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1 Introduction and notation

In this paper we consider an extension of the standard SU(2) x U(1) gauge model with

h-type quarks, i.e. quarks with electric charge Qp, = 5/3,
u-type quarks, i.e. quarks with electric charge @, = 2/3,
d-type quarks, i.e. quarks with electric charge Q4 = —1/3,

and [-type quarks, i.e. quarks with electric charge Q; = —4/3.

The total number of h-type quarks is nj. The specific h-type quarks h and h’' have masses
myp, and my, respectively. Similar notations are utilized for the u-type, d-type, and I-type
quarks.

The mass of the gauge bosons W+ is my,. The mass of the gauge boson Z is my. We
define ¢, = my /myz and s, = /1 — 2.

In our model there are arbitrary numbers of the following gauge-SU(2) multiplets of
quarks [1]:



SU(2) singlets with weak hypercharge! 2/3

00,4,8; (1.1)
SU(2) singlets with weak hypercharge —1/3

00,—2,8; (1.2)

SU(2) doublets with weak hypercharge 7/6

01,7,%
” ; 1.3
(51,7,N> (1.3)

SU(2) doublets with weak hypercharge 1/6

01,18
o ; 1.4
<5—1,1,N> (14)

SU(2) doublets with weak hypercharge —5/6

01,58
Y ; 1.5
(5—17—53%) (15)

SU(2) triplets with weak hypercharge 2/3

To.4R
Toar | (1.6)
T_2.48

SU(2) triplets with weak hypercharge —1/3

72,—2,%
7‘07_27}( . (17)
T-2,—2,%

In egs. (1.1)—(1.7),

the letter o denotes singlets of gauge SU(2), the letter ¢ stands for doublets, and the letter
T means triplets;

the first number in the subscript is two times the third component of weak isospin;
the second number in the subscript is six times the weak hypercharge;

the letter RN stands for either L, in the case of left-handed quarks, or R, in the case of
right-handed quarks.

'We use the normalization Y = Q — Ts, where Y is the weak hypercharge, Q is the electric charge, and
T3 is the third component of weak isospin.



The numbers of multiplets (1.1)—(1.7) in our generic model are ns 4 x, No.—2,8, 75,78, 15,18,
ns,—5.%, Nrax, and n, gy, respectively. Clearly,
Nhp = N§7,L + Nra,L
= n57,R + N7 4R, (1.8a)
Ny = No 4L TN57,L +Ns1,L +NraL +Nr—2L
= Noa,R +N57,R +N51,R + Nra R+ Nr—2 R, (1.8b)
Ng = Ng,—2,L TN51,L +Ns—5L +NraL +Nr—21L
= Ng,—2 R +Ns1,R + N6 -5k + Nra R+ Nr 2R, (1.8¢)
ny = ng§—5L+Nr—2L
= n5_5R + N7 2 R- (1.8d)

The purpose of this paper is to compute the oblique parameters in this generic model.

The oblique parameters are defined as [2]>3
2 2y _ 2 _ 2 2 2
g 167;cw Azz (mz)2 Az7(0) 4w~ S 8Aj922(q ) B 8A57§q ) . (1.92)
g my CwSw q =0 q =0
A7 | Aww (0)  Azz(0)
r_ i [ v(0)_ Azz(0)] (1.9b)
g%s2 | myy, m3,
= 167 [Aww (miy) —Aww (0) 5 Azz (m%) = Azz(0)
g2 miy ‘ my
A 2 A
+2¢y 5w 0M2 (@) Z)Z2(q ) 2 0 gy gq ) , (1.9¢)
2_0 q q2=0
V= 4 | 0Azz(4%) Azz (m%) —Azz(0) 1.9d
~ 252 92 2 ) (1.9d)
9°Sw q 2=m?2 mz
L zZ
W — 4 | 0Aww (¢?) Aww (m¥,) — Aww (0) 19
T 282 902 - 2 g (1.9¢)
9° 5w q 2=m? myy
L w
X — dmey | 0Ayz (q2) _ Ayz (m22) —A,z(0) 1.9f
g2 Ha? 2 ) (1.9f)
925w @ |, m,

where g is the SU(2) gauge coupling constant. The Ay (¢%) are the coefficients of the
metric tensor g"” in the vacuum-polarization tensor

1 Lo (q2) =g Avyr (q2) +¢"q” By (qz) (1.10)

between gauge bosons V,, and V) carrying four-momentum ¢. In Ay~ (q2)

*We use the sign conventions in ref. [8]. Those conventions differ from the ones used in many other
papers, viz. in ref. [2]. For a resource paper on sign conventions, see ref. [9]; using the notation of that
paper, our convention has n. =nz =1 and n = —1.

3The definitions (1.9) build on, and generalize, previous work in refs. [3-7]. They are appropriate for
the case where the functions Ay v/ (q2) are not linear in the range 0 < ¢*> < m%, viz. where New Physics
is not much above the Fermi scale.



one only takes into account the dispersive part — one discards the absorptive part;
one subtracts the Standard-Model contribution from the New-Physics-model one.

This paper generalizes the results of ref. [10], where only the multiplets (1.1), (1.2),
and (1.4) existed, hence no SU(2) triplets, and neither h-type nor I-type quarks were
present. It also generalizes recent partial results that appeared in refs. [11-13].

The outline of this paper is as follows. In section 2 we present our notation for the
gauge interactions. In section 3 we present our notation for the Passarino-Veltman (PV)
functions. In section 4 we display the results for the oblique parameters. Thereafter, three
appendices deal with technical issues: appendix A gives technical details of the computa-
tions, appendix B gives analytic formulas for the PV functions, and appendix C demon-
strates the cancellation of the ultraviolet divergences in .S, T, and U. The reader does not
need to read the appendices in order to fully understand the scope and results of this paper.

2 Notation for the gauge interactions

The interactions of the quarks with the photon field A, are given by

La=—gsuAy <Qh S R4 QS i u+ Qe Y dyrd+ QY W‘l) S (21)
h d l

u

The interactions of the quarks with the gauge bosons W+ are given by

Ly = \% W, {Z A" [(NL) o YL + (NR) oy YR) U
h,u

> aV* (VD) wa v + (VR)wg Rl d
u,d

+>dy"[(Qn) g e + (Qr) g VR) z} +Hec, (2.2)
d,l

where v, = (1 —75)/2 and yg = (1 +75)/2 are the projectors of chirality. Note the
presence of the

np X N, Mixing matrices Ny,
Ny X Ng mixing matrices Vi,
and ng X n; mixing matrices Qy.

The matrix V7, is the generalized Cabibbo-Kobayashi-Maskawa matrix.



The interactions of the quarks with the gauge boson Z are given by

Lz 2cw {Z . [( )hh’ Lt (FIR) hh! VR} W
+ Z uryt [(UL)W, YL+ (UR)W/ VR} o
=32 dv*[(D) e+ (Dr) yy ve) @

d,d’
S [(Ea) e ()] o
Ll

with Hermitian mixing matrices Hy, Uy, Dy, and Ly. Note the minus signs in the
third and fourth lines of eq. (2.3). Since the Z couples to a current proportional to
(9/cw) (T3 — Qs2), those matrices are of the form

Hy = Hy —2|Qn| 55,1, (2.4a)
Ug = Uy —2|Qul s, 1, (2.4b)
Dy = Dy —2|Qq| s, 1, (2.4c)
Ly = Ly — 2|Q| s2 1. (2.4d)

where 1 always is the unit matrix of the appropriate dimension.

Because of the SU(2) algebra relation T5 = [T+, T-], where Ty and T_ are the SU(2)
raising and lowering operators, respectively, there are relations between the mixing matrices
appearing in eq. (2.3) and the ones in eq. (2.2), viz.

Hy = Ny}, (2.5a)
Uy = VoVl — N{ Vg, (2.5b)
Dy = VT — nQY, (2.5¢)
Ly = QLQx. (2.5d)

Thus, the matrices Ny, Vx, and Qn are the fundamental ones, while the matrices Hy, Uy,
Dy, and Ly are derived ones.

3 Notation for the Passarino-Veltman functions

Our notation for the relevant PV functions [14] is the one of LoopTools [15, 16]:

e[ d%k 1 i
g /[(2w)d w1~ e W (3.1a)
dik 1 1 i
E = Bo(Q,1 1
“‘/k2wﬂ K2—T (ktq)P—J 1672 0(@.1,J), (3.1b)
d% 1 1 ;
6 ¥ = "Bi(Q.1,J 3.1
H /(27r)d k22— (k+q)2—J 16 5 4 1(Q, ), (3.1c)
[ A%, " 1 1 i o .
: /(27r)d MR T (k+q?—J 1672 [9 Boo(Q,1,J)+4¢"¢" B (Q,1 J)} (3.1d)



where Q = ¢ and I and J have mass-squared dimensions. The quantities Q, I, and J are
assumed to be non-negative. In eqs. (3.1), u is an arbitrary quantity with mass dimension
and d = 4 — € (where eventually ¢ — 07) is the dimension of space-time. We also define

_ a-BO (Q7I7 J)

B6 (Q7I7 J) - Ta (323‘)
G,

B (Qu1.) = Z2EEL D), (3.20)

B (Q.1,J) = W. (3.2¢)

All the functions in this section may be computed through softwares like LoopTools [15, 16]
or COLLIER [17, 18]. They may as well be computed analytically; the results of that
computation are presented in appendix B.

4 Results for the oblique paramaters

41 T
We have
T = _Ne 2 F (N N 2 m?
- 471'6%1812” ;; [( L)hu’( R)hu’mhﬂmu}
+23 D F [(VL)ud s (VR)ud > M mﬂ
u d
+2 Z Z F [(QL>dl ,(QR) g Mg, mﬂ
d 1
= > F [(Ho) e s (HR) gy s i |
hh
- Z F (UL)uu’ ’ (UR)uu’ 7mi’ mi’}
u,u )
— > F[(DL)ag  (DR)gar i miy |
dd
- Z F (LL)u/ ) (LR)ll’ ale, mlﬂ }
L
—SM value, (4.1)

where N. = 3 is the number of quark colors,

4Boy (0,1,0) —1—J L VIT
— B I 4.2
4m2Z Re(:cy ) mQZ 0 (07 ) J) ) ( )

F(a,y.1,7) = (Jo + [yI*)

and the last line of eq. (4.1) means that, in the end, one should not forget to subtract from
T the same quantity computed in the context of the Standard Model.



4.2 Simplified notation

In order to present the expressions for the oblique parameters in a compact way, we intro-
duce a new notation wherein all the quarks are denoted by letters a and/or b. The symbol
>_q means a sum over all the quarks. The symbol “3°, /7 means firstly a sum over the
h-type quarks h and A/, then a sum over the u-type quarks u and o/, ..., and finally a sum
over the I-type quarks [ and I’. The matrices Ay and Ay correspond to the quarks a just
as the matrices Hy and Hy correspond to the quarks A, ..., and the matrices Ly and Ly
correspond to the quarks [. We also use the symbol “}°,>",” when we sum both over the
quarks a and over the quarks b such that the electric charge ), of the quarks a is equal to
the electric charge Q) of the quarks b plus one unit: Q, = @ + 1; in this case, we have to
deal with charged-current mixing matrices My that are

e Ny when a = h and b = u;
e Vi when a =w and b = d;
e (x whena=dand b =1.

In this way, the expression for 7" in eq. (4.1) gets shortened to

it {2 SN F (ML) gy, (MR) gy m2,mz] = S F [(AL) g » (AR) gor » 2, M| }

- 4mc2 s2, ; —
—SM value. (4.3)
4.3 Sand U
We have
N, - _
5= 56 (8), (dn), i )

+2 (s =) X 10ul (Az+ Ar) b (m()
8522 3 Q% h (mz)} — SM value,

v = {Z 52 (M) (Vg i ] (4.4D)
3 O[], () i

—2s2 Z |Qal (AL + AR)M h (mz) —4st ZQ?L h (mZ)} — SM value,



where

VIJ

Gy @ 10) = = (loF + 1) 9(Q. 1) +2Re(ay) Z57 §(Q.1.7). (4.52)
9(Q.1,0) = B(Q.1,J)+ But (@, T,.) +2 2 (Q’I’J)C;BOO 0.1,) +é, (4.5b)
g(QaI7J) EBO(Qalvj)_BO(Oalv‘])? (45C)

() = BOLD (150)
44 V and W
We have
N, - 2 _ 2
V= g S {[[(a0) [ (a0) ] (o) s

<2(As),, (An),, " () | - S v

N,
W= Z;{ (ML) o> + [(MR) | & (b, m2, m?) (4.6D)
~2Re [(My) 4 (MRl "5 j (mav,mz,mz)} — SM value.
My
where
+2B(/]0(Q7[’J)_2BOO(Q717J)C;BOO(07[7J)’ (47&)
4.5 X
We have N
X = 4—; Za: |Qal (AL +AR)aa ! (mQZ,mz) — SM value, (4.8)
where
1Q.1) = 1]By(0.1.) - 2 (Q,I,I)(; By <0,I,I>]
+B1 (Q?IJI) +B11 (Qalv‘[) _Bl (07I7[) _Bll (07I7I)
—2 By (0,1,1) +2 P (Q’I’I)é L0 (4.9)
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A Technical details

Suppose the fermions f; and fo with masses m; and mo, respectively, interact with the
gauge bosons Vy and lez through the Lagrangian

L=Vy i1’ (gv — gars) fo + Vi 29" (gvr — garys) fr + Hec. (A1)

Then, the vacuum polarization between a Vy and a Vd’} with four-momenta ¢ caused by a
loop of f; and fo is*

Gy +Gy
AVV’ <q27 m%v m%) = T [QZ Bl (q27 m%a m%) + q2 Bll (q27 m%a m%)
2 2 2
q mi+m
+2 Bo() (q%m%,m%) + g - 1221
Gy — Gy
I mimz By (QQ,m%,m%) ) (A.2)
where
Gv = gvgv, GA=gaga. (A.3)

It follows from the definitions (A.3) that
« In the computation of A, (¢%),
Gv+Ga=Gy —Ga=g°s2 Q2 (A.4)

for a loop with two identical quarks a with electric charge Q.. (We use the notation
of section 4.2.)

o In the computation of A,z (¢?),

2
Gv+GA=Gv—GA=—g48w

(AL + AR) aa Qa (A5)

w

for a loop with two identical a-type quarks. (We use once again the notation of
section 4.2.)

o In the computation of Az (¢?),

v 6= 2y [|(as),, [+ (40) ] (A
Gy G = fyre[(ar),, (an),,]. (Ao
w

in a loop with quarks a and a’ carrying identical electric charges.

4We assume the gamma matrices to be 4 x 4 even in a space-time of dimension d; thus, we set
tr(y"y") = 49"



e In the computation of Ayw (qz),
92 2 2
GV + GA = Z U(ML)ab‘ + ‘(MR)ab‘ } ’ (A7a)
g

2

Gy —Ga = ) Re [(ML) o (MR) gp] » (A.7b)

in a loop with quarks a and b carrying electric charges Q, and @, — 1, respectively.
(We use once more the notation of section 4.2.)

The PV functions defined in egs. (3.1) are not all independent. Indeed,

I1+J
2B00 (Q7I’ ‘])+%7T = Q(Bl + Bll) (Qv-[’ J)+I(BO +Bl) (Q?Ia J)iJBl (Qvlv J) .
(A.R)
Setting @ = 0 and I = J in eq. (A.8), one obtains
2 Boo (0,,J) = J [1 + B (0, J, J)] . (A.9)

Taking the derivative relative to @ of eq. (A.8) and then setting @ = 0 and I = J, one
obtains

2 B, (0,J,J) + é = B1(0,J,J) + B11(0,J,J) + J B (0,J,J) . (A.10)
Furthermore, explicit computation in eqs. (B.8) yields
(Bo+6B;+6B11)(0,J,J) =0. (A.11)
From eq. (A.2),
Ayyr (O,m%,mg) = % {4 Byo (O,m%,m%) — m% — mg]
—% mimsa By (O,m%,mz) : (A.12)

Equation (A.12) leads to the definition of the function F' in eq. (4.2).
From eq. (A.2),

Avy (@, 1,J) — Ayyr (0,1, J) Gy +Ga
Q 47?2

Gy —Ga VIJ |
T?Q(QJ,J%

(A.13)
with the functions g and § defined in eqgs. (4.5b) and (4.5¢), respectively. The function h

g<Q7[7J)_

defined in eq. (4.5d) appears in

aA'yV’ (Q?Ivl) :_ﬁ
aQ Q=0 471'2

The functions relevant for the computation of the oblique parameters V and W are

h(I). (A.14)

defined in eqs. (4.7). They appear in
aAVV’ (Q,I, J) . AVV’ (Q,I,J) - AVV/ (O,I, J) _ GV +GA

0Q Q 2 k@ 1) (A.15)
Gy —Ga VIJ |
o 472 Q J (Q7I7 J)

~10 -



The function [ that appears in the expression for the oblique parameter X is given by
eq. (4.9) and originates in

My QLD v @LD Ay 01D _ Gy
20 00 Q 472

1(Q., ). (A.16)

If in eq. (A.12) one sets G4 = 0 and m; = mg, as happens if V' = 7 is a photon, then
one obtains

Ay (O,m%,m%) = f—ﬂ‘; [2 Boyo (O,m%,m%) —m2 —m? By (O,m%,m%)} =0, (A.17)

because of eq. (A.9). Hence, the contributions to A, (0) and to A,z (0) from fermion loops

both vanish. Notice, though, that A, (0) is necessarily zero because of gauge invariance,
while A,z (0) does not need to vanish in general.

B Formulas for the PV functions

In the limit e — 07, we define the divergent quantity
L2 2
le:;—’}/‘i‘ln (47T,u ), (B.1)

where v is the Euler-Mascheroni constant.

We furthermore define
A=Q*+IP+J2-2QI+QJ+1J). (B.2)
The quantity A is positive if and only if it is not possible to draw a triangle with sides

of lengths /@, VI, and v/J, viz. when either \/Q < ‘\/f—\/j‘ or VQ > VI++VJ. We

define the function

1 II+J—Q+¢K

7 nI—l—J—Q—\/Z <= A>0,
2 I-J+Q J—-T1+Q
QL) = m(arctanmqtarctanm) < A<O, B3
\/Iﬁ = \/@:‘ﬁ—ﬁ’,
\/_117 e VQ=VI+VI.

The function f(Q,I,J) is continuous and well-behaved everywhere except at the point

VQ = VT ++/J, namely it diverges when /Q — VI ++J — 0%,

- 11 -



The analytic formulas for the relevant PV functions are

Ag(I) = I(div—1InT+1), (B.4a)
Bo(Q,1,J) = div — ln(QU) +2+‘]2_QI ln§+ 2% F(Q,1,)
+absorptive part, (B.4b)
di In(1J J—-1
B (Q.1.7) = - ) T
(I-JP2-2QJ I (J-I-QA
+ 4@2 1H3+Tf(Q,I,J)
+absorptive part, (B.4c)
C(I+J  Q\[, WnN] 2 7 (I—J)?
U-DN[A-QU+T)-QY I A
+ 2102 lnj—mf(QaLJ)
+absorptive part, (B.4d)
Cdiv In(IJ) 13 I-5J (I-J)?
Bll(QaLJ)_?_ 6 13 60 + 302
3Q2T+3QJ(I—J)+(J—1)* I
+ 605 In 7
QR+QU-2))+(I-J)
- 50 AF(Q.1,)
“absorptive part. (B.4e)

The absorptive parts in eqs. (B.4) exist if and only if /@ > /I + v/J. The analytic
formulas for the relevant derivatives are

1 I—-J_ I QU+J)—I-J)?

B(/)(Q7I’J):_§+ 2Q2 lnj+ 2Q2 f(Qvla‘])
+absorptive part, (B.5a)
1 I-J QI—-(I-J)? I
Bi(Q,I,J):@vL o2 +Q 2(623 ) lnj
—n3 2 _T7_72)_ 02
L= +Q(2J2Q3LJ 1?) QJf(Q’LJ)
~+absorptive part, (B.5b)
. div Wn(IJ) 5 I+J  (I-J)
BOO(Q717J) - _ﬁ 24 _%_ 6@ 6@2
2(J —1)°+3Q (I? - J?) .
240 7
A
o 2= - QU+ - Q] F(Q.1.7)
+absorptive part. (B.5¢)

- 12 —



When ) = 0, the PV functions are

In(1J) I+J I
B I = div — 1——— " In=
0(0,1,J) iv 5 T ) n,
div In/J J —31 J2I—-J) I
B (0,I,J]) = —+ — —
1(7 ) ) 2 + 2 +4(I_J) 2(I—J)2 nJJ
I+J7J.. ln(IJ)] 3(I+J) %2 + J? I
By (0,1,J) = —— |div — — In —
OO(a ) ) [IV 9 + ] S(I—J)HJ,
div—InJ 11I%2 —71J + 2J? I3
Bu (0.1,7) = " e ;o
3 18 (1 —J) 3(I—J)° J
and their derivatives are
I+J 1J I
By(01,]) = —— I,
2(1—J) (I—-J) J
212451 —J? I? I
By (0.1,0) = 2L T T
6(1—J) (I—n)* T
div. In(IJ) 5I?—22IJ+5J% (I+J)(I?>—41J+ J?
BéO(O,I,J):—ﬂ n ( )_ +2 (I+ )( 3+ )1
12 24 72(1-J) 24(1—1J)
When both Q =0 and I = J one has
By (0,J,J) = div—1In J,
iv—1
By (0,J,J) = _¥7
J(div—InJ+1
BOO(Oa‘LJ): (IV 2n s )a
div—1InJ
Bll (07J7 J) - %7
1
B, (0,J,J) = —
0(7 ’ ) 6J7
1
, —_— e —
B1(07J>J)_ 12J7
div—InJ
B(,)O (0,J7 J) = —%

I

7

(B.6a)
(B.6b)
(B.6¢)

(B.6d)

(B.7a)
(B.7b)

(B.7¢)

(B.8a)
(B.8h)

(B.8c)
(B.8d)
(B.8e)

(B.8t)

(B.8g)

All the formulas in this appendix were numerically checked by using LoopTools.

C Cancellation of the divergences

In this appendix we demonstrate that the ultraviolet divergences cancel out in the oblique

parameters S, T, and U.
absent.

~13 -

In the other three parameters such divergences are a priori



C.1 The quark mass terms

The quarks in eqs. (1.1)—(1.7) in general have bare mass terms® given by

Liare masses = —00,4,1 M1 00.4.R
—00,—2,L. M2 00,2 R
- (51,7,L M3 6175+ 0171 Ms 571,7,R>
- (51,1,L Myd11p+ 011, My 5—1,1,R>
- (5_1,—5,L M58 _5p+0-1-51 Ms 5—1,—5,R)

— (T4, M6 T2.4.R + Toa,L, M Toa,R + T—24,1. M6 T—24.R)
—(To,—2, L. M7 To o g +To,—21L MyT0—2or+ T2 21 M;T_2_2R)
+H.c. (C.1)

The matrices My, ..., M7 are assumed to have adequate dimensions that we do not, how-
ever, specify.

We assume the existence of just one scalar doublet ® with weak hypercharge 1/2, and
of its conjugate doublet ®:57

o= ), e=( 1), (C.2)
¥Y-1,3 —¥1,.3

The Yukawa Lagrangian then is

Lyukawa = — (51,7,L7 5—1,7,L) Yy 004,r — ( 11,1, 5—1,1,L) S Yy00,-2.r

- (51,1,L, 571,1,L) ®T3004,R — (51,75,L, 571,75,L) ®Yy00 2R

|

i ToarL V2T 4L T, 01,1,R
—V2Tur —ToaL 0_1,1,R
gt [ TToaL —V27 aur T 01,7,R
V2Touar  Toal 0_1,7.R

&t To—2n V2T_2_aL T, 01,-5,R
—V2T o —To-2L d_1,-5R

) )

i ( —T0,-2,L —\/5?—2,—2@) Ty < 01,1,R >

\/57_'2,—2,L T0,—2,L

_ ) _ 0
~50.4.0 T Ty (5 117;RR> — G020 T g <5 LLE >

®The mass terms (C.1) must be directly written in the Lagrangian, and they may furthermore be
generated through the Yukawa couplings of the quarks to scalars that are invariant under the gauge group
and acquire a vacuum expectation value (VEV).

SIf there are several scalar doublets with identical quantum numbers, that does not really affect our
work and its final results.

If the gauge symmetry gets broken by VEVs other than those of doublets like the one in eq. (C.2), then
the ultraviolet divergences do not cancel out in the parameter 7' [19].
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_ ~ ) _ ~ 01—
~50.4.0 T T1 ( bLL I ) — 50,0, @ T12< Lol )

-1,1,R —1,-5,R

5 —V/2 N
(5 J1,Ls (5 171,L) T13 ( T0,4,R \fT2747R> &

V2 T_24R —T04,R

1,1
r ~Toar V2Tour >
17,0, 0—17.0 ) T1a

—ﬂ7—2,4,R T0,4,R

-
(&
( 1—5,L, 0— 15L)T15< T0.-2R ﬂTQ’Z’R><§
- (9
H.

O’D |

V2 T-2,-2R —T0,—2,R

—T70,—2,R ﬂTz,—z,R
L1,L, 0— 1,1,L) T16 ( ¢

—\@7—2,—2,5’. T0,—2,R

+H.c., (C.3)

with Yukawa-coupling matrices Y1,...,T16. When ¢_; 3 acquires a VEV v, one obtains
from eq. (C.3) the quark mass terms

Lquark masses = —V (5—1,7,LT10’0,4,R +0-11,. 20021
+7040 Y5011 + V2T 24150 11 R
+70,-20 Y701 5 R+ V2T 9 21 Y76_1 5R
+00,4,.Y1161,1,R + 00,—2,.T1201,—5.R
+0-170Y14T0a R + V20171424 R
+0_1,1,.Y1670,—2,8 + \@51,1,LT1672,—2,R>
—v* (51,1,LT300,4,R +01,-5.. 40021
+V2 7941 601,78 + 704, L60-1.7.R
V27 91 Y8d11r + 7021 80 11.R
+00,4,.Y90_1,7,r +00,—2,.T100-1,1,R
+011,0 137048 + V26-11.0 13724 R
+01,-5,1 1570, —2,r + \/55_1,—5,LT15T—2,—2,R)
+H.c. (C4)

Therefore, the complete quark mass terms are given by

N _ — [ 017,R
Ebaremasses + Equarkmasses = = (51,7,L7 7—2,4,L) Mh ( Y

T2.4,R
00,4,R
) ) | 9-1r
— (60,4,L7 0-1,7.1, 011,L, T0,4,L, 7_'2,72,L> M, | é11.r
T04,R
T2,-2.R
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00,—-2,R

) ) | 9-1r
— <50,—2,L; 0_11,L, 01,—5,Ly T—24,L, 7_'07—2,L) Mg | 61,—5r
T_24.R
T0,—2,R
_ ~ .
— (571,75@ 7'72,72,L> M, ( b 5’R>
T—2,-2.R
+H.c., (C.5)
where
— M3 2Q}T14
M, = C.6
h < QU*T(; M6 ’ ( a)
My v*YT9 vYqy 0 0
UTl M3 0 UT14 0
M, = My v*Y13 V20Y56 |, (C.6b)
v*Y 6 UT5 MG 0
0 V2v*rs 0 My
*TIO ’UT12 0 0
UTQ M4 0 \/§U*T13 UT16
My = Ms 0 v* Y15 |, (C.6c)
\/E’UT5 0 M6 0
’UT7 0 M7
— 21} T15
i = M C.6d
: ﬂUT7 Mz > ( )
are the quark mass matrices.
One bi-diagonalizes those mass matrices by writing
01,78 Hix
(. — hN’ C7a
(T2,4,N Hox (C.72)
70,48 U
0_1,7.n Uan
oran | = [ Use [u, (C.7h)
70,4,8 U
T2, 2.8 Usx
00,—2,% Dy
d_1,1,% Doy
(51,,5’;\( = D3N d;q, (C7C)
T 24 Dax
70,—2,R D5y
0_1,-5 L1
’ ’ = le C?d
(T—z,—m Lox (C.7d)
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where R stands for either L or R. The matrices

Uin D1y
Uan Doy
H L
<H1N> ; Usx |, D3y |, <L1N> (C.8)
2% Une D 28
Usx Dsy
are unitary and satisfy
- [ Hig
M, = <H2L> M, (Hp, Hip) (C.9a)
Ui
) Uar,
M, = | U, | My (U, Ul Ulp. Ulp, Ul ). (C.9b)
Usr
Usr,
Dy,
B Doy,
My = | Dsy, | Ma(Dlp, Dip. Dip. Dip, Dip), (C.9¢)
Dy,
Dsy,
- LlL
M, = l , C.9d
(2 ) (2 £he), (9

where My, M,,, My, and M; are the diagonal quark mass matrices, that have non-negative
real matrix elements.
The unitarity of the matrices (C.8) implies that

H\wHly, HaHl, UnUly, UnUl, UsnUly,  UnUl, UssUl,

T i T T T i T (C.10)
DINDDU DQNDQ}U D3ND3N7 D4ND4N7 DSNDg,Na LlNLlw L2NL2N
are all proportional to unit matrices, of dimensions
Ng7Ry  NraR, NoaR, N7R, N§IR,  NraR, N5 -2N, (C.11)

Ng,—2X, N§1R, MN§-5%, MNr4R, Nr_2R, MN§_5%, N7 _2N,
respectively.
C.2 The gauge interactions

The interactions of the quarks with the gauge bosons W+ are given by

1 1
Ly =gW,5 > ( 51,70 MO 170+ —= 01 Y WO 18t —= 01,507 ImO—1,—5.x
NS R\V2 V2 V2

+?2,4,N’Y”’YNTO,4,N+?o,4,>w“’m72,4,N+f2,2,&7”%&70,2,N+fo,2,N7“’YNTQ,2,N)

+H.c. (C.12)
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We rewrite these interactions using the general notation of eq. (2.2). We obtain

2
4N’7 VNTQ4N*§S 7'04N'7 IR T0,4,R

Ny = H}\Uox + V2 HiUsy, (C.13a)
Va = UlyDox + V2 U} Dan + V2 Ul Dsy, (C.13b)
Qx = DiyLix + V2 Dl Lox. (C.13c)
The interactions of the quarks with the gauge boson Z are given by
1
=2 Zy, Z { = 52,5048 7&00,4,N+§82 00,2,V 0o0, 2% (C.14)
o N L.R
1 1 2 -
(2 - ) 81,70V WL TR+ <—2 ~3 Si) d_1 7Y mo-17n
1 2 - 1 1 -
+ (2 3 3;) O Y o0+ (—2 +3 8%;) Oty o1
1 1 1 4
+ <2+3 i) 81,50V W15 n + <—+3 w> 61,50V M1, _5n

;_l
+ w\cn
glo
@l\" N———
\\\

= H 2 2 ) = H
)T—z,m’y MRT—248+ (1— 38w> To,—2R Y IR T2,—2.%

oo\»—n

+
A
H

4 _
SwTo —axY 7o, 2n+( 14 -2 )TQ,z,N”V“’YNTzQ,N]

3 3
Rewriting these interactions by using the general notation of eq. (2.3), we obtain
Hy = Hi Hix + 2 Hi Hoy, (C.15a)
Uy = —Ul\ Uy + Ul Uz + 2 UL Usy, (C.15D)
Dy = DIy Doy — Dl Dsyx + 2 Dl Day, (C.15¢)
Ly = Ll Lin + 2 L Loy, (C.15d)

C.3 The finiteness of S

From appendix B, one gathers that the ultraviolet-divergent parts of the functions G and
h in eqs. (4.5) are

G(z,y,Q,1,J) = d% (|33|2 + |y\2) + finite parts, h(I)= % + finite parts. (C.16)

Therefore, the contribution of the a-type quarks to the ultraviolet divergence in S in
eq. (4.4a) is proportional to

5= o W ir (A3 + 43) +2 (3 — ) 1Qul tr (AL + Ar) — 852cQ2ma] + -+
(C.17)
where we have used the notation of section 4.2. According to eqs. (2.4), Ay = Ax —
2|Qal 82 1 for X = L, R. Therefore, the quantity inside square brackets in eq. (C.17) is

tr [A3 + A% — 4]Qu| 52 (AL + Ag) + 8Q2s), 1]
+2 (3121; - ci) |Qal tr (AL + Ar —4|Qq| 5% Il) —8c2s2Q%tr1
= tr[A} + A% — 2|Qu| (A + 4R)] . (C.18)
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Thus, the a-type quarks produce in S a divergence proportional to
tr [A7 + A%~ 2|Qul (Ar + AR)| . (C.19)
Therefore, the oblique parameter S is finite if the equation
0= 3tr[(HN)2 + (Un)? + (Dy)? + (LN)ﬂ — 10tr Hy — 4tr Ug — 2tr Dy — 8tr Ly (C.20)

holds for both ¥ = L and X = R. Now, according to eqs. (C.15),

(HN)2 = HINHm + 4H§NH2N7 (C.21a)

(Un)? = UJNUm + U;,LNUZ&N + 4U§NU5N7 (C.21b)

(Dy)? = DI Doy + Dl Day + 4 Dl Dy, (C.21¢)

Ly)? = LigLin + 4 Ll Loy, C.21d
N 2N

Therefore, the right-hand side of eq. (C.20) is equal to
tr (3 Hiy Hix + 12 Hi Hox + 3 U\ Usy + 3 Ul Uss + 12 Ul Usy
+ 3 D5 Dox + 3D} Dax + 12 Dl Dy + 3 LI L1 + 12 Ll Lon
— 10 Hi Hyx — 20 Hi Hox + 4 UJ\Usy — 4 UL Uz — 8 U Usn
2 Dfy Do + 2 Dl D — 4 D Day — 8 Ly L — 16 L Loy
= tr (=7 HinH{y — 8 HonHjy + TUsnUly — UsnUly + 4 UsnUly
+DonDly +5 Dan Dl + 8 DunDlyy = 5 LinLly — 4 Low L) . (C.22)

Using the fact that all the matrices in the right-hand side of eq. (C.22) are proportional to
unit matrices of the appropriate dimensions, cf. eq. (C.11), eq. (C.22) is equal to

—Tnszn—8nrar+TNs7R—Ns1x+4Nr 2 x+N51R+FDINs5 58 +8Nran—5N5 _58—4N7 _2x,
(C.23)
which is zero, Q.E.D.

The Standard Model. In the SM there are three u-type and three d-type quarks, there
are neither h-type nor I-type quarks, the matrix Vg is zero, and the matrix Vg is 3 x 3
unitary. Hence,

- 4 . 4 . 2 . 2
Up = (1—353) x 13, Ug = (—353,) x 13, Dy = (1—353,) x 13, Dp = (—353,) x 13
(C.24)

are all proportional to the unit matrix. Using eqgs. (4.4a) and (C.16), the divergence in S
is therefore

N, div 4 5\? 4 5\? 2 ,\?2 2 ,\?
== — 1— - —= 1-= —=
S 9 3 {3 l( 3sw> —|—< st) +< 3sw> —|—( 38w)

4
—8s2¢2 x 3 (9 + 9)} + finite terms. (C.25)
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Thus,

N, 40 20 5
S = —2—7: div |2 — 452 + 9 sk 42 (25120 — 1) <1 -9 5121,) +38 (sﬁj — 53,) 9} +finite terms.
(C.26)
The terms inside the square brackets in eq. (C.26) clearly cancel out.

C.4 The finiteness of U

In the oblique parameter U, by using eq. (C.16) we find that the contribution of the a-type
quarks to the ultraviolet divergence in eq. (4.4b) is

v=gt {or [(AL)+ (Ar)"] + 452 1Qultr (A + A) + 854Q2 w4 (C21)
Using egs. (2.4), the quantity inside square brackets in eq. (C.27) is
tr (A3 + A%) - 4(Qul 82 tr (Ar + Ag) + 8Q2s, tr 1
+45% |Qal tr (Ap + Ag — 4]Qa| 52) +8s4,Q2 tr 1 = tr (A7 + A%) . (C.28)
Therefore, the oblique parameter U is finite if

0= tr[(HN)Q + (Un)* + (Dy)? + (LN)ﬂ —2 tr(NNNg + VRVl + QNQ;), (C.29)

for both X = L and X = R. According to egs. (C.13) and (C.21), the right-hand side of
eq. (C.29) is equal to

tr (HiyH + 4 Hjy Hox + Ul Usx + Ul Usw + 4 UL Usy
+D£ND2N + DgNDsN +4 DlNDm + LINLm +4 LENIQN)
~2tr (HINHm + 2 Hl Hoy + Ul Usy + 2 Ul Usn + 2 Ul Usy + Dl Day + 2 DgNDm)
=nsrxt+4nan +nsrr +nsin+4n _ox
+nsix +ns-sx +4nrax +ns sx +4nr _axn

27+ 2nrax + 0510 + 2074+ 20 ox + N5 58 + 20, _2)
—0, (C.30)

Q.E.D.

The Standard Model. Using egs. (4.4b), (C.16), and (C.24), in the SM the divergence
in U is

N, div

U=-—"- {ZZ ((VE)ual”
u d

1 4 ,\?2 4 ,5\? 2 ,\?2 2 ,\2
—5 x 3 1—§$w + —gsw + 1—§8w + —§Sw
2 8 1 4

4 1
—4st x 3 <9 + 9>} -+ finite terms, (C.31)
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cf. eq. (C.25). Thus,

0 p2) 204

N, 1 4
U=———div [1 -3 (2 — 452 + 50 33,) — 252 ( 5 sw> 5 sw} + finite terms.

The terms inside the square brackets in eq. (C.32) clearly cancel out.

C.5 The finiteness of T

(C.32)

According to appendix B, the ultraviolet-divergent part of the function F' in eq. (4.2) is

div

F(z,y,1,J)=
4m2Z

{(Iﬂd2 + W) (I +J)—4Re(zy") \/ﬁ} _

Then, the oblique parameter T is finite because

(C.33)

0=tr [NLNzM;? + N NLM2 4+ ViV M2+ Vi VM3 +QrQt M3 + QL QL M? + (L — R)}

—tr [H} M+ UE M2+ D} M3 + Li MP + (L — R)]
0=tr [NLMUN;Mh VL MGVEM, +QMQE My + (L R)]
—tr (HLMpyHrMp+Ur MyUrM,+ Dy MyDrMg+ Ly M;LrM;).
Let us demonstrate each of the two identities (C.34) in turn.
1. We start with eq. (C.34a). We note that
NNl — H} = 2 H} H.
RAVR N ond12n,
NINg + WV — U2 = AU U — 2 UL Usy,
ViVk + QuQk — D§ = 4 DI Dy — 2 D} Day,
QLQx — L% = —2 Ll Lon.
Therefore, eq. (C.34a) reads

0= > tr|-HiHuM + (2U}\Uss — UlUss ) M2
N=L,R

+ (2D;ND5N - Dij4N> Mz~ LgNLWMZQ}

= Z tr (—HQNM}%H;LN + 2 U4NM5 UIN — U5NM3 UgN
N=L,R

+2 DswMj Dl — DinM3 DY — Low M7 L)
= tr[— (Mu}) | +2 (M) | — (M)
+2 (Mdel)SS - (MdMg)M - (MZM;)QZ
— (Miagy) w2 (Mian) - (ML)

+2 (MgMd)M B (M‘}LMd)% B (M;Ml)zz} :

- 21 —
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We now utilize egs. (C.6) to ascertain that

— (M) = =2 o Yo — MMy, (C.37a)
2 (M, 73)44 =200 Y6 X + 2 > Ts YL + 2060 (C.37D)
— () = =20l YT — Mpa], (C.370)
2 (M, _5)55 — 2v> Ty YL + 2 o> Y] + 2M7 M, (C.37d)
— (Mapt}) | = —2Jol® 5] — Mo, (C.37¢)
— (M) = —2Jol® T7x] - Me, (C.37f)
and that
- ( 7 7h>22 = =2 Y1, — MM, (C.38a)
2 ‘;Mu)44 = 2002 Y1, Tug + 2 02 Y005 + 200 M, (C.38b)
- ( 75]\7@)55 = =2 Y1116 — MM, (C.38¢)
2 (M) = 200l Ylers + 200 Y5 Yos + 20 M7, (C.384)
- ( _g _d>44 = =20’ T} 15 — MM, (C.38e)
- (MZT 7l>22 = =2 Y15 — Midg, (C.38f)
Q.E.D.

2. We next turn to eq. (C.34b). We notice that

tr (LLMZLRMI) = tr (LlLMlLJ{RLlRMlLJ{L + 4L2LM1L;RLQRM1L;L
+2 Lig Mi LY Lop MiLY, + 2 Loy MiL{ L1 g My L )

= e ()., () )+ 4 (35),, [ (30),,)
w2 () , () ]+ 2 (m),, (), '}

= tr (M5 M] + M7 ML + 4o Y1575 + 4]0 T-T) . (C.39)
Similarly,

te(Hy My, Hp My) =tr My M+4Ms M+ 14X, +4]o Y6 ), (C.40a)
tr(ULMuURMu):tr(M3M§+M4M4T+4M7M;+4yv12T16T{6+4yv|%8rg), (C.40D)
tr( Dy My DpMg)=tr( My M+ Ms M+ Mg M+4Jo* Y15 [y +4]o*Y5L). (C.400)
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Therefore, eq. (C.34b) reads
tr [NL M NJ My + Vi MgV M,
+QLMQY My + (L R)} = tr [2M3M§ + 2My M + 2M5M;
+8Mg M + 8 M7 M
+4fof® (Y578 + TeTE + T
+ YL 4+ Tl + Toaxl,
+T150 15+ TieTg)| - (C41)
Equation (C.41) holds because
tr (NLMuN;Mh) — tr (NRMuN{Mh)
= MyMJ + 2MgM{ + 2 |o]* (T T{ + T14T],), (C422)
tr (Ve MaViM,) = tr (VeMaV]M,)
= MyM] + 2MgM] + 2M M}
+2[v]” (Trs Ty + TsTL + TrgTl + Ts7L), (C.42b)
tr (QLMZQJ;{Md) =tr (QRMZQTLMd>
= MsMJ + 2MM] 4 2 [of* (070] 4+ T157];) - (C42)
Q.E.D.
The Standard Model. In the SM

471'62 52 [ ZZF( ud,O my, md) ZF( uu/,O m , My, ) ZF(&M 0 md,md/)]

d,d’
(C.43)
where V' is the 3 x 3 unitary CKM matrix. Using eq. (C.33), one then has

N [2ZZ|Vud| (m —i—md) Zéuu/ (mi—}-mi/) —Zédd/ (m§+m(2i,)
w,u’ d,d’

2 2
47rc sz 4mZ ”

+finite terms. (C.44)
Since V' is an unitary matrix, the terms inside the square brackets in eq. (C.44) cancel out.
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