect to the
dimensionless field ’. In this approximation, inflation
ends when the field reaches a value ’f such that one of

the slow-roll conditions, 
 < 1 or j�j< 1, is violated.
From 
 ¼ 1 one obtains

cosð’f=�Þ ¼ 2�2 � 1

2�2 þ 1
: (16)

In the slow-roll approximation, the number of e-folds
during the inflationary period is given by

Nð’Þ ’
Z ’

’f

Vð �’Þ
V 0ð �’Þd �’

¼ �2

�
ln

�
2�2

2�2 þ 1

�
� 2 ln

�
cos

�
’

2�

���
: (17)

The prediction for the inflationary variables typically
depends on the number of e-folds of inflation, N? ¼
Nð’ ¼ ’?Þ, occurring after the observable universe leaves
the horizon. Although several assumptions aboutN? can be
found in the literature, the determination of this quantity
requires a model of the entire history of the Universe.
While from big bang nucleosynthesis onwards this is
now well established, at earlier epochs there are consid-
erable uncertainties such as the mechanism ending infla-
tion and the details of the reheating process. Nevertheless,
it is possible to derive a conservative model-independent
upper bound:N? < 60 [43,44]. In fact,N? ¼ 55 is found to
be a reasonable fiducial value with an uncertainty of about
5 e-folds around that value.

Indeed, using the slow-roll approximation one can write
[43]

N? ¼ ln
k�1
?

3000h�1 Mpc
þ 1

12
ln
�reh

�end

þ 1

4
ln
�eq

�end

þ ln
H?

Heq

þ ln217:7�mh; (18)

where Heq ¼ 1:1� 10�35h4�2
m and �eq are the values of

the Hubble radius and the energy density at the matter-
radiation equality epoch, respectively; H? is the Hubble
radius at the horizon crossing scale k?; �end and �reh are the
energy density values at the end of inflation and of the
reheating period, respectively. The fractional matter energy
density at present is �m. To estimate N? we use the
WMAP5 central values h ¼ 0:71, �mh

2 ¼ 0:137 [19]
and the fact that the CMBR anisotropy measured by
WMAP allows a determination of the fluctuation ampli-
tude at the scale k ¼ 0:002 Mpc�1. Taking into account
that ð1 GeVÞ4 & �reh & �end, one finds that N? must lie in
the range 48 & N? & 61, for � * 4. One should notice
however that there are several ways in which N? could lie
outside this range in either direction [43,44]. Therefore, in
what follows we shall use the range N? ¼ 40–70.
The scalar perturbation amplitude is given by

A2
s ¼ 1

25�2

H4

_’2

��������k¼k?
¼ 1

150�2M4
P

Vð’?Þ

ð’?Þ ; (19)

which for the potential in Eq. (11) reads

A2
s ¼ �2

75�2

�
�

MP

�
4 ½1� cosð’?=�Þ�3

sin2ð’?=�Þ
: (20)

For a given N?, the value of the field at horizon crossing
can be determined as

cos

�
’?
2�

�
¼

�
2�2e�N?=�2

1þ 2�2

�
1=2
: (21)

The spectral tilt for scalar perturbations can be written in
terms of the slow-roll parameters as

ns � 1 � d lnA2
s

d lnk
¼ �6
? þ 2�?; (22)

while the tensor power spectrum with amplitude given by

A2
t ¼ H2

50�2M2
P

��������k¼k?
(23)

can be parameterized in terms of the WMAP normalized
[16] tensor-to-scalar ratio as

rs � 16
A2
t

A2
s

¼ 16
?: (24)

B. Observational constraints

The recent publication of the five-year results of WMAP
[17–19] puts very accurate constraints on the spectral
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index: ns ¼ 0:963þ0:014
�0:015 at 68% C.L., for vanishing running

and no tensor modes.
In what concerns the tensor modes, WMAP5 [19] im-

plies rs < 0:43 (with vanishing running) and rs < 0:58
(with running), both at 95% C.L. However, models with
higher values of rs require larger values of ns and lower
amplitude of the scalar fluctuations in order to fit the
CMBR data, and these are in conflict with large scale
structure measurements in the case of vanishing running.
If running index is allowed, the large tensor components
are still consistent with the data. Hence the strongest over-
all constraints on the tensor mode contribution comes from
the combination of CMBR, large scale structure data and
supernovae measurements. The combination of WMAP5,
baryon acoustic oscillations in the distribution of galaxies,
and supernovae give rs < 0:20 (without running) and rs <
0:54 (with running), at 95% C.L. If the Lyman-� forest
spectrum from Sloan Digital Sky Survey is also considered
[45], then [19] rs < 0:28 (at 95% C.L. and with running).

Since the running�s is very small in the natural inflation
model under consideration, �s � 10�3, we can make use
of the observational bounds obtained for the case of van-
ishing running. However, one has to take into account the
tensor modes and their inclusion has implications for ns.
With the combined data (WMAP5þ BAOþ SN) the con-
straints become [19]

0:953< ns < 0:983 ðat 68% C:L:Þ;
0:9392< ns < 0:9986 ðat 95% C:L:Þ: (25)

These are the bounds we will consider in our analysis.
In Fig. 1 we present the predictions for the cosine-type

natural inflation in the ns � rs plane. The solid and dashed
lines are curves for constant N? and �, respectively. The
darker (lighter) gray shaded area corresponds to the 68%

(95%) C.L. for ns given in Eq. (25). In general, both ns and
rs depend on � and N?:

ns ¼ 1� 1

�2
� 4

ð1þ 2�2Þ expðN?=�2Þ � 2�2
; (26)

rs ¼ 16

ð1þ 2�2Þ expðN?=�2Þ � 2�2
; (27)

but one can easily find that [42]

ns �
� 1� 1

�2 for �	 1;

1� 2
N?

for �
 1;
(28)

and

rs �
�
0 for �	 1;
8
N?

for �
 1: (29)

Hence, for sufficiently large � the behavior is similar to the
quadratic potential, since inflation occurs near the mini-
mum of the potential, where it can be approximated by a
parabola [42].
From the observational constraint in the spectral index

ns we conclude that the minimum value allowed for the
scale of spontaneous global symmetry breaking is
[cf. Figure 1(a)]

�min ’ 4:12; fmin ’ 8:24�rMP; (30)

at 95% C.L. and

�min ’ 4:85; fmin ’ 9:70�rMP; (31)

at 68% C.L. Thus, as mentioned in the introduction, one
must have super-Planck values for the scale f in order to
comply with the observational data requirements on ns.
Nevertheless, in an extra-dimensional setup this is not
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FIG. 1 (color online). (a) Predictions for the cosine-type natural inflation in the ns � rs plane. The solid lines are the predictions for
constant N? and the dashed lines for constant �. The shaded areas correspond to the 1 and 2 intervals for ns as given in Eq. (25).
(b) The scale � of the potential, in Planck units, as a function of the spontaneous symmetry breaking scale �, which is obtained from
the WMAP amplitude for the density fluctuations.
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necessarily problematic, since the effects of higher-
dimensional operators can be kept under control and local-
ity in extra dimensions can prevent the inflaton potential
from acquiring large corrections [24]. In our subsequent
analysis we will take � * 4 as the lower bound for the
scale of spontaneous symmetry breaking.

The scale � of the potential can be determined from
Eq. (19) by imposing the correct amplitude for the density
fluctuations As ¼ Acmb

s , as measured by the WMAP team:
A2
sðk ¼ 0:002 Mpc�1Þ � 4� 10�10 [16,19]. The allowed

values for� are shown in Fig. 1(b), where we can see that a
potential height of the order of � * 5� 10�3MP is
required.

Before addressing the connection of the results pre-
sented above with the extra-dimensional quantities in dif-
ferent spacetime backgrounds, we should remark that, for
� * 4, it is possible to obtain a sufficiently large total
number of e-folds of inflation, Ntot * 70, as required in
order to solve the initial condition problems of standard
cosmology.

IV. NATURAL INFLATION IN A FLAT 5D
SPACETIME

We begin by considering the simplest theory with one
extra dimension: a 5D gauge theory in a flat Minkowski
background. In this case the warp factor aðyÞ ¼ 1 and
Eqs. (6) and (7) imply the mass scale relations

gf ¼ Mc ¼ L�1: (32)

Moreover, the 4D and 5D fundamental Planck masses are
simply related by [46,47]

M2
P ¼ M3

5L: (33)

The generated pNGB inflaton potential is determined by
Eqs. (11) and (12),

Vð’Þ ¼ 279	ð5Þ
2048�2

M4
c½1� cosð’=�Þ�

’ 9

64�2L4
½1� cosð’=�Þ�: (34)

The inflationary predictions for this scenario are similar
to the so-called extra-natural inflation model of Ref. [22]
(see also [23,24]), where the inflaton is identified with the
phase � of the gauge-invariant Wilson loop of the fifth
component A5 of an Abelian gauge field propagating in the
bulk, i.e. � ¼ g5

H
dyA5. In the presence of particles

charged under the Abelian symmetry, and at energies
below 1=R (R is the compactification radius), the canoni-
cally normalized 4D field � ¼ �f develops an effective
one-loop potential, which in leading order has the form
(34) with the effective decay constant of the spontaneously
broken Abelian symmetry given by f ¼ 1=ð2�RgÞ.
Normalizing to the WMAP anisotropy measurements

for the curvature density, it is possible to determine the
mass scales Mc and M5 as functions of the symmetry
breaking parameter � (see Fig. 2). From the lower bound
� * 4 we obtain the constraint

Mc * 2:3� 1016 GeV ¼ 9:6� 10�3MP; (35)

i.e. the size of the extra dimension should be very small,
L & 4:4� 10�17 GeV�1 ’ 102M�1

P . This in turn implies
the following lower bound on the fundamental 5D Planck
mass M5:

M5 ¼ ðMcM
2
PÞ1=3 * 5:1� 1017 GeV ¼ 0:2MP: (36)

Therefore, quantum gravity corrections to the inflaton
potential are expected to be negligible because the
Planck length is much smaller than the size of the extra
dimension. Furthermore, during the inflationary period the
Universe can be considered as four dimensional, since the

Hubble length H�1 �MP=V
1=2 is larger than the size of
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FIG. 2 (color online). The mass scales Mc and M5 in a 5D flat background as functions of the spontaneous symmetry breaking
parameter �.
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the extra dimension. Finally, we should remark that due to
the smallness of the inflationary parameters, a small value
of the effective 4D gauge coupling g is always required in
this framework, as illustrated in Fig. 3.

V. NATURAL INFLATION IN WARPED
BACKGROUNDS

Warped extra dimensions provide a simple geometrical
picture in which it is possible to address some of the
problems of the standard model (e.g. the hierarchy problem
and electroweak symmetry breaking). But even more com-
pelling is the fact that this alternative 5D framework admits
a 4D holographic interpretation in terms of a strongly
coupled gauge theory [48–50]. Once again we assume
that inflation is driven by the pNGB inflaton potential
predicted by the 5D gauge theory. For a given warp factor
aðyÞ � 1, the relevant inflationary energy scales f and Mc

are related to the 5D geometry through Eqs. (6) and (7). For
gf <Mc the potential is well approximated by Eqs. (11)
and (13), which yield

Vð’Þ ¼ 9	ð3Þ
16�2

ðg�McÞ2M2
P�

2½1� cosð’=�Þ�: (37)

From the slow-roll inflationary constraints it is then
possible to constrain the combination g�Mc, indepen-
dently of the 5D gravitational background. The results
are presented in Fig. 4, where this parameter is plotted as
a function of � for different e-folds of inflation. We obtain
the lower bound

g�Mc * 2:5� 1013 GeV; (38)

for a successful natural inflation.
Clearly, to fully determine the allowed values of the

effective coupling g and the energy scale Mc, the warp

factor must be specified. Below we shall consider two
simple cases: anti–de Sitter and dilatonic spacetime.

A. AdS5 spacetime

Let us consider the case where the fifth dimension is a
slice of AdS5, which corresponds to the so-called Randall-
Sundrum I (RSI) model [51]. As is well known, the holo-
graphic correspondence between the 5D warp model in a
slice of AdS5 and the 4D theory originates from the AdS/
CFT correspondence in string theory [52–54]. In this
model the warp factor is given by

aðyÞ ¼ e�ky; (39)

where k is the energy scale corresponding to the curvature
‘ of AdS5, which is related to the negative bulk cosmo-
logical constant by

�5 ¼ �6k2 ¼ � 6

‘2
: (40)

The two branes localized at y ¼ 0 and y ¼ L have opposite
tensions, �, with

 ¼ 3M2
P

4�‘2
: (41)

The fundamental scale M5 of the positive brane is related
to the 4D Planck mass by

M2
P ¼ M3

5

Z L

0
dya2ðyÞ ¼ M3

5

2k
ð1� a2LÞ; (42)

where aL � aðy ¼ LÞ ¼ expð�kLÞ. Furthermore, from
Eqs. (6) and (7) one obtains [35]

f2 ¼ 2k

g2Lða�2
L � 1Þ ; (43)
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FIG. 4 (color online). The inflationary predictions for the
parameter g�Mc (in Planck units) as a function of �, in a
generic 5D curved background for gf & Mc.
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FIG. 3 (color online). The 4D effective coupling g� as a
function of �, in a 5D flat background.
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Mc ¼ k

a�1
L � 1

: (44)

It is easily verified that � � gf=Mc < 1 for this back-
ground and, therefore, the pNGB potential is given by
Eq. (37). Using then Eqs. (43) and (44), the inflationary
constraints can be expressed in terms of the 5D quantities k
and L. In Fig. 5 we present the lower bounds on the energy
scalesMc (left panel) andM5 (right panel), in Planck units,
as functions of kL, assuming the lower bound � ¼ 4.
Requiring M5 <MP imposes an upper bound on the
warp exponential factor, namely, kL & 4. Clearly, the
scales Mc and M5 are bounded from below by the flat
bounds given in Eqs. (35) and (36), respectively. As in
the flat case, the 4D effective coupling is small: g� 10�3

(cf. Fig. 6).

B. Dilatonic spacetime

We consider a 5D gravity-dilaton theory with the
Liouville-type potential [55,56]

Uð Þ ¼ �6k2
�ð�� 1=4Þ
ð�� 1Þ2 exp

�
� 2ffiffiffiffiffiffi

3�
p ð �  0Þ

�
; (45)

and a potential of the form Ûð Þ ¼ Û0 expð� Þ, properly
chosen at the domain wall. The solution of the bulk equa-
tions of motion, with the metric given in Eq. (7) and the
ansatz aðyÞ ¼ expð� Þ, can then be obtained in the form
[56]

 ¼ � ffiffiffiffiffiffi
3�

p
ln

�
1� ky

�� 1

�
; � ¼ �

ffiffiffiffi
�

3

r
: (46)

The corresponding warp factor of the background metric is
therefore given by

aðyÞ ¼ e� ¼
�
1� ky

�� 1

�
�
: (47)

The parameter � is a measure of the explicit breaking of

the conformal symmetry in the dual 4D strongly coupled
theory. In the conformal limit, i.e. when �! 1, the AdS5
exponential warp factor of Eq. (39) is recovered. The case
� ¼ 1=6 corresponds to the Hořava-Witten model com-
pactified to five dimensions [57–60].
For this dilatonic spacetime we find the relation

M2
P ¼ M3

5

Z L

0
dya2ðyÞ ¼ M3

5ð�� 1Þ
kð2�þ 1Þ ð1� a2þ1=�

L Þ; (48)

while from Eqs. (6) and (7) one obtains [35]

f2 ¼ ð2�� 1Þk
g2ð�� 1ÞLða�2þ1=�

L � 1Þ
; (49)

Mc ¼ k

a�1þ1=�
L � 1

: (50)

In the conformal limit the above expressions reproduce
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FIG. 6 (color online). Upper bound on the 4D effective gauge
coupling g for the RSI 5D background. We assume the lower
bound � ¼ 4 imposed by natural inflation.
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FIG. 5 (color online). Lower bounds on Mc and M5, in Planck units, for the RSI 5D background and taking � ¼ 4.
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Eqs. (42)–(44). It is also straightforward to check that � �
gf=Mc < 1 and the pNGB inflaton potential is simply
given by Eq. (37).

In Fig. 7 we present the predictions for the mass scales
Mc and M5 as functions of the warp exponent kL and for
different values of �. As in the RSI case, these scales are
bounded from below by the flat bounds given in Eqs. (35)
and (36). Moreover, the upper bound on the 4D effective
coupling is g�Oð10�3Þ, as shown in Fig. 8.

VI. CONCLUSIONS

During the last few years there has been considerable
activity on various aspects of braneworld cosmology.
Branes and warped extra dimensions might have played
an important role in early universe cosmology. In particu-
lar, they might be relevant in solving some of the problems
of low-energy effective field theories, such as the mass
hierarchy and symmetry breaking issues. In this paper we
have addressed the question of how a pseudo Nambu-

Goldstone potential, typically predicted in 5D gauge theo-
ries, can lead in a natural way to a successful inflation in
the four-dimensional imprint of the brane world.
The fact that the 4D effective coupling is very small in

all the cases considered, g & Oð10�3Þ, seems unavoidable
in the natural inflation scenario. This is a direct conse-
quence of the smallness of the inflationary parameters and
density fluctuations. We should also remark that the
bounds imposed by natural inflation on the warped fifth
dimension are quite restrictive. For AdS5 and dilatonic
gravitational backgrounds we have found the constraint
kL & 4, an upper bound which is too small to naturally
generate a TeV mass scale at the IR brane.
As mentioned before, the predicted running of the spec-

tral index is negligible in the models we have considered,
and too small to be detected in the forthcoming small scale
CMB experiments. However, one should notice that larger
values of �s can be obtained if we consider additional zero
modes in the inflaton potential. For instance, in the case
where both a bosonic and a fermionic zero mode contribute
to the pNGB potential, an inflaton potential of the form

Vð’Þ ¼ �4

�
1� �� cos

�
’

�

�
þ � cos

�
�’

�

��
; (51)

is obtained, where � � �b, � � �b, � �
�b=�f ¼ �f=�b, and � � �4

f=�
4
b ¼ 4y2f=ð3g2bÞ. The sub-

scripts b and f refer to the bosonic and fermionic quanti-
ties, respectively. Considering the regime where �	 1,
�
 1, ��	 1, and ��2 �Oð1Þ, it is possible to achieve
j�sj �Oð10�2Þ [26], as favored by current WMAP results.
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