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0 We will consider the theory described by the Lagrangian
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0 We will now consider the one-loop corrections to the propagators and to the
vertex. We will work in the Feynman gauge (£ = 1).
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O In first order the contribution to the photon propagator is given by the
diagram

p+k

0 We write it in the form
1 _ 0 - "V’ 0
G (k) =GO, (k) ilI"Y (k)GY,,, (k)

where

. B o [ d'p Ty (P4 m)y (P + F 4 m)
i (k) = = (+ie) / 2m)E (02 —m2 +ie)((p + k)2 — m2 + ie)

:_462/ d4p [2p“p”+p“k’/+pvku_guu(p2+p-/€—m2)
(2m)* (p2 —m?2 +ie)((p+ k)2 — m?2 + ie)
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Simple power counting indicates that this integral is quadratically divergent
for large values of the internal loop momenta. In fact the divergence is
milder, only logarithmic.

The integral being divergent we have first to regularize it and then to define
a renormalization procedure to cancel the infinities. For this purpose we will
use the method of dimensional regularization.

For a value of d small enough the integral converges. If we define e =4 — d,
in the end we will have a divergent result in the limit € — 0.

We note that p is a parameter with dimensions of a mass that is introduced
to ensure the correct dimensions of the coupling constant in dimension d,
4—d __

that is, [¢] = 5% = £. We take then e — epu?

We get therefore

d'p [2pupy + puky + poky — G (P® +p -k —m?)]

i (h, €) = — e “6/ (27r)d (p* —m? +ie)((p + k)? — m? + ic)

_ 2 € ddp N,uz/(pa k)
= —4e“ u
(2m)4 (p%2 —m2 +ie)((p+ k)% — m?2 + ie)
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0 We have defined a shorthand for the numerator
N (p, k) = 2p,py + puky + Dok — 9 (p* + 0 k —m?)

0 To evaluate this integral we first use the Feynman parameterization to
rewrite the denominator as a single term. For that we use (see Appendix)

1 1 dx
ab _/0 laz 4+ b(1 — z))?

to get

N, (p, k
iI1,, (K, €)= —46/1/6&17/ v (P K)

z(p+ k)2 — zm? + (1 — z)(p> — m?) + ie]”
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_—4e,u/daf;/ v (P F) 5
[p? + 2k - px + xk? — m? + i€]
=—462u€/ dw/ dpd Ny (p; k) 2
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0 For dimension d sufficiently small this integral converges and we can change
variables

p—p—kzx

0 We then get

1 d
dip N, (p—kz,k
@HW(/«,G):_%?ME/ dx/ P Nulp ko b)
0 2m)% [p2 — C + i€

where

C=m?—-kz(l-2)

0 N, is a polynomial of second degree in the loop momenta. However as the
denominator in only depends on p? is it easy to show that

[ —
(2m)? [p? — C + i€’

/ dép pHp” _ lgw / dép p?
2m)e [p2 —C 4> d (2m)e [p2 — C + ie]”
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0 To make this integration we will use integration in the plane of the complex
variable p° as described in the figure. The deformation of the contour
corresponds to the so called Wick rotation,

Im pO“

A 4
v

Rep
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O This means the replacement

+00 +00
T S BTl

— 00 — 0

and p? = (p°)% — [p> = —(p%)? — |p1* = —p%, where pp = (p%, P) is an
euclidean vector, that is

pE = PE)* + [P’
We can then write (see the Appendix for more details),

I :z‘(—l)“m/ Tve _ Pp
o (2m)® [pg +CT™

where we do not need the 7€ anymore because the denominator is positive
definite (C' > 0)

The case when C' < 0 is obtained by analytical continuation of the final
result
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0 To proceed with the evaluation of I, ,, we write,

/ddPE = /d]_?]_? Qg

where p = 1/ (p%)? + |p]2 is the length of of vector pg in the euclidean
space with d dimensions and df2;_1 is the solid angle

0 We can show (see Appendix) that

d
2

s
Q1 =2
/‘ r'(3)

0 The p integral is done using the result,

o’e) P F u
/ dx v = 7_‘_(_1)(1—1 ap—i—l—nq ; T1 ( - _?_1
0 (x™ + am)4 nsin(r Z5)T(P5= — g+ 1)

and we finally get
o (—=1)""™ I'(r+ g) C(m—1r— g)

Irm — Z'Cr_m—i_i d
’ (47)2 I'(%) I'(m)
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0 Note that the integral representation of I, ,,, is only valid for d < 2(m — r)
to ensure the convergence of the integral when p — oo.

0 However the final form of can be analytically continued for all the values of d
except for those where the function I'('m — r — d/2) has poles, which are,

d
m—r—i#(),—l,—&...

0 For the application to dimensional regularization it is convenient to write
I, ., after making the substitution d = 4 — e. We get

I :i(_l)T—m 4_7T 2 C2+r_m F(Q—i—?“— %) I‘(m_,r_Q_'_%)
e -7 T
that has poles for m — r — 2 < 0 (see Appendix).

0 We now go back to calculate II,,,,. First we notice that after the change of
variables we get, neglecting linear terms that vanish,

Nu(p—kx, k) = 2pﬂp,,—|—2x2kuk,/—2xk“k,,—gw (p2 + 2%k? — xk® — m2)
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QED Renormalization uv —H (27_‘_)d [p2 . C 4+ Z€]2

Vacuum Polarization
Self-energy 2

€
The Vertex — E_l g,w/,u Il,2 —1_
0 Using now the results for I,.,, we can write

) i 4 1 2 I'(5)
plo2 =——
167 C ['(2)

; C
~ 1672 (Ae o F) +0te)

O In doing this we have used the expansion of the I' function

—22(1 — 2)kuky+2(1 — 2)k* g + gum?® | nlo 2

r(§)=2 o

~ being the Euler constant and we have defined

2
A= - —~v+1Indn
€
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QED Renormalization
AP £, PRt Vet
The Vertex ILL 1,2 B 167T2 C F<2 T %) F(Z
Cl1+2A.—21In ¢ + O(e)
— e — S €
1672 >

0 Due to the existence of a pole in 1/¢ in the previous equations we have to
expand all quantities up to O(e). This means for instance, that

9 9 1 1
1= 4= 2
d 41— ¢ 5 gt Ol€)

0 We now substitute these expressions to obtain N,
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S Nuw =9 [—5 tget 0(62)] [167r20 (1 +2A, —2In M_> + O(e )]

The Vertex

+ | = 22(1 — o)k kb, +2(1 — 2)k*g,, + ngQI [ ! (Ae —In %) + C’)(e)]

1672 "
= kb [(Ae—ln %) 23;(1—:1;)]
A. (at(la:)+a¢(1a:)> —I—ln% <:13(1:1:):1:(1:13)>

.
. (;;)]

C 1 1
——gm? [A(—14+1)+In—=(1—-1)+(—= + =
+ 5z I m [ (=1+1)+ nlu2( ) + ( 2+2)]

;
_ ka
* o2 I
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7 Finally

i C ,
N,ul/ — 1672 (Ae — In E) (g’uyk — klik’/) 233(1 — 33)

O Substituting in the expression for I, we get

1 ! C
H,Ufl/(k) = — 46216? <g,u,l/k2 — k,ukl/) /O dx 233(]. — 33) (Ae —In F)
= — (guk” — kuky) IL(K?, €)
where
2 1 2 — (1 — 2)k?
H(/{Q,e)z—&/ dr (1 — x) [Ae—lnm x(2 ?) ]
T Jo H
0 This expression clearly diverges as ¢ — 0. Before we show how to
renormalize it let us discuss the meaning of II,,, (k).
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SIVAVAVAVER S w@wn + AWA
+ J\Wﬂ@m +

0 Where we have defined

@ =11, (k) = sum of all one-particle irreducible
(proper) diagrams to all orders

Jorge C. Romao TCA-2012 - 17



TECNICO . .
W L1ISBOA | Vacuum Polarization

0 In lowest order we have the contribution
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which is what we have just calculated.

0 To continue it is convenient to rewrite the free propagator of the photon (in
an arbitrary gauge &) in the following form

. kok,\ 1 k.k,
ZG?W:(gW— ’”];2 >k2+§ p

_ ;0T | - ~OL
=iG, +1G

ko k,
k4

1
L T
M'J%§+f

where we have introduced the transversal projector PZ; defined by

k.k
T v
L= (o 5)
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kP PL =0
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Tv pT'" _ pT
The Vertex P,u, Pl/p T P/Jp

0 The full photon propagator can also in general be written separating its
transversal an longitudinal parts

G = GZ,/ + Gﬁy
where GZ;V satisfies
G.,=P,Gu

0 The result we got at one loop means that, to first order, the vacuum
polarization tensor is transversal, that is

i 11, (k) = —ik?* P, 11(k)
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0 This result is in fact valid to all orders of perturbation theory, a result that
can be shown using the Ward-Takahashi identities. This means that the
longitudinal part of the photon propagator is not renormalized,
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L _ 0L
The Vertex G,uz/ T G/u/

O For the transversal part we obtain from the series expansion

, 1 1 ) | 1
zag,, :P,f;ﬁ + PEM,?(—Z)]CQPT“ H(/#)(—Z)P,,T,,,ﬁ
1, . . 1, . Y . 1
+ Py (SR PTOA TR () P (—) R PTT7 LK) (—0) P, o5 +

:pg;% [1—TI(K*) + 1% (k%) + - |

O This gives, after summing the geometric series,

1
Yalk :PT
ZGMV /ﬂ/kQ [1_'_1—[(]{2)}

Jorge C. Romao TCA-2012 - 20



TECNICO
W LISBOA

Vacuum Polarization

Lecture 6

QED Renormalization

Vacuum Polarization

Self-energy

The Vertex

0 All that we have done up to this point is formal because the function TI(k)

diverges.

The most satisfying way to solve this problem is the following. The initial
lagrangian from which we started has been obtained from the classical
theory and nothing tell us that it should be exactly the same in quantum
theory. In fact, as we have just seen, the normalization of the wave functions
is changed when we calculate one-loop corrections, and the same happens to
the physical parameters of the theory, the charge and the mass.

Therefore we can think that the correct lagrangian is obtained by adding
corrections to the classical lagrangian, order by order in perturbation theory,
so that we keep the definitions of charge and mass as well as the
normalization of the wave functions. The terms that we add to the
lagrangian are called counterterms

This interpretation in terms of quantum corrections makes sense. In fact we
can show that an expansion in powers of the coupling constant can be
interpreted as an expansion in hY where L is the number of the loops in the
expansion term
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0 The total lagrangian is then,

’Ctotal = ﬁ(@, m, ) -+ Aﬁ

0 Counterterms are defined from the normalization conditions that we impose
on the fields and other parameters of the theory. In QED we have at our
disposal the normalization of the electron and photon fields and of the two
physical parameters, the electric charge and the electron mass.

0 The normalization conditions are, to a large extent, arbitrary. It is however
convenient to keep the expressions as close as possible to the free field case,
that is, without radiative corrections.

0 We define therefore the normalization of the photon field as,

. 1.2:~RT _ T
%g%k G, =1-P,,

where G[i!" is the renormalized propagator (the transversal part) obtained
from the lagrangian Liota1-
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0 The justification for this definition comes from the following argument.
;:;”::6 — Consider the Coulomb scattering to all orders of perturbation theory. We
enormalization . . . . .
have then the situation described in the figure

Vacuum Polarization

Self-energy

o i j >0©\“
+}NV‘ + + %\M

0 Using the Ward-Takahashi identities one can show that the last three
diagrams cancel in the limit ¢ = p’ — p — 0. Then our normalization
condition, means that the experimental value of the electric charge is
determined in the limit ¢ — 0 of the Coulomb scattering.
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0 We have then the situation described in

lim

0 The counterterm lagrangian has to have the same form as the classical
lagrangian to respect the symmetries of the theory. For the photon field it is
traditional to write

1 1
AL = —7(Zs = V)Fu F"™ = 2073 F F"

corresponding to the following Feynman rule

k k , k. k.,
[NNANRNNN v — i 63k (gW — 2—2>
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k. k.,
i1, =10 — i 6 Z3k” (gW - 2—2>
Self-energy

The Vertex — — Z (H<k7 6) _|_ 523) k2 P/z—;/

[0 Therefore we should make the substitution
I(k,e) = II(k,€) + 623

in the photon propagator. We obtain,

1 1
-GT _ PT
G = S 12 T Tk ) + 023

0 The normalization condition implies
H(O, 6) + 523 =0

from which one determines the constant dZ5.
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Vacuum Polarization 1 2
200 m
Self-energy 023 =—1(0,¢6) = —— [ drvx(l—-z)|Ac—In—
The Vertex T 0 'LL
2
« m
-2 A -mE
ST 7

0 The renormalized photon propagator can then be written as

PT
5%
kQ[l + H(ka 6) o H(Oa 6)] "

iG (k) =

0 Notice that the photon mass is not renormalized, that is the pole of the
photon propagator remains at k% = 0.
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0 The finite radiative corrections are given through the function
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QED Renormalization HR<k2) EH(k‘27 6) — H(07 6)

Vacuum Polarization

elr-ener 2 1
e == dx:c(l—az)ln[

™ Jo

a |1 2m? 4m/? 1/2 _ [ 4m? 12

where the last equation is valid for k? < 4m?.

The Vertex

m2 — (1 — x)k2]

0 For values k2 > 4m? the result for II#(k?) can be obtained by analytical
continuation. Using (k? > 4m?)

cot liz =1 (— tanh™ ' 2 + —)

and
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0 We get then

1/2
Roov o )1 2m? 4m? 1 4m?
I1 (k)_37{§+2<1+?> —1+\/1—?tanh 1—?

_-z\/l_%
S 2

0 The imaginary part of II? is given by

R0y O 2m? 4m? 4m?

and it is related to the pair production that can occur for k? > 4m?.

O In fact, for k2 > 4m? there is the possibility of producing one pair eTe™.
Therefore on top of a virtual process (vacuum polarization) there is a real
process (pair production).
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0 This of can be written as,

S(p) =5°(p) + S°(p) ( - iZ(p)) SO(p) + - -

—S°(5) |1~ 120)50)|

where we have identified

O) =iz
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0 Multiplying on the left with Sy (p) and on the right with S~1(p) we get

Syt (p) = S~ Hp) — i S(p)

which we can rewrite as
S~ p) = Sy (p) + i X(p)

0 Using the expression for the free field propagator,

— S5 (p) = ~i(p— m)

p—m

we can then write

S p) =S5 (p) + i%(p) = ~i [~ (m + 2(p))

0 We conclude that it is enough to calculate X(p) to all orders of perturbation
theory to obtain the full electron propagator. The name self-energy given to
>.(p) comes from the fact that it comes as an additional (momentum
dependent) contribution to the mass.
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0 In lowest order there is only the diagram

k
—)(J\j;\/L%—
p p+k p

0 Therefore we get,

d*k g 1
—E _ - \2 o nv 7 v
¢ (p) (_'_26) / (27’(’)4( Z) k2 )\2 + ngy zs s % —m+ 287

where we have chosen the Feynman gauge (£ = 1) for the photon propagator
and we have introduced a small mass for the photon A, in order to control
the infrared divergences (IR) that will appear when k? — 0 (see below).

0 Using dimensional regularization and the results of the Dirac algebra in
dimension d,

W@V == @+ B +200+8) =—-(d-2)p+§)

my, Y =md
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0 We get
oo [ d% 1 p+HE+m y
—iX(p)=—p‘e /(27T)dk2—)\2—|—i€%b TR —mrrie
B 662/ ik —(d—2)(p+ ¥ +md
H (2m) k2 — A2 +ie] [(p + k)2 — m2 + ie]
o [t [ A% ~(d =20+ #) + md
o /od /<2w)d (k2 = X2) (1 — z) + z(p + k)2 — 2m?2 + ie|”
[t [ (d-2)(p+K) + md
o /od /(27T)d [(k + px)? + p2z(1 — z) — X2(1 — 2) — am? + ie]’
ot [ (@202 + f+md
o /od /(27T)d k2 + p22(1 — z) — N2(1 — z) — 2m? + ie]”
=— e /0 dx [—(d—Z)yﬁ(l—:c)+md Ip o
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0 Where

')
Ipo =

’ = A —In [-p°z(l —z) + m°z 4+ \*(1 — )]

0 The contribution from the loop to the electron self-energy ¥(p) can then be

written in the form,

S(p)'°P = A(p?) + B(p*) p

with

A =e*1f(4 — e)m !

= /o dz [Ac —In[—p°z(l — z) + m*z + X*(1 — z)]]

1 1
B=—¢euf(2 — de (1 —z) | A,
2= [ do x>[

—In[-p’z(1 — z) + m’z + N*(1 — )]

Jorge C. Romao

TCA-2012 - 33



TECNICO
W LISBOA | Self-energy of the electron

0 Using now the expansions
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Vacuum Polarization ME (4 . 6) :4 1 _1_ € (lnlu/ . Z) _1_ 0(62)

Self-energy
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pf(d—e)A. =4 |Ac+ 2 <ln,u — i) + O(e)

P2 —e€)=2|1+¢ (mN - %) + O(€?)

pf(2 —e)Ae =2 | A+ 2 (ln,u — %) + O(e)

we can finally write,

2 1 21 2 201 _
A(p2):4em I Ae—l—ln px(l—x)+mz+ N (1 —x)
1672 J, 2 (2
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0 And for B
Lecture 6
QED Renormalization 2 2 1 _ 2 1 _ 2 )\2 1 _
Vacuum Polarization B(pQ) — € / d:l? (1—3’}) AE — 1 — ln p x( x) TmTE + ( x)
1672 J, 12

Self-energy

The Vertex

0 To continue with the renormalization program we have to introduce the
counterterm lagrangian and define the normalization conditions. We have

AL =i (Z — 1) PV Od—(Zo — 1) m i+ Zodm Pip+(Z1 = 1)e Py"v A,
and therefore we get for the self-energy

—iX(p) = —i P (p) +i (P —m) 622 + i dm

0 Contrary to the case of the photon we see that we have two constants to
determine. In the on-shell renormalization scheme that is normally used in
QED the two constants are obtained by requiring that the pole of the
propagator corresponds to the physical mass (hence the name of on-shell
renormalization), and that the residue of the pole of the renormalized
electron propagator has the same value as the free field propagator.
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O This implies,
Sp=m)=0 = dm=X"PPp=m)

o0 oyloop
=0 = 522

8_15 p=m a 5% p=m

0 We then get for m (dm is not IR divergent, so A — 0 )

om =A(m )—I—mBm

2me m?x? + \(1 — x)
e (e e
2.2 | \2(1 _
I NG s T
v

2 1 2.2 | \2(1 _
:2m62 [§Ae—1—/da:(1+at)ln<mx +)\2<1 x))]
1672 |2 2 0

1 2 [ 22
_sam A ————/ dr(1+z)ln e
e 33/, PE
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O In a similar way we get for 625,

0y =

where

%
o9,

oxtoop 0A B4 0B
_ _ 94 m 22
aﬁ p=m aﬁ p=m aﬁ p=m
4e2m? [1 p 2(1 —x)x
= x
o 16m? ) —m?x(l —x) + m2x + A2(1 — x)
2 e m? /1 p (1—2x)x
= T
7 0 m2x? + \2(1 — x)
1 2.2 1 2\2(] —
B=_— > dx(l—x)[Ae—l—ln<mx+2( x)>]
21 Jo H
— ng 1d.flf 22233(1 —33)2
- 27 0 m2x? + \2(1 — x)
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O Substituting we get,

57y =— = [ A, —1—/01d90(1—x)1n (m2x2>_2/01dx (1+2)(1—z)zm?

o > 12 m2z2+\2(1—x)

m2 2
_ ¢ [—A 44 —21n)\—]
A (2 m?

where we have taken the A — O limit in all cases that was possible.

O It is clear that the final result diverges in that limit, therefore implying that
Z5 is IR divergent. This is not a problem for the theory because 675 is not a
physical parameter. We will see that the IR diverges cancel for real processes.

0 If we had taken a general gauge (£ # 1) we would find out that dm would
not be changed but that Z5 would show a gauge dependence. Again, in
physical processes this should cancel in the end.
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0 The diagram contributing to the QED vertex at one-loop is

L4
p

0 In the Feynman gauge (£ = 1) this gives a contribution,

d
ie u/* AP (p', p) =(ie p/?)? / (;w§d<_i)k2 —g§g+z‘s
o il +§) +m] {@+H+m

7 (p/ + k)? —m? + ie ¥ (p+ k)? —m? + ic !
where A, is related to the full vertex I',, through the relation
1Ly =ie (v, + Alp?Op +7u021)

=ie (W + Af)
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The integral that defines AifoP(p’,p) is divergent. As before we expect to
solve this problem by regularizing the integral, introducing counterterms and
normalization conditions. The counterterm has the same form as the vertex

The normalization constant is determined by requiring that in the limit

g = p' — p — 0 the vertex reproduces the tree level vertex because this is
what is consistent with the definition of the electric charge in the ¢ — 0
limit of the Coulomb scattering.

Also this should be defined for on-shell electrons. We have therefore that the
normalization condition gives,

a(p) (AP +7u021) w(p)|,_, =0

If we are interested only in calculating 677 and in showing that the
divergences can be removed with the normalization condition then the
problem is simpler. It can be done in two ways.
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0 We use the fact that 77 is to be calculated on-shell and for p = p’. Then

dk 1 1 1

-Aloop _ 2 e/ P
A (p.p) = ep Cm)AR2 — N2 t+ic "p+f—m+ic “pt+k—m+tic

0 However we have

1 1 0 1

75+k—m+i5%]é+k—m+ia T Opt P+ E—m e

and therefore

9 Ak 1 p+E+m
.Aloop —_ 2 € / P
A, (ps p) s Op* (27T)dl€2—)\2+z'<€%(10+k)2_mszi‘efy
. . 0 loop
- _ z—@pu 3'°P(p)

Jorge C. Romao

TCA-2012 - 41



W 5804 | The Vertex: Calculating §7;: 1** method

0 We conclude then, that A/?°P(p,p) is related to the self-energy of the

Lecture 6

QED Renormalization eleCt ron
Vacuum Polarization a
Self-energy ALOOP (p7 p) — Eloop

Opt

The Vertex

O This result is one of the forms of the Ward-Takahashi identity

0 On-shell we have

=m
and the normalization condition gives

041 =025

0 As we have already calculated 6 Z5 then 077 is determined.
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0 In this second method we do not rely in the Ward identity but just calculate
the integrals for the vertex. For the moment we do not put p’ = p but we will
assume that the vertex form factors are to be evaluated for on-shell spinors.

0 Then we have

d U / m m Pl
iﬂ(p/)ALOOp’LL(p) :€2Me/ (;ZW];d (p)Vp P+ K+ D)()]gjl[f2+ K+ m)] v u(p)

2 € / ddk NM
— :LL
(27T)d DOD1D2

where

N, =u(p) [(—2 + d)k%u +4p-p'yv, +4(p+p) kv, +4mk,

— 4k (p+ 1) +2(2 — d)fky | u(p)
Do =k* — A\? +ie
D1 =(k+p')* —m?* +ie
Dy =(k + p)? — m* + ie
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0 Now we use the results of the Appendix to express the ingrals with three
denominators

Lecture 6

QED Renormalization

Vacuum Polarization
b : B o 70 p
Self-energy ,rl p ) T2 p ) P xlp —|_ x2p
The Vertex C L 2 2 2 1 )\2 o /
=(r1 +x2)"m” —w1w2¢° + (1 —21 —22)A", q=p —p
0 We get,

1— 1
iﬂ(p’)AffOpu( =1 —F / da?1/ da:z —

{ﬂ(p )Vuu(p) [ — (=2 +d)(x{m?® + x5m® + 2z120p" - p) — 4p’ - p
/ / (2 —d) C

+4(p+p') - (x1p" + x2p) + s C (Ae — m?)]

+a(plu(p)m [4wp' +ap)y — 40 + p)u(er +22)

—2(2 = d) (@1 + x2)(21p” + xzp)u} }

= iu(p) [G(¢*)vu + H(¢*) (p+ )] u(p)
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O In the last equation we have defined

1—2 2,,2 2 2
1 — + (1 — — A
G( ) « [ / 1/ : | 5131 —I—CEQ) m 513151723 ( 1 CEQ)

1 1—x4 —9 2,,2 2 _ 4 2 2 2
+ / dxq / dxo < (331 il ZEQ) i 102 T
0 0

(1 4+ x2)?’m? — x122¢%2 + (1 — 217 — T2) N2

N 2(x1 + :132)(4m2 — q2)
(21 + 22)?m? — 21220 + (1 — 21 — 22)A?
e 1=z, —2m (x1 + x2) + 2m (x1 + 902)2
A7 (1 + 22)?m? — x122¢% + (1 — 1 — x2) N2

O Finally we get for the renormalized vertex,

u(p ) A (P, p)ulp) =u(p) [(G(q®) +6Z1) v + H(q?) (p+ p'),u] u(p)
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0 As 07 is calculated in the limit of ¢ = p’ — p — 0 it is convenient to use the
Gordon identity to get rid of the (p’ + p)* term. We have

a(y) (¢ + ), u(p) = T(p) [2mw i q”] u(p)

and therefore,

u(p' )AL (0, p)u(p) =u(p’) _(G(q2) +2mH (%) + 5Zl> Y — 1 H(q%) 0,0 ¢” | u(p)

=a(p') | V. F1(q%) + #%q%(ﬁ)] u(p)

O In the last expression we have introduced the usual notation for the vertex
form factors,

Fy(q°) = —2mH (¢%)
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0 The normalization condition implies F3;(0) = 0, that is,

521 = —G(O) —2m H(O)

0 We have therefore to calculate G(0) and H(0). In this limit the integrals are

much simpler. We get (we change variables z1 + x5 — y),

G(0) E[ —2—2/ dxlf dylnym +M<1—?J))\

/d /d —2y°m? — 4m? + 8ym?
x
YL T emE (1 y)a

/d /d —2my+2my
x
T 4r ! yy m? + (1 — y)\?

2
(lnm_Q _1)
o)

0 Now using

1 1 2 9 2
1 —y)A\
/d:m/ dylnym +(2 y) —
0 1 lu

DO | —
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0 And

1 1 2,2 2 2
—2y*m? — 4m? + 8ym? A

d d =74+ 2In—

/ - / Y y?m? + (1 — y)A\? e m2

/ p / g —2my—|—2my 1
T = ——
! yy m? + (1 —y)\? m

(where we took the limit A — 0 if possible) we get,

m2 2
a 1
HO ==

O Substituting the previous expressions we get finally,

o 2 A2
(SZl 47‘(‘ [—A _4+1HF_21HW]

in agreement with the previous result
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0 The general form of the form factors F;(q?), for g* # 0, is quite
complicated. We give here only the result for ¢ < 0

o )\2 0 0/2
Fi(¢*)=—<(2In-—= +4 ) (fcothf — 1) — 6 tanh = — 8cothf [ Btanh Bdf
47T m2 2 0
0
Fy(q?) =—
2(0) =5 oo
where
0 q>
1.2
Slnh 5 = _W

0 In the limit of zero transferred momenta (¢ = p’ — p = 0) we get

Fy(0) =0
F3(0) = %

a result that we will use while discussing the anomalous magnetic moment of
the electron.
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