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1 Introduction

The discovery at LHC [1, 2] of a scalar particle with 125 GeV has inaugurated the era of
experimental exploration of the spontaneous symmetry breaking (SSB) mechanism. Ques-
tions which are being addressed include the following. Is there only one scalar particle?
Since there are multiple fermion families, perhaps there are also more scalar families, nat-
urally urging one to study N Higgs doublet models (NHDM) — for reviews see, for exam-
ple, [3-5]. Such models, besides more scalars, usually involve also couplings of the 125 GeV
scalar to gauge bosons and to fermions at odds with the Standard Model (SM). How close
are the measured couplings from those SM values? Can NHDM fix problems currently
unsolved by the SM? Indeed, new sources of CP violation in the scalar sector can explain
the observed baryon asymmetry in the universe, which cannot be accommodated in the
SM. Moreover, many NHDM can accommodate one (or more) dark matter particles.

NHDM usually involve a very large parameter space. It is customary to reduce the
number of parameters through the use of symmetries acting on the space of scalar fields.
This is done for several reasons. First, such symmetries reduce the number of independent
parameters, making it easier to explore the range of possibilities in a given model. Second,
when extended to the fermion sector, NHDM usually have flavour changing neutral scalar
interactions, which are severely constrained by experiments in flavour physics. Some family
symmetries set these flavour changing neutral scalar coupling to zero in a natural way.
The most well known case is the preclusion of such couplings via a Zo symmetry in the
2HDM [6, 7]. Finally, when both the Lagrangian and the vacuum respect a given symmetry,
the particle spectrum has the same symmetry; by setting all SM particles in a sector with no
“charge” under the discrete symmetry, a neutral lightest particle in a sector “charged” under
the discrete symmetry is a candidate for dark matter. The classification of all symmetry-
constrained 2HDM can be found in [8] and for the 3HDM in [9-12]. This is summarized
in section 2. The full classification has not yet been achieved for NHDM with N > 4.



The large parameter space of NHDM is further reduced by constraints of a theoretical
nature, including conditions for bounded from below potential [13-17], for the chosen
vacuum to constitute indeed the absolute minimum of the theory [14, 17, 18], and for
the scattering matrices to exhibit perturbative unitarity. These constrains are required
in order for the theory and any phenomenology consequences derived therefrom to be
consistent with both unitarity and perturbativity. This article is dedicated to the study of
perturbative unitarity for all symmetry-constrained 3HDM. In section 5, we write explicitly
all scattering sub-matrices, except for the chp) symmetric SHDM, which involves a 9 x 9
scattering matrix. We also present, in section 3, several techniques which are applicable
to matrices of arbitrary dimension, involving the study of principal minors, and which
enable faster numerical studies, when compared with the numerical determination of the
eigenvalues. The important results of section 3, are illustrated in section 4 with applications
based on some of the matrices obtained in section 5. In conjunction, we cover all symmetry-
constrained SHDM.

Perturbative unitarity has been thoroughly studied in the context of the Standard
Model in a method championed by Lee, Quigg and Thacker [19, 20]. In the 2HDM, it
was computed for a model with Zs symmetry [21, 22] and, later, for the general case [23,
24]. In the 3HDM, it has been studied with an S3 x chp) symmetry [25], CP4 and Zs
symmetries [26] and in the case of Zg x Zg % ZéCP) [27]. In the former and latter cases,
the authors started from a Higgs family and then imposed that all complex coefficients are
real, effectively enlarging the symmetry group.

Concentrating on special cases, refs. [21, 27] explored the use of both the electric charge
and the Abelian charges of the discrete symmetries to classify the scattering matrices. Here,
we use both the hypercharge ) and electric charge @, following [26]. We combine this
with a simple algorithm to block diagonalize the matrices with permutations, presented
in appendix C. With this algorithm, we automatically separate the Abelian charges of
the global symmetries that are imposed. Thus, we often obtain the minimal form for
the scattering matrices, for every possible symmetry. We show in appendix B that some
scattering matrices always coincide, thus simplifying the analysis.

We include the simplest explicit formulae for any particular symmetry-constrained
3HDM, despite the fact that some models can be obtained as limits of models with a
smaller symmetry. We do this for three reasons. First, the reader can simply concentrate
on the particular model of interest and its notation, without having to set, sometimes error-
prone limits (see reason three). Second, higher symmetries usually turn a large matrix into
its smaller blocks, where exact formulae for the eigenvalues then become possible. Third,
consider a subgroup G’ of a larger symmetry G. It is often the case that the potential
invariant under G’ is simpler to see (or more commonly studied in the literature) in a basis
where the extension to G becomes quite complicated. Said otherwise, the natural basis to
study the G-invariant potential and the natural basis to study the G’-invariant potential
are often at odds with each other. This problem is discussed in detail in appendix D.

Throughout the paper, we will use the notation of [28], which denotes the real (com-
plex) coefficients by r; (¢;). We summarize the notations in appendix A, by stating some
common alternatives.
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Figure 1. Tree of finite realizable groups of Higgs-family transformations in 3HDM.

2 Symmetry-constrained 3HDMs

The scalar potential of the most general 3HDM is given by
Vi = pij (®1 ;) + 211 (BT 0,)(®L D) = — Liriges » (2.1)

with 4, j, k,l running from 1 to 3. Before using the freedom to perform unitary transfor-
mations in the space of scalar fields, one has the following independent parameters [28] in
the potential (2.1): pu;; has 3 real and 3 complex (6 magnitudes and 3 phases); 2, has
9 real and 18 complex (27 magnitudes and 18 phases). The first counting is trivial, since
fij is a 3 x 3 Hermitian matrix, while that for z;; ;, is easily seen from the parametrization
in (A.1). Thus, the most general 3HDM has 12 real and 21 complex (33 magnitudes and
21 phases) parameters. However, one can choose a different parametrization for the scalar
fields, using a 3 x 3 unitary transformation, which keeps the kinetic terms invariant. Such
a transformation can be used to take out 3 magnitudes and 5 phases from the parameters
of Vg (one further overall phase in the unitary transformation has no impact on V). This
leaves 30 independent magnitudes and 16 independent phases in V.

In the SHDM, many symmetries may be imposed on the potential as to prevent flavour
changing neutral currents (FCNC), model dark matter or impose CP properties in the
theory.

The study of symmetries in the 3HDM has been thoroughly performed in [9-12]. In
figure 1, we illustrate the map of realizable discrete Higgs-family symmetries obtained
in [9].! By “realizable” symmetry we mean a symmetry which, when imposed on the
potential, does not yield a potential with a larger symmetry. To be specific, consider the
2HDM. Imposing Zs on the 2HDM scalar potential, it becomes immediately invariant
under the full Peccei-Quinn U(1) symmetry. Thus, there is no realizable Zs 2HDM. In
contrast, imposing Zs on the 3HDM scalar potential does not lead to a potential invariant
under a larger symmetry. Thus, there exists a realizable Zs 3SHDM. The full list of realizable

'We note that throughout this paper we distinguish the semidirect and direct products by commutativity
of the involved symmetries. Thus, A x B and A x B are the same if the generators of A and B commute.



Discrete symmetries in the 3HDM

Unitary L, 73, %o X Lo, 7Ly, S3, Dy, Ag, Ss, A(54), %(36)

CP)

Anti-unitary (GCP) Zg CP)

7y x T CP)

Ty x Ty x ZF) . CP4, 75 x 7,

Sy X chp), A(54) chp)

Table 1. Full list of discrete symmetries in the 3HDM, where Zécp) stands for the usual CP.

Continuous symmetries in the SHDM
Abelian U(1)1,U(1)2,U(1)2 x Zo,U(1) x U(1)
Non-abelian U(2),0(2),SU(3),S0(3)

Table 2. List of continuous symmetries in the 3HDM.

discrete symmetries in the 3HDM was composed in [9] which we summarize in table 1. In
table 2 we summarize the continuous groups in the SHDM.

3 Optimized unitarity bounds

In this section we will provide for both necessary conditions for unitarity in any theory and
a procedure that greatly improves the usual method.

In the literature, the standard route for unitarity bounds (and the one we will pursue
later, in section 5) is to build the scattering matrices and diagonalize them. Then, one
proceeds to impose a bound on the eigenvalues such that for a scattering matrix A, its
eigenvalues \; are bounded by |\;| < 8. This method was spearheaded in [19, 20].

3.1 Unitarity bounds without diagonalization

As stated before, the standard method relies heavily on diagonalization, which (barring an
explicit formula, impossible for matrices larger than 4 x 4) has to be performed numerically
for each point in the parameter space of the model. But, this is not the most efficient
method. In this section we propose an approach which is based on lemma 10.4.1 of [29]. If
A is an Hermitian matrix with eigenvalues \;, then A + ¢l has eigenvalues A; +c¢. Then, we
can use this simple statement and Sylvester’s criterion involving principal minors to state
the following remark.?

Remark. Let A be an n x n Hermitian matriz and X; its eigenvalues. Then the following
statements are equivalent:

1. The eigenvalues are bounded as |\;| < ¢;

2Principal minors have also been used by [16] in the different context of searching for bounded from
below conditions in scalar potentials.



2. The determinants of all the upper left k-by-k submatrices of A+ ¢l and cI — A are
positive;

3. The leading principal minors Dy (A + cI) and Dy(cl — A) are positive.

Thus, if A is a scattering matrix with bounds on its eigenvalues |);| < 8, then

Dk(A+87TI) >0 and Dk(sﬂI—A) >0, (31)
such that
A11 + 8w - - Alk
DiA+seD)=| = . |, (3.2)
Al coo App + 8

In particular, Di(A 4 8nI) = Ay1 + 87 and D,,(A 4 8nl) = det(A + 8nI).

Although not needed, one may also add further conditions. Specifically, if the leading
principal minors Dy (A + ¢I) and Di(cI — A) are positive, then all of its principal minors,
not just the leading ones, are positive. A direct consequence of this assertion is that |\;| < ¢
also implies the following remark:

Remark. Let A be an n X n Hermitian matriz and \; its eigenvalues. Then if the eigen-
values are bounded as |\;| < ¢, it is a necessary condition that

‘AZ’Z’|<C, 1=1,2,--- ,n. (3.3)

This has already been pointed out, through a different argument, in [23], where uni-
tarity bounds for larger matrices were being considered.

3.2 Necessary conditions for unitarity in a NHDM

When dealing with some NHDM model with many parameters, some general bounds may
be extracted by looking at scattering matrices and using the conditions of eq. (3.3). In a
general NHDM, we have that?
47
3

| Niijj| < 4,
‘)\ii,jj + 2)\ij,jz'| < 4. (3.4)

| Xisii| <

In particular, for any 3HDM we have the necessary (but not sufficient) unitarity constraints

1]y Iral, Jrs] < o
Jral, .
ral, Irs), Jr] < 4.
|ra + 2r7|, |rs + 2rg|, |re + 2r9| < 47, (3.5)

confirming the particular result of eq. (3.4) of [30], obtained for the case of the ZgXZgXZéCP).

3We note the important fact that in some cases perturbative unitarity bounds supersede the usual
perturbativity bound |\| < 47, as evidenced by |Ass,ii| < %”.



3.3 An improved procedure

Although it may not seem at first hand an improvement to the standard method, the
technique with the leading principal minors yields five main advantages:

¢ Determinants are polynomial in nature and therefore more numerically stable, as root
problems may occur in diagonalizations;

« Both determinants and diagonalization are tipically O(n?), although the former is
much faster;

o The use of eq. (3.3) enables a timely choice of the random matrices. We only consider
random matrices which check |A4;| < ¢;

o As it is much faster, it enables a much more thorough and (thus) reliable scan of the
parameter space;

o Analytical inequalities are trivial to compute, regardless of the size of the scattering
matrix.

Thus, we present an example of the use of this technique with the following procedure:

1. Sample a very large number of random Hermitian matrices by making them check
eq. (3.3);

2. Loop through the random Hermitian matrices calculating the determinants Dy(A +
cl) and Da(cl — A);

3. Check positivity of the determinants;
4. Trim the remaining Hermitian matrices;

5. Go to step 2, but now compute D3(A + ¢I) and D3(cI — A) until we reach the full
n-by-n determinants.

When finished, the remaining matrices are valid scattering matrices through unitarity.

We tested the comparison between the methods with minors and eigenvalues with a
python code, which we include in the paper as a supplementary material file. In this test,
we ran unitarity through 400000 symmetric matrices with size 5 x 5. We concluded that
our method runs about four times faster in this example.?

The use of the remaining principal minors is not as advantageous as with the case of
the diagonal elements. In fact, a matrix of size N has 2V — 1 principal minors. As our
algorithm uses only 2N — 1 principal minors, it scales linearly to larger matrices. Thus,
regarding the number of operations, our algorithm is O(N).

The procedure proposed here is interesting even for simple 3 x 3 matrices. We will
illustrate this point in section 4, using some 3 x 3 matrices which show up in our discussion
of the scattering matrices for all symmetry-constrained 3HDM models, to be performed
later, in section 5.

4The generalization from symmetric to Hermitian matrices is trivial to perform.



4 Conditions for larger matrices

In the symmetry-constrained 3HDM cases to be presented in section 5 below, we will
find many matrices of large dimension. Even in the case of 3 x 3 matrices, we can use the
formula for solutions of cubic equations or, else, we can utilize the new procedure described
in section 3. In this section, we provide a few examples of the latter. Though simple, they
illustrate well how powerful the procedure in section 3 is.

4.1 The Zo X Zo symmetry

In this case we will find,?

L €3 Ch
MIftT>A=2]c¢ 4.1
s TDA=2]|c5ry ar |, (4.1)
cs Ci7 T3

and the conditions are

Dy(A+8nI) >0=r; > —4r,

Do(A+87I) > 0= (r1 +4n) (r2 +47) — |c3]* > 0,

D3(A +87I) > 0 = 2R [cscircs] + (r1 4 47) (o + 4m) (r3 + 47)
— (r3+47) [es]” = (r1 +4m) [er7|* = (ra + 47) |es* > 0
& det (A+8nl) >0,

(4.2)
and
D87l — A) >0=r) <d4m,
Dy(87I — A) > 0 = (r] — 4x) (ro — 4w) — |e3)® > 0,
D3(87] — A) >0 = det (871 — A) > 0.
(4.3)

With these six conditions we have necessary and sufficient conditions for unitarity. We
may also add, in consequence of eq. (3.3), that |rs| < 47 and |r3| < 4w, althought it does
not yield any new information.
The next matrix is
r1L 7 T8
My D>A=2|rrrorg |, (4.4)
Ty T9 T3

5The notation for the subscripts and superscripts in the M matrices is defined in section 5.



and the conditions are

Di(A+8nI)>0=r > —4r,

Do(A+8nI) > 0= (r1 +4m) (ro + 4m) —7”3 >0,

D3(A+8nI) > 0 = 2r7rgrg + (r1 + 4m) (ro + 47) (r3 + 4m)
— (r3 +4m) 2 — (r1 +4n)rd — (ro +4m) 13 > 0
& det (A+8nI) >0,

(4.5)
and
D87 — A) > 0= <4m,
Dy(87I — A) >0 = (r; —4m) (ry —4m) —r2 >0,
D38l —A) > 0= det (871 — A) > 0.
(4.6)

The next matrix is

3r1 2rg + 17 2r5 + 18
Mg DA=2|2ry+7r7 3r9 2rg+719 |, (4.7)
2rs +1rg 2rg + 19 3rs

and the conditions are
Di(A+8nI) >0=3r; > —4m,

Dy(A+87I) > 0= (3ry +47) Bro+47) — (2rs +17)2 > 0,
D3(A+8nI) > 0= det(A+8nl) >0,

(4.8)
and
D871 — A) > 0=3r; <4,
Do(87T — A) > 0= (3r; — 4n) (3ry — 4mw) — (2rs +77)> > 0,
D3(87I — A) > 0 = det (871 — A) > 0.
(4.9)

We note that this matrix yields a stronger bound on ry, 79, r3 than the previous ones. We
have |r;| < 4m/3 for i =1,2,3.
4.2 The S3 symmetry

In the case of this symmetry, we will find

T4 C12 Clo
My D>A=2|ciy 5 c1 |, (4.10)

C12 CTl Ts



and the conditions are

Di(A+8nI)>0=ry > —4r,
Da(A+81I) > 0= (rq +47) (r5 + 47) — |c12|* > 0,
Dy(A+871) > 0= 2R [exichy| + (r1 +4m) (5 + 4r)°
— (ra+4m) |en|* — 2 (r5 + 47) |c12)* > 0
< det (A+8nI) >0,

and

D87 — A) >0 =14 < 4m,
Dy(87 — A) > 0 = (ry — 4n) (r5 — 4n) — |e11[* > 0,
D387l —A) > 0= det (871 —A) > 0.

The next matrix is

rq +2r7  3ci9 3¢y
M((]) DA=2 3CT2 rs + 2rg  3ci ,
3c12 36?1 r5 + 2rg

and the conditions are

Di(A+87I)>0=(ry+2r7)+47 >0,
Dy(A+87I) > 0= (ry + 2r7 + 47) (15 + 2rg + 47) — 9c12|> > 0,
D3(A+8nI) > 0= det(A+8nI) >0,

and

D871 — A) >0=41 — (ra+2r7) >0,
Dy(87L — A) > 0 = (14 + 2r7 — 47) (r5 + 2rg — 47) — 9|era> > 0,
D38l — A) > 0= det (871 — A) > 0.

5 Unitarity bounds for all symmetry-constrained 3SHDM

(4.11)

(4.12)

(4.13)

(4.14)

(4.15)

In NHDM, there are neutral scalars and charge + scalars (in units of the positron charge).

Thus, in 2 — 2 scattering, the initial (and final) charges can be 0, 4+ (same scattering ma-

trices as —), or ++ (same matrices as ——). Following the method provided in [26] for tree-

level unitarity bounds, we present the eigenvalues for the matrices M;r +, M2+ , M0+ , MY, Mé),



where M%, are scattering matrices with hypercharge 2) and® electric charge Q. We will
state that a matrix M is “equal” (=) to its block-diagonal form by only making use of
permutations. To identify the relevant permutations, we use the algorithm presented in
appendix C. For M we will also use orthogonal matrices of the type

o-> <_ﬂ 1) : (5.1)
V211
to further reduce the size of the matrices. For this operation we will use the symbol of
“similar” (~). These operations will simplify the presentation, while at the same time
preserving the final results. It is then without loss of generality that we use them.

We will denote the eigenvalues as A?’Zy for the ith eigenvalue of charge () and hyper-
charge J.” These correspond to the eigenvalues of the corresponding matrices M%, The
unitarity bounds provided by using |A| < 87 for symmetry-constrained 3HDMs are given
in the following subsections.

5.1 The ZgCP) symmetry
)

This is the smallest symmetry possible. In general, we must contend with 9 x 9 irreducible

By imposing G = Zécp we get the most general 3HDM but now with real coefficients.

scattering matrices and, thus, its unitarity bounds should be obtained numerically. As
mentioned in section 3, for these cases we advocate a faster procedure based on principle
minors.

5.2 The Zs symmetry
By imposing G = Zs with representation diag(1,1,—1) we get the quartic potential

3

Vz, = > riloil* + 2ra(0 1) (9hd2) + 2r5(01 1) (dh3) + 2r(dhda) (dL3)

=1

+ 277l ¢ ol + 2rs| @] 852 + 2rolof s 2 + [201(6]61) (6] 0) + ca(]62)?
+e5(9]63)% + 2c7(dd2) (S502) + 2c11 (] 63) (D h3)

+ 2013(¢I¢2)(¢£¢3) + 2014(¢I¢3)(¢§,¢2) + C17(¢$¢3)2 + h-Cl , (5.2)

with the following scattering matrices.

The matrix M;". From My we get

o V2 e Cs

V2¢; T4+ 17 V207 V2en1 ( rs+rg ci3+ 014>

1
3 My = diag (5.3)

s V2eE re e Cigs+ciy 16 +T9
& V2 o1

In our notation, Q = T3 + ), where T3 is the third component of weak isospin.
"Since when Q = ++ only 2 = 2 exists, we suppress the explicit reference to the hypercharge in the
corresponding eigenvalues: A;L+’2 — A;H'.

~10 -



and thus we get the eigenvalues of ]\42Jr *

A, = Eigenvalues of first matrix,

Agg::l:\/4|613+014|2+(r5—7“6+r8—r9)2+r5+r6+r8+r9.

The matrix M, . From M we get

L €1 C1 C3 Cj
x Ts C13 T8 Cl4
1 Cl T4 T7 C7 C11
+ _ 73z *
— My = diag c] r7 re croci |,
2 ok x rg Ci4 T5 C13
C3 Cr C7 T2 Q17 * *
* * * Cig T9 C13 76
C5 C11 €11 C17 73

>k *
013 Tﬁ 014 Tg

with eigenvalues of M,

AT;QE) = KEigenvalues of first matrix,

+2 _ A4+
Agr =AN55,

Agéz:i\/4|013—014|2+(7"5—T6—7“8+7“9)2+7“5+7"6—7“8—7“9-

The matrix MJ. From M we get

ry ¢ c1 ryors

s C13 C5 C11
Cl T4 C3 C7 Cl14

* *

1 ) cl3 T6 Ci1 Ci7
ngf = diag cy 5 T4y cia | 13

* * *
C5 €11 75 C13
7 Cyp Cr T2 T9 % %

" €11 C17 €13 T6
g C1y C14 T9 T3

with eigenvalues of M :

A;l% = Eigenvalues of first matrix,

Aglog, = Eigenvalues of second matrix .

The matrix M2. From MY we get

1 1

M9 =< Myt
2 2 2 2 ?

with eigenvalues of MJ:
0,2
AT = AT
The matrix Mg. From M{ we get

1 1
ng ~ diag{2Mg,A,B} ,

- 11 -

(5.4)

(5.8)

(5.10)

(5.11)



with

3ry 361< 3c1 2ry + 17 2r5 418
3cq T4 + 277 3cs 3cy 2c13 + c14
A= 3c; 3c3 re+2r7 3¢k 2¢i3+ciy |, (5.12)
2r4 + 17 3¢5 3cr 3roy 2re + 19

2rs + rg 26T3 =+ CT4 2c13 + c14 2rg + 19 3r3

rs + 2rg ci13 + 2ci4 3cs 3c11
B c’{3 +*26>1k4 T6 +*27‘9 3c11 ) 3c17 ) ’ (5.13)
3C5 3011 s + 2T8 613 + 2014
3cty 3ci;  ci3+2c14 16+ 219
with eigenvalues of M
A(l)&) = Eigenvalues of second matrix ,
Agfg = Eigenvalues of third matrix . (5.14)

5.3 The Zs X Z;CP) symmetry

By imposing G = Zgy X chp) we get the quartic potential

3

Vypaier = 2 rilil! +2ra(9]61) (9hd2) + 2r5(0]61) (9 ds) + 2r6(0}62) (Phd3)

i=1
+2r7]9] 6o + 2rs| 6l dnl* + 2rol@hal® + [2r10(6]61) (9] 62) + 11 (6] 2)”
+ 12(¢]03)° + 2r13(6] d2) (8562) + 2r14(6] 03) (6h5)
+2715(6] 62)(863) + 2r16(6] 65)(862) + ri7(8hs)? + hc.| (5.15)
with the following scattering matrices. This case is obtained from eq. (5.2) by making all
coefficients real. Here, and in similar cases below, we stress the fact that all parameters

are real by changing the ¢, in the notation of [28], into r; with j > 10. Specifically, in this

case, we do (61,03705707,011,0137014,017) — (7“10,7“11,?“12,7“13,7“14,7“15,7“16,7“17)-
The matrix My *. From M, we get
o V2ro T 712
| . V2r10 T4 + 17 V2113 V2114 rs +1T8 T15 + T16
— M, = diag , , (5.16)

2 1 V2ri3 1o r17 r15+ 716 76+ T9
T2 V2ri4o 7 r3

and thus we get the eigenvalues of M, T

Aff = Eigenvalues of first matrix,
ALE = /4 (ris +116)2 + (5 — 6+ 75 —19) 2+ 15 + 16 + T+ 7. (5.17)
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The matrix M, . From M we get

T1 T10 T10 T11 T12
5 T15 T8 T16
0 T4 T7 T13 T14
1 MF = di T15 T6 T16 79
5 Mgy = dlag o 7 T4 T13 714 | )
2 rs T16 T's T15

6 T9 T15 Te

11 713 r13 r2 i
T12 T4 714 T17 73

with eigenvalues of M;‘ :

Ai_fg’ = Eigenvalues of first matrix,

+2 _ A4+
Agr =1A56,

Aé‘:g::lz\/4(?"15—7“16)2+(7”5—7“6—7“8+T9)2+?"5+7“6—7“8—7“9.

The matrix MJ‘. From MJ we get

L "o Two Tr T8
Ts T15 T12 T'14
710 T4 T11 713 T16
1 M - di T15 T6 T14 T17
5 My = dlag 710 T11 T4 T13 T16 | » )
2 T12 T14 T5 T15

14 T17 T15 T6

7T Tz T3 2 T9
T8 Tie "6 T9 T3

with eigenvalues of MJ’ :

AT’% = Eigenvalues of first matrix,

—+
6,
—+
A/\S7

The matrix MJ. From MY we get

with eigenvalues of MJ:
02 _ s+
AZe = A
The matrix MJ. From M we get

1 1
ng ~ diag{2Mg,A,B} ,

~13 -

A ’70:i\/4(r14—|—7"15)2+(7“5—7"6+?”12—7“17)2+7”5+7“6+7”12+7“17,

g,o:i\/4('r14—7"15)2+(7“5—7“6—?”12-1-7“17)2-1-7“5-1-7“6—7“12—7“17-

(5.18)

(5.19)

(5.20)

(5.21)

(5.22)

(5.23)

(5.24)



with

37‘1 37’10 37’10 27‘4 +r7 27‘5 + g
3r10 r4 + 217 3r11 3ri3 2715+ rie
A= 3r10 3ri1 r4 + 217 3riz  2ri5+7116 | (5.25)
2r4 + 17 3113 3r13 3ro 2r¢ + 19

2r5 + 18 2115 + 116 2715 + 116 276 + T9 3r3

rs +2rg 115 +2rie  3ri2 3riq
g |5 +2ri6 16+ 219 3r14 3ri7 (5.26)
3712 3114 s + 2r8 Ti5 + 2rig
3r14 3riy ri5 + 2r1g T + 2719
with eigenvalues of MJ:
0,0 +,0
A1—9 = A1—9 )
A(1)60714 = Eigenvalues of first matrix,
A%?l(ﬁ = :i:\/4 (—37‘14 +ri5 + 27“16) 2 4+ (rs —re + 2rg — 2rg — 3r12 + 3r17) 2
+ 75 + 16 + 2rg + 2rg — 3 (112 + 1r17)
A(1J’7?18 = :|:\/4 (3114 + 715 + 2116) 2+ (rs —re + 2rs — 219 + 3r12 — 3r17) 2
+ 75+ 1+ 2rg + 2r9 + 3 (r12 + 1r17) - (5.27)
5.4 The Z4 symmetry
By imposing G = Z4 with representation diag(i, —i,1) we get the quartic potential
3
Vi, = Y riléil* + 2ra(8[61)(@hda) + 215 (661)(8565) + 2r6(6h2) (163)
i=1
+ 2r7|¢l da|® + 275 |0] 3% + 2ro|Bha|* + 10 [(¢I¢2)2 + h~6-}
+2r11 [(¢I¢3)(¢£¢3) + h-C-} ; (5.28)

which can be easily achieved by setting from Zs the constraints {ci, ¢s, ¢7, c13, c14, c17} — 0.
Thus, we get the following scattering matrices.

The matrix M2++. From Mt we get

1 2
LA = diag { (m 7"10) 7 (7“4 +r7 \[7“11> (75 +18), (16 + rg)} ’ (5.29)
V2rn

10 T2 r3

and thus we get the eigenvalues of M,

AfS =42+ (r —r2)2 1y 47,

Aé’_’i_ = :I:\/S’I"%l +(=r3s+rg+r7)2+r3+ry+ry7,
AT =2(r5 +75),
AE)-H_ = 2(7’6 + 7“9) . (530)
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The matrix M, . From M we get
1 rTT T rer r5 T e T
= My =diag< | r7 74 11 7<1 10>,<5 8>7<6 9) ; (5.31)
2 T10 T2 TS T5 r9 T'6
11 711 T3
with eigenvalues of M, :
+,2
A1,2 = A;;I,
A;’2 = 2(7’4 — 7’7) R
+2 At
A4,5 - Alj?
2
Ag—’% = 2(?”5 + 7‘8)
A =2(rg £ 1) (5.32)

The matrix M(T. From M we get

1 LTS T4 T10 rs T11 re T11
B M =diag{ | rrrarg |, , , , (5.33)

710 T4 11 Te 11 Ts
T8 T9 T'3

with eigenvalues of MJ :

AIL_’% = Roots of:
x> — 2(r1 + 7o + 7“3)362 + 4(—7“% — 7“% — 7“52) + rire + ri7g 4 ror3)T
+ 8(7"37“3 — 2rgrory + rgrg + 7’17“3 —rirers) =0,

AI%O =2 (T4 + 7’10) ,

AFS = £1/4r, + (rs —16) 2 + 75 + 7. (5.34)
The matrix MS. As shown in complete generality in appendix B,

1
2

1
M§:§Mjﬂ (5.35)

and, thus, the eigenvalues of MY and M, T coincide:
0,2
A% = AT (5.36)
The matrix M. From M we get

1 1
§M8~diag §M5r, 2ry+1r7  3rg 2rg+19 |,
2rs + 18 2rg + 19 3r3

rs + 2rg  3ri re + 2r9 3711 (5 37)
3ri1 re + 2rg ’ 3ri1 5+ 2rg ’ '

3r1 2rq4+7r7 2r5 4718
( rio T4t 2r7

7‘4‘|—27"7 3’/“10 )
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with eigenvalues of MJ:
0,0 +,0
A179 = A179 )
A(l)bo_m = Roots of:
2%+ 2 (=3r1 — 3ry — 3rg) a? +4( — 41} — drery — 41 — 43 —rd —r§ — 13
4+ 9r1r9 + 9r17rg + 9rory — 4drsrg — 4r6r9):13 + 8(127“37"3 + 127“27“% + 121”17‘%
+ 31“37“% + 3T2T§ + 31“17“3 — 2Tr1rory — 161415716 + 12137477 — 8751677
+ 12rorsrg — 8rargrs — 4rgryrs — 8rarsrg + 12r1rgrg — 47"57“77“9 — 47"47“87“9
- 2T7T8T9> =0,

A?EESM =2 (7“4 + 2r7 + 37’10) ,

A1 = i\/367"%1 + (r5 — 16 + 213 — 2r9) 2 + 15 + 16 + 278 + 279 . (5.38)

5.5 The Z3z symmetry
By imposing G = Z3 with representation diag(e%, e%, 1) we get the quartic potential
3

Vg =3 7l il + 2ra (01 d1) (dhda) + 2r5(d1 1) (hds) + 2r6(hda) (B d3)

=1
+207[ 6] gaf* + 2rs|0] @32 + 2ro|@h sl + [2e4(6]62) (6] )

+2011(6] 63) (0]85) + 2c12(0] 62) (9] 02) + hoc.] (5.39)

with the following scattering matrices.

The matrix My *. From M, we get

1M2++ — diag V2 ’ 4+ 17 V201 ’ s+ 18 V2012 ’ (5.40)
2 V2¢; re + 19 V2t 13 V2¢i, 1o

and thus we get the eigenvalues of M2+ *

AT; = jZ\/8|C4|2 +(=r1+r6+r9)2+ri+r6+r9,

A:—;jl_ = i\/8|011|2 +(=rs+ra+r7)2+r3+ratorr,

Aje :i\/8|012|2+(—7“2+7“5+7"8)2+r2+r5+r8. (5.41)
The matrix M, . From M, we get
T1 C4 C4 T4 T7 C11 Ts C12 T8

1
Jr _ .
§M2 =diags | rero |, | r7r ra e |, |y 2 , (5.42)
€} T9 T €11 €1 T3 T8 C12 T5
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with eigenvalues of M :

AT? = 2(rg — 1),
Asy =AY

AZ’z =2(ry —r7),
Asy =AfT

A;L’2 =2(r5 —13)

,2
ASy = ASY. (5.43)

The matrix My . From Mg we get

1 rLTr7 T8 T4 C12 C4 s €4 C11
_l’_ _ .
§M0 =diagq |rrraro |, |y 16 11|, | ci Ta iy , (5.44)
T8 T9 T3 CZ CTI Ts5 CTI C12 T¢

with eigenvalues of MS‘ :

Af_’% = Roots of:
2 = 2(ry + 7o+ 1r3)2® +4(—rE — 1 —rd £ rirg + rirs + ror3)T
+ 8 (7’37“% — 2rgrory + 7“27“% + 7“17'3 — r1r2r3> =0,
AL’OG = Roots of:
23— 2(ry + 15+ 1r6)x? + 4(—|ca|® — |e11|? — |er2|? + rars + rare + 576)T
+8 (T‘6|C4|2 + r4ler1]? + rslen]? — 2R (eact cly) — 7“47“51"6) =0,

AT = ATY (5.45)
The matrix M2. From MY we get

1 1

with eigenvalues of MY:
A2 = AT (5.47)
The matrix MJ. From M we get
3ri 2rqg+r1r7 2r5 +1g rqg +2r7  3cio 3¢y

1 1
3 M(()) ~ diag §M6r, 2ry+1r7  3ro 2r¢+19 |, 3cis Te+2r9 3cnn ,
2rs +rg 2rg +rg9  3rs 3cy 3¢y 75+ 28

rs + 2rg 3cy 3c11
3¢,  ra+2rr 3¢, , (5.48)
3C>f1 3ci1a T+ 219
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with eigenvalues of MJ:
0,0 +,0
AyZg = A7y,
A?bo—u = Roots of:
23 4+ 2(=3r; — 3ry — 3r3) 2% + 4( - 4?2% —drrry — 47”% - 47’% - 7"% - Tg - 7”3

+ 97119 + 9r1r3 + 9rory — drsrg — 4r6r9>ﬂs + 8(127“37"2 + 127“21“% + 12r1rg

+ 37“37“% + 37“27“% + 37"17“3 — 2Trirors — 16141516 + 121370477 — 81r5rery

+ 127r9r57ry — 8r4rers — 4reryrs — 8rarsrg + 121110679 — Ar5r7rg — 4rgrsTy
— 27"77"87"9) =0,
Atl)éo_m = Roots of:
3+ 2 (—rg —r5 — 16 — 2r7 — 2rg — 2719) 2+ 4( — 9]04]2 — 9\011|2 — 9]012\2
+ 1415 + 146 + T5T6 + 2r577 + 21677 + 21478 + 21678 + Ar7ry + 21479
+ 2r579 + 4r7rg + 47’87”9)56 + 8(97‘6\04\2 + 18r9|ca|® + 9rylern|* + 9rs|ein)?
+ 187’7]011\2 + 187“8]012]2 — 54AR(cqc] Clg) — TaTsTE — 2r5r6TT — 2147608
— Argryrg — 2ryrsrg — 4Arsrerg — 4ryrgrg — 8T7T8T9) =0,
A% 1 = Al 15 (5.49)

5.6 The Z3 x Z;CP) symmetry

By imposing G = Z3 % Zécp) we get the quartic potential

3
Vyziom = 2 rilénl* + 2ra(9]61)(8h02) + 2r5(9]61) (8hos) + 2r6(@hd2) (8hes)
=1

+2r7[ ¢ go* + 2rs| @] s + 2ro 05 s [ + 2r10 (6] 62) (9] 85) + hoc.]
+2r11 | (6103)(6h3) + huc.| + 2r12 |(8]62)(8h0) + hc.| (5.50)

which can be easily achieved by setting from Zs the constraints {c4,c11,c12} € R. Thus,
we get the following eigenvalues.

The matrix MZ"H'. From M, " we get

Lo V2 ra+r7 V2 s+ 18 V2r
5 My = diag , , : (5.51)
2 V2r1 16+ 19 V2ri o7 V2rig 1o

and thus we get the eigenvalues of M2+ *

AH:i\/8r%0+(—r1+r6+r9)2+r1+r6+r9,

AE{I:i\/&“%l+(—T3+T4+T7)2+7‘3+T4+7‘7,

Agr,g:i\/87"%2+(_T2+T5+T8)2+T2+T5+T8- (5.52)
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The matrix M, . From M we get

1 T1 T10 T10 T4 T7 T11 s T12 T8
_l’_ _ .
EM = diag o 76 T9 || 17 T4 11|, ]| T12 T2 T12 ) (5.53)
T0 T9 76 T11 T11 T3 T8 T12 T5

with eigenvalues of M;‘ :
AIL’Q =2(r¢ —19),
Ay =ALS
AT =2(rs — 7)),
Mg = AT
A;r’2 =2(rs —rg)
Asy = AT (5.54)

The matrix My . From Mg we get

1 L 7 T8 T4 T12 T10 s Ti0 T11
+ . .
EMO = dlag r7 roTrg s | 12 Te T11 s 1 T10 T4 T12 5 (5.55)
g T9 T'3 10 11 T35 1 712 Te

with eigenvalues of MOJr :
AT = Roots of:
23— 2(ry +ro +r3)a +4(—rE — 12 — 13+ rirg +rir3 4 rors)x
+38 (7“37“3 — 2rgrory + 7“27"% + nrg — r1r2r3) =0,
AI;% = Roots of:
@® = 2(rq + 15+ 16)2? + 4(—riy — riy — riy + rars + rar6 + r5ve)e

2 2 2
+ 8 (7“6’/“10 +ryriy +r5rio — 2r10T117m12 — 7“47“5’/“6) = 0,

A = A0 (5.56)
The matrix MJ. From MY we get
1 1
~ M) =~ M+ :
5 M= My (5.57)

with eigenvalues of MY:
0,2
A% = AT (5.58)
The matrix M. From M we get

1 1 3ri 2rqg+r1r7 2r5 +1g rqg +2r7  3rio 3r10
B M(()) ~ diag ngr, 2rg+r7  3ro 2r¢g+19 |, 3rig 1T+ 2r9  3riy R
2rs +1rg 2r¢g +1r9 313 3r10 3ri1 15+ 2rg
rs 4+ 2rg  3rig 3r11
3rig T4+ 2r7  3ris , (559)
37111 3ria 16+ 219
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with eigenvalues of MJ:

AYSy = AT,

Atl)bo—m = Roots of:
3 42 (=3r1 — 3rg — 3r3) %+ 4( — 47& — 4oy — 41“52) — 47% — r% — rg — rg
+ 9r1r9 + 91173 + 9rory — drgrg — 47"67"9)1: + 8(127’31& + 127“27“% + 121"17“%
+ 37“37“? + 37“27“% + 37“17“3 — 2Trirory — 16141516 + 121370477 — 8151677
+ 1279151y — 8rarers — Are7T7rs — 8raTEr9 + 12117679 — 4r5T7rg — 4147879
— 2r77’gr9> =0,

A(l)éo_lg) = Roots of:
23 4 2(—ry — 15 — 16 — 27 — 2rg — 2rg) 2% + 4( —9rdy — 9rd, — 9r%,
+ 1475 + 1476 + 1576 + 21577 + 21677 + 21478 + 27678 + A7 4+ 21479
+ 27519 + 417719 + 47“87’9)3: + 8(97“67’%0 + 187"97“%0 + 97“47"%1 + 97“57“%2
+ 187"77“%1 + 187”87“%2 — B4rior117T12 — T4TETe — 2757677 — 2747678
— drgrerg — 2rarsrg — 4rsryrg — 4rargrg — 87“71"87‘9) =0,

AT 1 =A% 5 (5.60)

5.7 The U(1)2 symmetry

By imposing G = U(1)y with representation diag(1,1,e"), with a # {0, 7}, we get the
quartic potential

3

Vo, = > riléil* + 2ra(] 61) (@he2) + 2r5(61d1) (9163) + 276 (@he2) (8 03)

i=1
+ 27‘7|¢I¢2!2 + 27’8‘¢J{¢3|2 + 2T9\¢£¢3|2 + {201(¢§¢1)(¢1¢2) + 03(¢I¢>2)2

+267(6]02) (9] 82) + 215(0] 02) (B 85) + 2c14(0] 03)($h2) + hoc.],  (5.61)

which can be easily achieved by setting from Zg the constraints {cs,c;7} — 0.

Thus, we get the following scattering matrices.

The matrix M;'". From My we get

1
3 M;Jr = diag V2et ry+rr \V2er |
c3 ﬂcé )

o V2 e
< (5.62)

5 + 18 C13 + Ci4 ,
b 3 )
cigs+ciy 16+ 19
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and thus we get the eigenvalues of ]\42Jr *

AT = Roots of:

® +22% (-1 —ra — T4 —17) + 4:L"( —2|c1 |2 = |es|® = 2ler|? + rire 4+ 7174

4+ rory + riry + 7“27"7) + 8(27’1\07\2 + 27“2\01\2 + (rq + r7)\03\2 — AR (c1c5e7)

— T1T2Ts — 7’17“27“7) =0,

AI;:i\/4\013+014!2+(7“5—7’6+7‘g—r9)2+r5+r6+r8+r9,

Ag_+:27’3.

The matrix M, . From M we get

L ccc3 s €13 T's Ci4

I _ cl T4 T7 CT Ciz T6 Ciy T9

5]\/[ = diag . , T3 P
cl T7 T4 Cy T8 C14 T5 C13
c3 ¢y cy 1o Cia T9 Cig T6

with eigenvalues of M; :
+’2 J—
Ay = AT,
AI’Q = 2(7“4 — T7) ,

+2 _ A++
Asi =Ags s

2
A;:é = :t\/4|613 —cu|>+(rs —re —rg+19)2+1r5+1r6 —1T8 —T9
Ag? = AT,
The matrix M(T. From MJ we get

ry ¢} c1 r7ors

1 C1 T4 C3 C7 C14 e e _—

. 5 C13 5

fMS' = diag i ey rgcrciy|s| . , 13

2 M Ci3 T6 C13 76
r7 C7 Cr T9 T9

T3 Ciy C14 T9 T3
with eigenvalues of MJ :

Af’% = Eigenvalues of first matrix,

AGY = i\/4|(313\2 +(rs —716) 2 + 75 + 76,
+,0 +,0

Agy =Ag7 -

The matrix M2. From MY we get

Lo 1,44

) 2 5 2
with eigenvalues of MY:
02 _ A+t
Mg = AT

~ 91 —
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(5.67)

(5.68)

(5.69)



The matrix M. From M we get

3rq 3¢t 3c1 2rg+r7 2r5+ 73
1 1 3c1 T4 + 217 3c3 3¢y 2c13 4+ c1a
3 MQ ~ diag iM(T, 3c] 3c3 ra+2r7 3¢k 2ci3+cis |
2ra+r7 3¢ 3cr 3ra  2rg+ 19
2rs + 18 2¢]3 + cly 2c13 +c1a 216 + 19 3r3
( rs +2rg c13 + 2614> < rs + 2rg Cj3 + 2cf4> } . (5.70)
cis+2ciy r6+2rg ) \c13+2c1a 16+ 2rg

with eigenvalues of M):

0,0 _ A+,0
A179 - A179 )

A(l]bo,M = Eigenvalues of second matrix,

A(l)%,?lg = j:\/4!013 +2c14? + (rs — 16 + 213 — 2r9) 2 + 15 + 16 + 213 + 219,
0,0 0,0
Avr1s = M5i16- (5.71)

5.8 The U(1); symmetry

By imposing G = U(1); with representation diag(e'®, e~* 1), with o # {0,7/2,27/3, 7},
we get the quartic potential

3
Vo, = 3 rildil* + 2ra(¢] 1) (8562) + 25 (61 d1) (05d3) + 276 (dha) (9L3)
=1
+ 2r7[g10al? + 2rs|0] @3] + 2rol@h sl + 211 [(#l6s) (D)) + hc.] . (5.72)

which can be easily achieved by setting from Z4 the constraint r19 — O.

Thus, we get the following scattering matrices.

The matrix My . From My we get

1 . ra+ 17 V2
5 M " = ding { (:1@“117 r311> 71,72, (5 +78), (76 +r9)} , (5.73)

and thus we get the eigenvalues of M,

AT ::H/Sr%l—|—(—7“3+7‘4+1"7)2+7“3—|—7“4—|—7‘7,

)

A?{Jr =2rq,

AfT =2ry,

AT =2(rs5 +75),

At =2(rg +19). (5.74)
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The matrix M, . From M we get

T4 T7 T11
| . 5 T8 T6 T9
5 2 = dla‘g 7 T4 T11 ) ) ] Tlv T2 )
2 rg rs T9 Te

11 711 T3

with eigenvalues of M :
+,2
A1,2 = ABL )
A;’Q =2 (7”4 — 7’7) ,
AIZ; = 2(7"5 + 7'8) ,
Ag:’f = 2(7"6 + 7'9) )

+2 A4+
Agg =AMz, -

The matrix My . From Mg we get

1 " Ts rs T Te T
+ g 5 T11 6 T11
5 MO — dlag rrre2T9 |, ) yT4,T4 5
11 Te 11 75
rg T9 T3

with eigenvalues of MS‘ :

Af_’% = Roots of:
a3 —2(ry +ro +r3)a +4(—r2 —rE — 12+ rire +rirs + rors)x
+ 8(r3r2 — 2rgrory 4 rord 4 11718 — r1rers) =0,

ALy = jE\/47“%1 +(rs —r6)® + 715+ 76,

Ady =AY,

+,0 —
A8,9 - 2T4 .

The matrix M2. From MY we get
1.5 1
— M2 —— M2++
with eigenvalues of MJ:
0,2
A% = Atrﬁ :

The matrix Mg. From M{ we get

1 1
§M8~diag §M5r, 2ry+1r7  3rg 2rg+19 |,
2rs + 18 2rg + 19 3r3

Te + 27‘9 3’!“11
2 2 .
( 311 r5+2r8> ,(ra 4 2r7), (14 + 7“7)}

3r1 2ry + 17 215 + 138
( 3ri1 re + 2r9

rs + 2rg  3ri11 )

~93 -
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with eigenvalues of MJ:
0,0 +,0
A1—9 = A1—9 )
A?bo_u = Roots of:
$3 + 2 (—37“1 — 3rg — 37“3) ZL‘Q + 4( — 47“2 —4drery — 47‘% - 47% - ’I”% - ’I”§ - Tg
+ 9r1r9 + 9rirs + 9rorg — 4rsrg — 47’67’9)$ + 8(127"37’2 + 127‘27‘52) + 127’17“%

+ 37"37"% + 37"27"% + 37"17"3 — 27r1rorg — 16r4r57r¢ + 121371477 — 81r5rgry

+ 127r91r57T8 — 8rarers — 4rgrirg — 8rarsrg + 12rirgrg — 4rsrerg — 4rarsgrg

— 27‘77"87“9) = 0,
A%?M = j:\/SGT%I + (rs —re +2rg — 2r9) 2 + 15 + 16 + 2 (13 +79)
0,0 0,0
A15,16 = A13,14>
A(1)’7?18 = 2(ry + 2r7). (5.82)

5.9 The U(1) X Z2 symmetry

By imposing G = U(1) x Zo with representation diag(1, —1,e), with a # kn/2,k € Z, we
get the quartic potential®

3
Voryxzs = Y rildil* + 2ra(0]61)(@hé2) + 2r5(8161) (943) + 2re(932) (8hs)
i=1
+2r7|9} 6o + 2rs|6ldnl? + 2rol@bdal® + 1o |(#l62)? +hc| . (5.83)

which can be easily achieved by setting from Z,4 the constraint r1; — 0.

Thus, we get the following scattering matrices.

The matrix M;". From M5 we get

1
3 M2JrJr = diag { (:1 :10> y(ra +17), (rs +18), (r6 + 19), Tg} , (5.84)
10 T2

and thus we get the eigenvalues of M, T

Af+ = i\/47“%0+ (ri—re)2 41+,
A;’r+ = 2(7"4 + T7) y
AI+ = 2(T5 + 7’8) ,
AFY =2(rg 4+ 19),

AFt =213, (5.85)

8In [28], the authors state that a # {0, 7} but if o # kn/2,k € Z we also get a generator for Zg.
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The matrix M, . From M we get

1
2 M2 ‘diag{<h m) ’ (m m) | <r5 m) | (TG Tg) 3} o8
Ti0 T2 T7 T4 rs s T9 Te

with eigenvalues of M2+ :

AT = AT,
A;;f = 2(’1"4 + 7“7) ,
A5+,’62 =2(r5 £ 13),
+,2
A7y =2(re £19),
Af?=AFT. (5.87)

The matrix My . From Mg we get

1 "rTTs ry T
. 4 T10
3 MJ = diag r7T 9 T9 |, (

yT'5,75,76,76 ’ (588)
Ti0 T4
s T9 T3

with eigenvalues of MJ :

At’og = Roots of:
a3 —2(r1 4+ ro +r3)a +4(—r2 —r2 — 12 4 riro 4 rirs 4 rors)z
+ 8(r3r2 — 2rgrory 4 rors 4 r1rs — r1r9rs) =0,

AI%O =2(rg £r0) ,

Ag}o = 2r5,

Ady = 2rg. (5.89)

The matrix M2. From MY we get

1 1
3 MY = 3 M, (5.90)
with eigenvalues of MJ:
A2 = ATH. (5.91)

The matrix M. From M we get

1
*MJ_, 2ry + 1y 3r9 2rg + 19

1 .
3 MQ ~ diag 5

3r1 2ry + 17 2r5 + 13
’ < 37’10 T4 + 27’7

r4+2r7  3rig )
2rs +rg 2rg + 19 3r3

(rs + 2rs), (rs + 2rs), (6 + 2ro), (6 + 2ro) } . (5.92)
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with eigenvalues of MJ:
0,0 +,0
A1—9 = A1—9 ’
A?bo—u = Roots of:
23 4+ 2(=3r; — 3y —37‘3)3&24—4(—4?“2 — Arery —47”§ —47"(25 —7”3 —r§ —7”3
+ 97119 + 9r1r3 + 9rorg — drsrg — 4r6r9>ﬂs + 8(127"37"2 + 12r2r§ + 127“17%
+ 37“37'% + 37“27'% + 37“17'3 — 2Trirors — 16147576 + 12r37r417 — 8r51ery
+ 12r9rsrg — 8rargrs — 4reryrs — 8rarsrg + 12r1rgrg — 4rsrerg — 4rargrg
— 27“77’87"9) = O,
A?ESM = 2(£3r10 + 74 + 217)
A(l]é?m = 2(rs + 2r3),
AYhs = 2(r6 + 2r9) . (5.93)
5.10 The Zgs X Zo symmetry

By imposing G = Zo X Zy we get the quartic potential of the model originally proposed by
Weinberg [31],

3

Vagxzs = D riléil* + 2ra (6] 61) (0¢2) + 2r5(d11) (95 63) + 276 (dhd2) (b b3)

=1
+ 277 @] 4o + 2rs|6] 63 + 2rololes|® + |ca(@]¢2)? + c5(6]63)?
+ erz(hos)? + he.| (5.94)

which can be easily achieved by setting from the Zs symmetric 3HDM potential the con-
straints {c1, ¢z, 11, c13, 14} — 0.

Thus, we get the following scattering matrices which reproduce in the limit of real
coefficients the conditions (91)—(100) of ref. [27].

The matrix My . From M5 we get
1 TL €3 Cs
5 Mt =diag{ [ ¢ ro cir |, (ra+77), (rs +18), (re +79) ¢ (5.95)
C5 Ci7 T3
and thus we get the eigenvalues of M, T
AT, = Roots of:
2?2 (—ry —ro —13)2® +4 (—Ic;>,|2 — |es|® = |err|? + rirg + iy + ?”27"3) x
+ 8 (r3\03\2 + T‘Q’C5’2 + r1]017\2 — 2Re(escierr) — r1r2r3> =0,
AT =2(ry +17),
AT =2(r5 + 1),
At =2(rg +19). (5.96)
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The matrix M, . From M we get
1 rL €3 Cs
r4T rs T re T
M =diagd | e oar [T P )0 ) ) (5.97)
2 Y . 7 T4 rg TS T9 T
Cs Q17 T3
with eigenvalues of M :

+2 _ A++
A1—3 - A1—3 ’

AI’; = 2(’1“4 + 7“7) ,
+,2
Ay =2(rg £ 79). (5.98)
The matrix My . From Mg we get
1 rLTr7Ts
T4 C Ts C g C
= My = diag{ | r7 rg o ,(j 3),(2 5>,<f 17) : (5.99)
2 c3 T4 Cs 15 ci7 T
rs g T3

with eigenvalues of MJ :

Af_’% = Roots of:
3 — 2(ry + 1o+ 7"3)902 + 4(—7"? — r§ — 7“3 + iy + 1173 + ror3)w

+8 (1"37”% — 2rgrory + 7’27“% + 7“17'3 — 7’11"27’3) =0,

AF =2 (s ve/e3) |
ALY =2 (re % Vemy/ely) - (5.100)
The matrix M2. From MY we get
~MJ == M, (5.101)
with eigenvalues of MY:
AP = AT (5.102)
The matrix M. From M we get

1 1
§M8~diag §M5r, 2ry+1r7  3rg 2rg+19 |,
2rs + 18 2rg + 19 3r3

rs + 2rg  3cs re + 2r9  3ci7 (5.103)
3ci 15+ 213 ’ 3ciy 16+ 219 ' '

3r1 2ry + 17 215 + 138
( 3¢y T4+ 2r7

r4 + 217 3c3 )
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with eigenvalues of MJ:
0,0 +,0
AyZg =A%y,
Ay 15 =R :
10—12 = Roots of:
2%+ 2 (=311 — 8ry — 3rg) &? +4( — 41} — drery — 413 — 43 — v} —r} — 13
4+ 9rire + 97173 + 9rors — drsrg — 47‘67’9)33 + 8(121"37‘2 + 127“27“% + 127“17%
+ 37“37’% + 37“27’§ -+ 37“17’3 — 2Trirory — 1614715716 + 12137477 — 8r5rery

+ 12r9r5ry — 8ryrers — Argrrrs — 8rarsre + 121171619 — 4rsrrg — 4rgTery
- 2T7T87‘9> =0,
A%‘SM =2 (13\/5\/% +ry+ 27“7) ;
A(l)é(?m =2 (13\/%\/% + 75 + 27’8) )
AP s = 2 (=3v/ermy/el + 76 + 219 ) - (5.104)

5.11 The Zgo X Za X chp) symmetry

By imposing G = Zg X Zy X chp)

potential

, the so called Branco model [32], we get the quartic

3
Vpuznzier) = 2 mil il + 2ra(6161)(8h02) + 2r5(101) (863) + 2r6(802) (@) 63)
=1

+ 2r7|dl dol? + 2r8| @] h3]% + 2ro| P s + 10 [(¢11r¢2)2 + h.c.]
+ 1 [(6]09)° + hec.] + 712 [(6h0)? + hec] (5.105)

which can be easily achieved by setting from Zg x Zy the constraints {cs, c5, c17} € R.
Thus, we get the following scattering matrices which reproduce the conditions (91)—
(100) of refs. [27, 30].

The matrix My . From M5 we get

1 Tio T11

1 .
2 o =diag] [ rio 2 ri2 |, (ra+77), (r5 +78), (r6 +79) ¢ (5.106)

11 T12 T3
and thus we get the eigenvalues of M2+ *
A{ ™ = Roots of:
a® +2(—ry —ro —r3)a® +4 (—r%o — 7} =y +rire + s + 7"27“3) T
+ 8 (7“37‘%0 + 7’27’%1 + rlr%Q — 2r1oT11712 — 7’17'27"3) =0,
At =2(ra+r7),
AT =2(r5 + 1),
AT =2(rg +19) . (5.107)
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The matrix M, . From M we get
1 Lo T4 TT7 T5 T8 T6 T9
§M2+ =diag{ [0 72 m2 |, < > ) < ) ; < > , (5.108)
T7 T4 T8 T5 T9 T6
11 712 73

with eigenvalues of M,

+2 _ A+t
A=A,

AI’; = 2(’1“4 + 7“7) ,
+2
Ay =2(rs £13),
Ay =2(rg £ 79) . (5.109)
The matrix M(T. From MJ we get
1 T1TT T8
Ty T rs T re T
My =diag{ {rrrere || O )0 ) (5.110)
2 10 T4 11 T r12 76
T8 T9 T3
with eigenvalues of MJ :
Af_’% = Roots of:
23— 2(r +ro+r3)x? +4 (—r% — 78 —re 4 rirg + 13 + 7“27"3) x

+8 (7“37"? — 2rgror7 + 7"27“% + rlrg — T17“27"3) =0,

AIE)O =2 (T4 + 7’10) R
Ag}o =2 (7’5 + 7’11) s
Ady =2(re £712) . (5.111)

The matrix M2. From MY we get

1 1
3 MY = 3 M, (5.112)

with eigenvalues of MY:
A% = AT (5.113)
The matrix MJ. From M we get

1 1
§M8~diag §M5r, 2ry+1r7  3rg 2rg+19 |,
2rs + 18 2rg + 19 3r3

rs + 2rg  3ri11 re +2r9 3712 (5114)
3ri1 5+ 2rg ’ 3ria rg + 219 ' '

3r1 2rg 417 2r5 4713
( 3rig T4+ 277

7‘4‘|—27"7 3’/“10 )
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with eigenvalues of MJ:

00 _ A+0
A2y =AMy,
A(l)bo_m = Roots of:

2%+ 2 (=3r1 — 3ry = 3rg) a? +4( — 41} — drery — 413 — 43—} —rd — 13

4+ 9r1r9 + 9r17rg 4+ 9rory — 4drsrg — 4r6r9):13 + 8(127“31"3 + 127“27“% + 121”17‘%
+ 31“37“% + 3T2T§ + 31“17“3 — 2Tr1rory — 161415716 + 121370477 — 8751677
+ 12rorsrg — 8ryrers — Argrrrs — 8rarsrg + 12r1716r9 — Arsryrg — 4drarsry
— 2T7T8T9> =0,
AYiry =2 (ra + 2r7 £ 3r10)
Afg =2 (rs + 2rs £ 3r11)
AYhs = 2 (6 + 279 £ 3r12) . (5.115)

5.12 The U(1) x U(1) symmetry

By imposing G' = U(1) x U(1) with representation diag(1,¢e’®, e*), with o # {0,7} and
B #{0,m, ta}, we get the quartic potential

3
Voyxu) = 3 il dil* + 2r4(9]61) (0he) + 2r5(]61) (0h3) + 2r6(dhda) (dh3)
=1
+2r7]@] gaf* + 2rs| @] gs[* + 2ro| Bl 3], (5.116)

which can be easily achieved by setting from U(1); the constraint ¢;; — 0.

The matrix My . From My we get

1

5 My = diag {r1,72,73, (ra + 17), (r5 + 75), (6 +79)} (5.117)

and thus we get the eigenvalues of M;‘ *

AiH_ = 27"1 s
A;Jr = 27"2 s
AéH_ = 27‘3 s

AIJF = 2(’1“4 + ’1“7) ,
AE)H_ = 2(7”5 + 7’8) ,
AFt =2(r +19) . (5.118)

The matrix M2+ From M~ we get
1
,M;‘ = diag { (7”4 T7> , <r5 TS) , <T6 T9> ,7”1,7“2,7“3} , (5.119)
2 7T T4 T8 T5 9 T
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with eigenvalues of M :

Ai’; = 2(7’4 + 7’7) s
A;’f = 2(7”5 + 7’8) s
A;—,g = 2(7“6 + 7‘9) X

A;—’Q _ AiH— ,
A;_’Q _ A;—+ ’
Af? = AL, (5.120)

The matrix My . From Mg we get

1 rHLr7rs
+ .
§MO - dlag TTr2T9 | ,74,74,75,75,76,76 ¢ (5121)
s 9 T'3

with eigenvalues of MS‘ :

Aﬁ% = Roots of:
3 — 2(r1 + 7o + r3)m2 +4 (—7"3 — 7«5 - 7"3 +rire +rirs + 7”27"3) x

+8 (7"37“% — 2rgror7 + r2r§ + 7’17”3 — T1T2T3> =0,

AZ%O = 21y,
Aér’%o = 27y,
ALy =2r. (5.122)

The matrix M2. From MY we get

%MQO _ %M2++, (5.123)
with eigenvalues of MY:
AD2 = A (5.124)
The matrix MJ. From M we get
3r1 2rqg+17 2r5 + 13

1 1
3 Mg ~ diag §Mo+, 2ra+7r7  3ra 2re+1o |, (ra+2r7), (ra+2r7),
2r5 +1g 2rg +1r9 313

(rs + 2rs), (r5 + 2r3), (r6 + 219), (16 + 2?”9)} : (5.125)
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with eigenvalues of MJ:

0,0 _ A+,0
A179 - A179 )

A(l)bo_lz = Roots of:

2%+ 2 (=311 — 3ry — 3rg) a? +4( — 41} — drery — 4r% — 43 —rd —r} — 13

+ 97119 + 9r1rg + 9rorg — drsrg — 47‘67“9):3 + 8(121"37‘2 + 12r2r§ + 127“17%

+ 37‘37’% + 37‘27’§ -+ 37‘17’3 — 2Trirors — 1614715716 + 12137477 — 8r51ery

+ 12r9r5rg — 8rargrs — 4rgryrs — 8rarsrg + 12r1rgrg — 4rsryrg — 4rargrg

— 2T7T87’9> =0,
AV =2
1314 = 2(ra +2r7)
A?é(?w = 2(r5 + 2rg),
)

A(l)’?(?ls = 2(rg + 2r9) .
5.13 The U(2) symmetry
By imposing G = U(2) we get the quartic potential
Vi =r1 [(6161) + (6462)] + ralgal* + 2056161 + dhon) (8hea)
+2r7 [|8]60l* = (6]01) (0] 00)| + 2rs [| @] sl + |@hos?] |
with the following scattering matrices.

The matrix M;'". From M, we get
1
3 My = diag {r1, 71,71, 73, (r5 +78), (15 +78)}

and thus we get the eigenvalues of ]\42Jr *
AIJF = 21"3 s
A:{—é_ =2(rs +13) .

The matrix M, . From M we get

| di rL—nryo Ty T5 T8 5 T8
a o = dlag ’ y , 1, 71,73 ¢
2 7 r—ry rg s rg s

with eigenvalues of M :
AT’Q = 2(7”1 — 27“7) s
AF5 =2(rs £ 78),
A6+;28 =2r )

A;’Z = 2r3.
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The matrix M&F. From MJ we get

1 rLTrrrs
+ _ .
§M0 =diagq | r7 ri s |, (11 —r7), (11 —r7), 75,75, 75,75 ¢ (5.132)
Ty T8 I3

with eigenvalues of MO+ :

AI’QOZ:I: 12 —2(rg—r7)r1 + 13 + 12+ 82 — 2r3ry + 11 + 13 + 17,
A5 =2(r =),

A = 2r5. (5.133)

The matrix M2. From MY we get

1 1
o MS =5 M (5.134)
with eigenvalues of MY:
AVZ = AT (5.135)

The matrix MJ. From M we get

1 1 3r1 2r1 —r7 2r5 + 18
5 Mg ~ diag iMJ’ 2r1 —ry 3r1 2rs +1rg |, (7“1 + 7’7), (7“1 + 7’7),
2rs +1rg 2r5 + 138 3rs

(rs +2rs), (rs + 2rs), (rs + 2rg), (r5 + 2rs) | . (5.136)
with eigenvalues of M)

00 _ ,+0
A9 =AM\,

A%?H = :I:\/(—57‘1 —3rg+r7)2+4 (81"% + 8rgrs + 27"% — 157173 + 37“31"7) + 5r1 + 3rg — 7,
A?’zo—m =2(r1 +17),

ATS 15 = 2(rs + 2rs) . (5.137)
5.14 The O(2) symmetry

By imposing G = O(2) we get the quartic potential

Vo(z) =m {(¢I¢1)2 + (¢£¢2)2] + r3]¢3]* + 2r4(B] 1) (P o)
+2r5(0] 61 + Bhd2) (dh0s) + 2r7] 6] ol
+2rs [ |81 sl + |@hdal’] + 210 [ (6] 0s)(hes) + hec.] | (5.138)

with the following scattering matrices.
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The matrix My . From M5 we get

77 /2710

1 . r4+
2M2++:d1ag{<\/§,rw s ),(T5+T8),(T5+7‘8),T1,T1},

and thus we get the eigenvalues of M *

)

A;;I =2(r5 +rg),

Agr’ér =2r.

The matrix M, . From M we get

1
3 S = diag

with eigenvalues of M :

T4 T7 T10
5 T8
7 T4 T10 7< > )
s Ts

10 10 73

A;}’92 =2r.

The matrix My . From Mg we get

1

rLr7rs

. s T10
— J:dlag 7T T T8 ,( ),(
2 T10 T5

g T8 T3

with eigenvalues of M :

ATS ::I:\/8T%O+(fr3+r4+r7)2+7“3+r4+7‘7,

5 T8
, 1,71 )
s T's

AI’; = :l:\/ST%O+(—r3+r4+r7)2+r3+r4+r7,
AP =2(rs—17),

AL2 =2(rs £13)

s T10
o Ts

),7'4,7’4 )

AI’QO:i\/(rl—r3+r7)2+8r§+r1+r3+r7,

A-;_’O = 2(T1

_T7)7

AI;07 =2 (7‘5 + ’1"10) R

A;éo = 2ry.

The matrix M2. From M we get

with eigenvalues of MJ:

1., 1
§M2:§M2++7

0,2 _ A4+
A1—6 = A1—6‘

~ 34—

(5.139)

(5.140)

(5.141)

(5.142)

(5.143)

(5.144)

(5.145)

(5.146)



The matrix M. From M we get

1 1 3r1 2ry + 17 215 + 713
3 M((]] ~ diag §MJ, T4+ 17 3r1 2rs+rs |, <
2rs +1rg 2r5 + 13 3r3

(7’5 +2rg 3710

rs + 2rg  3rig
3rio 5+ 2rg ’

(ra +2r0), 2r) b 5.147
3r10 T5+2r8> (ra+2r7), (ra + 7“7)} ( )

with eigenvalues of M{:

00 _ A+0
Mg = A7y,

A(l]b?n = :I:\/8 (2rs +18) 2+ (3r1 — 3rg + 2ry +17) 2
+3r1 +3r3 + 2rg + 17,
A?’QO =6r1 —2(2rg +17)
A 16 =2 (rs + 2rs + 3r10)
AYhg = 2(ra+2r7). (5.148)
5.15 The D4 symmetry
By imposing G = D4 we get the quartic potential
Vo, =r1 [(6101)° + (8h62)?] + ralds|* +2ra(6]61)(6}62)
+ 215801 + 8hén) (8hés) + 2r7(0] 0n”
+ 2rs [’¢J{¢3’2 + ’¢£¢3|2} + 110 [(qﬁ%z)? - h.c.}
+ 2711 [(¢I¢3)(¢>§¢3) - h.c.} , (5.149)

which can be easily achieved by setting from Z4 the constraints ro — 11,76 — 75,79 — 3.
Thus, we get the following scattering matrices.

The matrix My . From My we get

1
Lyt — diag ra+r7 V2 ’ 1 T10 (s +18), (r5 4+ 18) b, (5.150)
V2rn

2 r3 r10 T1

and thus we get the eigenvalues of M2+ *

Ai;‘::f:\/87’%1+(—T3+T4+7’7)2+T3+T4—|-7‘7,
A;—’I = 2(7‘1 :i:7’10) N

ATE =2(rs +13). (5.151)

The matrix M, . From M we get

1 4T rer rs T s T
§M2+=diag rT T4 T ,( ' 10>,<5 8>7<5 8) , (5.152)

10 T1 8 T's T8 T's
11 711 T3
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with eigenvalues of M :
+2 _ A+t
Afy = A5,
2
A; =2(ry —r7),
+2 _ At
Agy =Asy
2
A(—;’—ig = 2(7’5 + 7’8) .

The matrix MJ. From M we get

1 " Ts T4 T rs T rs T
+ 1 4 T10 5 T11 5 T11
3 My = diag rerirs |, , , ,
T10 T4 T11 T5 711 75

rg T8 13

with eigenvalues of MS‘ :

AIQO = i\/&%—i— (ri—rs+r7)2+rm +r3+r7,
A;’O = 2(7’1 — T7) ,
AI%O =2 (T4 + 7’10) ,
Agz% =2 (7”5 + 7“11) .
The matrix MJ. From MY we get
1., 1
M= g M

with eigenvalues of MY:
02 _ A4+
A% = A
The matrix M. From M we get

T4 + 217

1 1
— MY ~diag { M, | 2 3 2 :
5 Mo 1ag 5o T4+ T7 1 rs + 18 3110

2rs +1rg 2r5 + 13 3r;3

rs + 2rg  3r11 rs + 2rs  3ri
3ri1 54 2rg ’ 3ri1 15+ 2rg ’

3r1 2r4 + 17 2r5 + 13 (

with eigenvalues of M:

00 _ 4,0
ATy =AMy,

37“10

T4 + 217

).

(5.153)

(5.154)

(5.155)

(5.156)

(5.157)

(5.158)

A(l]b(?ll = :E\/(37"1 —3r3 + 2ry + 7'7) 248 (27“5 + 7"8) 2 4 3r1 4+ 3rs + 2rg + 77,

A(l)’QO =6r1 —2(2ry +17) ,
A(l)’50_18 =2(£3r11 + 75+ 2rg) .
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5.16 The S3 symmetry

By imposing G = S5 we get the quartic potential

Vs, =11 [(0]61) + (6h02)?| + raleal' + 2ra(8]61) (@ho2)
+ 2r5($] 61 + 3hda)(6hen) + 20116} 6ol + 215 |6 6al” + [0h6al’]
+ [2011(6]0) (8 63) + 2012 [(6]02)(8l62) + (dh1)(skon)| + hc],  (5.160)

which can be easily achieved by setting from Zj3 the constraints ro — 11,76 — 75,79 —
T8, C4 —> Clo.

Thus, we get the following scattering matrices which reproduce in the limit of real
coefficients the conditions (37a)—(371) of ref. [25].

The matrix M2++. From Mt we get

1M++ _ diag o V2c s + 718 V212 4+ 17 V201 (5.161)
272 V2ct, s+ s ) T\ V2 r "\ V2 r ’ ’
12 75 8 12 1 11 3

and thus we get the eigenvalues of ]\42Jr *

A = jZ\/8\012|2 +(=ri 4715 +7r8)2+ 711 +715+ 718,

A=A
Ajg = i\/8\011|2 +(=rs+ratrr)?+rs+ratorr. (5.162)

The matrix M,". From M we get

1 T Clp €l (75 C12 T8 re T7 C1l
+ o .
§M2 = diag ciars s |, (e o || r7 T4 en , (5.163)
Cl2 T8 T5 T8 C12 T5 ci1 €1 T3

with eigenvalues of M, :

Af’z =2(rs —rg),
A;_,éz = Ai’—,; )
Ai—f(i = At’?s )
A;_’2 = 2(7”4 — 7“7)

ASg =ML (5.164)

The matrix MJ. From M we get

) T TS T4 C12 Ciy 75 Clg C11
+ _ -
§M0 = diag rerirg |, [y s i |, | ci2 ey , (5.165)
T8 T8 T3 c12 €y T5 cly c12 T5
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with eigenvalues of MJ :

AT’O =2 (7’1 — T‘7) ,

A;éo :i\/(rl —r3+r7)2+ 82+ 1 +r3+77,
AI_’OG = Roots of:
23— 2(ry 4 2r5)2® + 4(—2|c12|* — |c11|* + 2rars + 2
8o 5 e~ Rt o) -0,
ATy = AL (5.166)

The matrix M2. From MY we get

1 1
3 M) = 3 M (5.167)

with eigenvalues of MJ:

0,2
AV% = AT (5.168)

The matrix M. From M we get

1 1 3r1 2ry + 17 2r5 + 138 rq +2r7 319 3C>{2
3 M) ~ diag 5MJ, 2ra+17  3r 2rs+7s |, | 3¢, rs+2rs 3enn |,
2rs +1rg 2r5 +rg  3r3 3cio 3¢l 5+ 2rg
rs +2rg 3¢l 3c11
3c1a T4+ 2r7 3C>{2 , (5169)
30{1 3612 5 + 27‘8

with eigenvalues of M{:

0,0 _ A+,0
A1—9 - A1—9 ’

A(I)bo =6r1 —2(2r4 +17) ,

Ae = i\/(37“1 —3rg +2ry +77)% +8(2r5 +18) 2 + 3r1 + 3r3 + 214 + 77,
A(l)éo_m = Roots of:

2B+ 2 (—ry = 275 — 20 — drg) 2 + 4 (= 18Jesa* — 9en

—l—r% + 2ryrs + Aryrs + 4rgrs + 4r§ + 4ryrg + 8r7r8) x

+8 [(7"4 + 2r7) (9|011]2 — (r5 + 2r3) 2)

~54R(cr1¢dy) + (rs + 2rs) |esal?] =0,

A% 15 = A5 15 (5.170)
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5.17 The S3 X chp) symmetry

By imposing G = S35 x ZgCP) we get the quartic potential

Ve =11 (6161 + (6h02)?] + r3ls]* + 2r4(8]01) (6 0)
+ 205 (9] 61 + 102 (B 85) + 277l gl + 215 [|0] 03[ + |0hgs?]

+ 2710 [(¢I¢3)(¢£¢3) + h.c.} +2r11 [(¢J{¢2)(¢£¢2) + (ehd1) (B + h.c.} 7
(5.171)

which can be easily achieved by setting from S3 the constraints {c11, cfy} € R.
Thus, we get the following scattering matrices which reproduce the conditions (37a)—
(371) of ref. [25].

The matrix My +. From M we get

%MQ‘F-‘F — diag {( T1 \@7"11) 7 (7“5 + s \/§T11> ’ (7“4 +r7 \/57"10)} ’ (5.172)

V2r11 5 + 18 V2ri 7 V2rip T3

and thus we get the eigenvalues of M,

AfS :i\/Sr%l+(—7“1+7"5+r8)2+r1+7“5+7~8,

A;:Jr = Af’;,
A;_,+ = :l:\/Sr%O"i' (_T3 +7"4+7"7)2+7“3+7“4—|—7“7. (5.173)

The matrix M, . From M we get

1 T Ti1 T s Tl T8 T4 T7 T10
+ _ .
§M2 = diag rir s rs |, rino o i |, 7 ora T , (5.174)
ri1 rg Ts rg T11 15 10 10 T3

with eigenvalues of M2+ :

+,2
AT =2(r5 —rg),
+2 _ A+t
Az = Ay,
12 A+2
Ay = A",
+,2
A7 = 2(7”4 — 7“7)
+2 _ A4+
Agy =A54 - (5.175)
The matrix M(T. From MJ we get
Ty T7 T8 T4 T11 T11 r5 T11 T10

1 .
§MJ:d1ag reryrs |, (T s o s |11 T4 T11 ; (5.176)

rg rg T3 11 710 75 10 11 75
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with eigenvalues of MJ :
AFY=2(r — 1),

A;g?:i\/(n—r3+r7)2+8r§+r1+r3+r7,

AT = i\/(—m +75+710) 2+ 87 + 74+ 75 + 110,

A = ATS (5.177)
The matrix MJ. From MY we get
Lo _ 1oy
with eigenvalues of MJ:
0,2
AV = A (5.179)
The matrix M. From M we get
3r1 2ry + 17 2r5 + 13 rqg+2r7  3ri 3r11
N R
5 MO ~ dlag §M0 s | 2rg + 17 3ry 2rs +1rg |, 3ri1r 15+ 2rs  3rio s
2rs +1rg 2r5 + 13 3r3 3ri1 3rio 75+ 2rg
rs +2rg  3ri 3r10
3rin rat+2r7 3rnn ) (5.180)
3r10 3ri1 s+ 2rg

with eigenvalues of MJ):
0,0 +,0
ATy =AM,
Acl)bo =6r1 —2(2ry +17) ,
A?’BIQ = :I:\/(?)rl —3r3+2ry+1r7)2+8(2r5 +1r8)2 +3r1 + 3rs + 21y + 17,
A(1)73(314 = :E\/(—T’4 +r5 — 2r7 4+ 2rg + 37‘10) 24+ 727‘%1 + 14+ 15+ 2r7 + 2rg + 3110,

AT =2 (rs5 + 2rs — 3r19)
A% 15 = A3 15 (5.181)
5.18 The C P4 symmetry
By imposing G = C'P4 we get the quartic potential
Vops =ri(8{61)? + 12 [(8562)* + (863)?] + 2ra(6[o1) (9] s + 610s)
+ 2r6(0h2) (9h0s) + 2r1 (6] 6a]? + 8] 6l ] + 2rgl @l
+2r1 [(@)61) (@ho1) + he] + i1 [(6]62)? — (6168)? + hc]
+ [e1r(6h3)? + 2016(6h3) (k0 — Blgs) + hoc.] .
Thus, we get the following scattering matrices which reproduce the conditions (4.24)-(4.32)

of ref. [26].

(5.182)
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The matrix My . From M5 we get

1 1 V2ro i
1 T2 V2c16 c17
T r rqg+ 17
ﬂ?"lo \/56{6 T6 + T9 *ﬂclﬁ 7( 4t 7)’( 4 7) ’
—ri1 ¢ V20 T

1
3 M, = diag (5.183)

and thus we get the eigenvalues of M;‘ *
Aff = Roots of:
2t 4+ 2(—r = 2rg —rg —1g) 23 + 4 [—4 lers| 2 — |err| 2 + 71 (219 + 16 + 19)
+ro(ro + 2 (r6 +19)) — 2 (T%O + r%)} 22 4+8 [4 (r1 + 72) |c16] 2
+ (r1 + 16+ 79) |c17] 2 + 4R (cfﬁcﬁ) + 22, (R (e17) + 1o + 76 + 79)
—8r1or11 R (c16) — 72 (-47“%0 + 12 (re +19) + 11 (r2 + 2 (16 + 7“9)))} x
+ 16 {47”%1 lc16] 2 _ Aryry lc16] 24 27”%0 le17] 2 _ le17] 2 g ler7] 2
— 218, (cl) 2 — 236T1Chr — 2¢1771 () % + dergrioriiciy
+ 4deirrioriicig — 27“67“%18% (c17) — 27“97"%13? (c17) + 8raripriiR (ci6)
—20%67“%1 — 2?"%7"%0 — 27“27“6?"%1 — 27"27"97“%1 + rlr%rﬁ + 7“17“%7"9} =0,
AZE =2(ra+7). (5.184)
The matrix M, . From M we get

L T11 2r10 —r11
1 . 1] r1 7 2c16 c17 T4 T7 T4 T7
— M, ~ diag{ = ,T6 — T9, , . (5.185
g 2 812 | 2r10 2¢5 2006 +19) —2¢16 |7 " \r 1) \ir 1 (5.185)
—r11 cjy  —2cg 9

Here, the procedure we have mentioned thus far, which includes the algorithm in ap-
pendix C, yields a 5 x 5 matrix. Supplemented by a suitable rotation, it can be written in
the 4 x 4 and 1 x 1 blocks given in eq. (5.185). The eigenvalues of M are:

Aii_—’24 = Aii_—+47

AP =2(rg — 1),

Ag}z =2(ry £1r7),

Ady = ALT. (5.186)

The matrix MJ. From M we get

r ry r7 0 0
. rg 711 710 O
rr T2 Tg9 Cig Cil6

1 r1 T 0 r
+ 11 T4 10
§MO = diag r7 r9 T2 —Clg —Ci6 |,

: (5.187)
ro 0 14 —rn
0 ci6 —c16 16 cCi17

0 ro —r11 T4
* * *
0 clg —cig 17 T6
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As in eq. (5.185), each matrix can be further block diagonalized in an easy way, leading to
one 3 x 3 block, one 2 x 2 block, and two identical 2 x 2 blocks. The eigenvalues of MJ are:

Af_’% = Roots of:

1‘3 — 2(—7“2 — 27‘6 + T9)$2 + 4(—4 |016| 2 ‘Cl7| 2 =+ ’I”g -+ 27’2""6 — 2T6T9)$
+ 8 (4T6 |C16’ 2 + (7“2 — 7”9) <’617‘ 2 T€23) — 4§R (6%66{7)) = O,
AZgO = i\/8T$+ (—ri+ro+7r9)2 411 +12+ 79,

AFY =ASY =2 (m + /12 + r%1> . (5.188)

The matrix M2. From MY we get

1 1
5 M) = 3 M (5.189)
with eigenvalues of MY:
0,2
A)s = AT (5.190)

The matrix M. From M{ we get the eigenvalues of M{:
ATYy = AT
A(l)bo,m = Roots of:
23 4 2(=3ry — 3r9) 2® + 4 (—36 lc16] 2 — 9ci7|® — 3r2
+6rore + 121919 — 671679) T + 8 [36 (re + 2r9) |c16] 2
— (3rg — 2r¢ —19) ((7“6 +219) %2 — 9 e 2)
~108R ety )| = 0,

AD3 s = /8 (2ra +77) 2+ (=311 + 312+ 26 +19) 2 + 314 + 3rp + 206+ 7,
AP o =2 <j:3«/r%0 + 7+ e+ 2r7> : (5.191)
where we have suppressed the form of the matrix due to its size.
5.19 The SU(3) symmetry

By imposing G = SU(3) we get the quartic potential

Vaugs) =r1 [(61é) + (6162) + (¢hs)]
+2r7 (|8 62” + 865 ]* + | @ s
—(8]61)(6102) — (6]01)(803) — (1) (Bs)] . (5.192)

with the following scattering matrices.
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The matrix My . From M5 we get

1

5 M2++ = diag(r1,7r1,71,71,71,71) , (5.193)

and thus we get the eigenvalues of M, T
A =2r. (5.194)

The matrix M, . From M we get

1 . rL—"r7 Ty rL—"r7 Ty rL—ry T7
fM;r:dlag , ) yT1, 71,71 ¢ s
2 rT7 r—ry rT r—ry rT r—ry

(5.195)
with eigenvalues of M.
Af—’z =2ry,
A;—’2 =2 (7“1 — 27“7) ,
+.2 _ A2
A3,4 = A1,2 )
+,2 +,2
A5,6 = A1,2
AT = A2, (5.196)
The matrix M. From Mg we get
1 Ty Tr7 Ty
3 Mgr = diag reryrr |, —re,m — vy — 1,y — e,y —r7,ry — 717 0, (5.197)
r7 T7 T
with eigenvalues of MO+ :
Af’o =2(ry + 2r7)
A;:é = 2(7“1 — 7’7) ,
AT =2(r1 = 7). (5.198)
The matrix M2. From MY we get
Lo Lo iy
3 M, = 3 My, (5.199)
with eigenvalues of MY:
0,2
A7 = AT (5.200)
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The matrix M. From M we get

1 1 3r1 2r1+7r7 2rp — 1y
3 M(()) ~ diag §MO+, 2r1 —r7y  3ry 2ry—r7 |, (1 +r7),
2ri —r7 2ry — 17 3ry

(7"1 + 7“7), (Tl + 7"7), (7"1 + 7“7), (7“1 + 7“7), (7'1 + 7"7)} , (5.201)
with eigenvalues of M{:
0,0 +,0
A143 = 19>

Atl)i(?u =2(r1+r7),
AV g =2(r1+77) . (5.202)
5.20 The A4 symmetry

Imposing G = A4 we get the quartic potential

:7"1 + 2ry 2(7“1 — 7'4)

= [(9ln) + (6h6) + (0w + = [(0]61)2 + (8h62)°
+(6h03)? = (6]61)(8ho2) — (Sho2) (@ds) — (@ds) (0]01))]
+2r7 (|6[6al? + |0fes | + 81 [?)
+ [ea [(@]62)? + (6h9) + (861)?] + hc.] (5.203)

Va,

which can be easily achieved by setting from Zo X Zo with the constraints ro = rg = rq,
rs =176 = T4, '8 =19 = r7 and c; = c17 = c3. It can not be easily achieved from Z3 due to
our choice of basis. Nevertheless, we work it out in appendix D.

Thus, we get the following scattering matrices.
The matrix My . From My we get
1 T1 €3 C3
5 ]\42Jr+ = dlag Ci‘l;, rycs |, (T4 + 7“7), (T4 + 7/‘7)7 (T4 + T7) ) (5204)
c3 C3 11

and thus we get the eigenvalues of M,

AT =2(2Re(c3) + 1) ,
ALY =2 (VB[S (es)] = R(ea) +71)
AI_—% = 2(’/”4 + 7“7) . (5.205)
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The matrix M, . From M we get
1 r1 Cc3 Ch
. T4 T7 T4 T7 T4 T7
— M2+ = diag czricsl, , ,
2 « r7T g r7 g 7 T4
C3 C3 11
with eigenvalues of M,

+.2 _ A++
A1—3 - A1—3 ’

AZ_’zg = 2(7“4 + 7’7) .

The matrix M(]F. From My we get

1 mrT T4 C T4 Ch T4 C
. 4 C3 4 Cg 4 €3

3 M(]L = diag reryrr ||, , . ,
C3 T4 C3 T4 C3 T4

rTTrT T
with eigenvalues of M :

Af’o =2(r + 2r7) ,
A;go =2(ry —1r7),

70 k
Ay =2 (rt Vesyfe3)

The matrix M2. From MY we get

with eigenvalues of MJ:
02 _ A++
A% = A

The matrix M. From M we get

3 2 2
T1 T4+ 17 2ry+ 17 <r4 4 2pn

1 1
3 MOO ~ diag §M5F, 2ry+1ry 3r1 2rqa+1r7 |,
2ry+ 17 2ry + 17 31

ra+2r7  3ch r4 + 2r7  3c3
3cg  ra+2r7)’ 3¢z ra+2r7 '

00 _ A+0
A1—9 - A1—9 ’
A(l)bo = 671 + 8rq + 41y,
A1 = 6r1 =2 (2rg +77)

A 15 = £6,/cy/ch + 2 + 417

with eigenvalues of M{:
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3¢y T4+ 2r7

)
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(5.207)
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5.21 The S; symmetry
Imposing G = S4 we get the quartic potential

_ 71+ 2y

20 [(6n) + (ohon) + (how)] "+ X0 (G002 + (hn)?
+(¢03)? — (6161)(8ho2) — (8ho2)(@l6s) — (¢6s) (6]01))]
+2r7 (|6l gl + |0heal” + [6hen|?)
110 ((0]62)? + (8h03)2 + (6301)* + (9h01)* + (6]62)? + (¢l63)?) . (5.214)

which can be easily achieved by setting from A4 with the constraint c¢g € R. It can not be

Vs,

easily achieved from Dy or S3 due to our choice of basis.
Thus, we get the following scattering matrices.

The matrix M5 . From My we get

1 1 T10 T10
5 My =diag{ | ri0 1 710 |5 (ra+77), (ra+77), (ra+77) o (5.215)

T10 T10 T1
and thus we get the eigenvalues of ]\42Jr *

A;FJF =2 (7"1 + 27"10) ,
A;; =2 (7’1 — 7“10) ,

At =2(ra + 7). (5.216)
The matrix M. From M, we get

1 1710 710 r4 T T4 T T4 T
T 4 77 4 77 4 7
- M2 = dlag 10 Tt T10 s < > y ( s s (5.217)
2 r7 g r7T T4 r7 g

10 T10 T1

with eigenvalues of M2+ :
+,2
Ay = Atr:s )
A% =2(ra+ 7). (5.218)
The matrix M(;". From MS’ we get
1 ry 7T
My =diag{ [ e | O} ()T TO) (5.219)
2 T10 T4 T10 T4 T10 T4
T7 r7 T

with eigenvalues of MJ :

Af’o =2(ry + 2r7)
A;éo =2(ry —1r7),
AFY =2(rs £ r10) . (5.220)
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The matrix MJ. From MY we get
1 1
3 M) = 3 M, (5.221)
with eigenvalues of MY:
ADZ = AT (5.222)
The matrix M. From MY we get

1
*MS_, 2ry + 1y 3r1 2ry + 17

3ry 2ry + 17 2ry + 17
; (

1 2
§M00 ~ diag r4+2r7  3rio )

3r r4 + 27
2ry + 17 2ry + 17 3r1 10 1 7

rq + 2r7  3rig r4 +2r7  3rig (5 223)
3rig T4+ 2r7 ’ 3rio T4+ 217 ' '

0,0 _ s+,0
Al 9 A1—9 )

A(l)O = 6r1 4 8ry + 417,

with eigenvalues of M:

AYie = 611 —2(2ry +77) |

ATy 45 =2(ra +2r7 £ 3r10) - (5.224)
5.22 The SO(3) symmetry
Imposing G = SO(3) we get the quartic potential

(101) + (6}2) + (6ho)]” + 2 (6100 + (6hon?

(%%)—wbﬁw%ﬁ (6562)(3) — (8h3)(@61)]
+2r7 (18] g2l” + 9hes > + ¢l

+ (11— ra—r7) ((0162) + (6hs)” + (861) + (8h1)” + (8h2)” + (81 63)°) -
(5.225)

r1+ 2ry
Vso@) = 17 [

which can be easily achieved by setting from Sy with the constraint r1g — r1 — 74 — 77.
Thus, we get the following scattering matrices.

The matrix My . From M5 we get

1 L —T4a—T77T1—T4—T7
5 ;T =diag{ | ri—ra—r7 1 ri—ra—r7 |, (ratre), (ratry), (ra+re)
TE — T4 —T77T1 —T4—T7 1
(5.226)
and thus we get the eigenvalues of ]\42Jr *
A—lH_ =2 (37“1 — 27’4 — 27“7) y
A;rg = 2(7"4 + ’1“7) s
A =2(ra + 7). (5.227)
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The matrix M, . From M we get

1 1 TN — T4 —T7 71 —T4—T7
MF = di T4 T7 T4 T7 T4 T7
5 o = dlag rn —Tr4—T7 1 rn—r4—rrt, ) ) )

7 T4 7 T4 7 T4
"L—=—T4a—T7r1—rqa—7"y r1
(5.228)
with eigenvalues of M,
+,2
A7y = Atrs )
A% =2(ra+ 7). (5.229)

The matrix MJ. From M we get

1 nrT T T r T r
. 4 1—T4—T7
3 MJ =diag reryry |, ( > ,

L —T4—T7 T4
rTTrTT1

T4 TWL — T4 —T T4 TN — T4 —T
, 1V, (5.230)
™ —Tr4—7T7 T4 ™M —T4—T7 T4

with eigenvalues of MO+ :
AT’O =2 (’1“1 =+ 27“7) ,

AJE =2(r —r7),

A =20+ (r —rg—17)) (5.231)
The matrix M2. From MY we get
1 1
MY = - M (5.232)
2 2
with eigenvalues of MJ:
A2 = AT (5.233)

The matrix Mg. From M{ we get

1 1
3 M(? ~ diag ngr, 2ry+r7 3r1 2rqa+r7 |,
2rg +1r7 2r4+ 17 311

r4 + 2r7 3 (?”1 — T4 — 7“7) r4 + 2r7 3 (7‘1 — 74 — 7“7)
3 (?”1 — Ty — 7“7) r4 + 2r7 "\3 (7“1 — Ty — 7“7) T4+ 217 '

3ri 2r4+ 717 2rg + 1y
<3 (7“1 — Ty — 7'7) rq + 2r7

T4+ 217 3(r1—ry — 7"7))

(5.234)
with eigenvalues of M)
AP = AT,
A(l)bo = 671 + 8ry + 4r7,
A?’Bu =6r1 —2(2rs+17)
A% 1g = 2(ra+2r7) £6(ry — 74 —17). (5.235)
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5.23 The A(54) symmetry
Imposing G = A(54) we get the quartic potential
(6l60) + (6o + (how)]+ X (g2 + (hn)?
<¢3¢3> — (8]61)(0}62) — (d}62)(dhs) — (dhes)(sl0n)]
+2r7 (|6} ol + |@hgsl” + 61 )
+ (2011 ((]93)(@hos) + (@ho1) (0hen) + (ol2)(6])) + he].  (5.236)

which can not be easily achieved from S3 due to our choice of basis. The details are

r1 + 2r
VA(54) g |:

contained in appendix C
We get the following scattering matrices.

The matrix M2++. From Mt we get

1 2ck 2 2
§M2++ — diag {( T1 \f011> ’ (7"4 +r7 \fC11> ’ (7“4 +r7 \[011>} , (5.237)

V211 T4+ 17 V2e, V2,

and thus we get the eigenvalues of M2Jr T+

Afty = £4/8lent] 2+ (=11 + ra+ ) 24 by (5.238)
The matrix M2+ From M, we get
™1 €1 T4 T7 C11 T4 C11 77
+ _ .
oMy =diagy en ra rr | o | r7oracn || el mcin | o (5.239)
€11 17 T4 STRGTIEG! r7 C11 T4

with eigenvalues of M,

Aii_z =2 (T4 - T7) )

A;,é?:i\/8\011|2+(—7’1+?”4+7“7)2+7“1+r4+r7,

+,2 _ A+,2
A4—6 - A1—3 ’

AT = A (5.240)
The matrix M&'_. From MJ we get
1 LT TY T4 C11 Chp T4 Cip C11
iMJ =diags |rrrir7 |, ¢y ra e |, | cin ra , (5.241)
T7 77 T1 €11 ¢fy T4 Clp c11 T4
with eigenvalues of MJ :
A;r’o =2(ry +2r7) ,
A;éo =2(ry —1r7),
AFO =202 (c11) +74)
Asg =2 (£VBIS (en) = Ren) +14)
A =AY (5.242)
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The matrix MJ. From MY we get

1 1
MY = - M, (5.243)
2 2
with eigenvalues of MY:
AV2 = AT (5.244)
The matrix M. From M we get
1 1 3r1 2ry + 17 2ry + 17
3 Mg ~ diag §MJ, 2rg4+r7 3r1 2rg+17 |,
2ry + 17 2y + 17 3rq
r4 + 2r7  3enn 3¢ty ra+2r7 3¢ 3c11
36){1 rq + 2r7  3c11 5 3ci1 T4+ 2r7 3C>f1 (5.245)
3c11 30?1 T4+ 217 3CT1 3ci1 T4+ 2r7
with eigenvalues of MJ:
0,0 +,0
AyZg = A7y,
A(l)bo = 6r1 + 8ry + 4r7,
A1y =61 —2(2ry +77)
A?éo =2 (6% (011) + 14+ 27“7) ,
Alprs =2 (iB\/g IS (c11)| — 3R (e11) +ra + 27“7) :
A 1g = A% 15 (5.246)
5.24 The A(54) x ZgCP) symmetry
Imposing G = A(54) x chp) we get the quartic potential
r1+ 2ry 2 2(7‘1 — 7“4)
Vi =5 |(6161) + (@hoo) + (8les)] "+ T2 [(6161) + (hen)?
+(¢h63)? — (#161)(6h0) — (8ho2) (9hes) — (sl (6]e1))]
+2r7 (616l + [8s” + [ 8561 %)
+2r10 [ (6] @) (6hs) + (8ho1)(@ho1) + (B62) (0lg2) + hoe] . (5.247)
which can be easily achieved by setting from A(54) the constraints cj; € R.
Thus we get the following scattering matrices.
The matrix My . From My we get
1 2 2 2
S My = diag V2 , 44717 V210 ’ ra+ 17 V210 7 (5.248)
2 V2ri T4+ 77 V2rig 7 Voryy n
and thus we get the eigenvalues of M2Jr *
AT = :|:\/87”%0 +(=ri+rg+ry)2+r+rat+rr. (5.249)
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The matrix M2+

1

From M; we get

1 T10 T10 T4 TT7T T10 T4 T10 T7
o T4 Ty || T T4 TI0) 5| 710 T1 T10
10 T7 T4 10 10 T1 7 Tio T4

with eigenvalues of M,

The matrix My .

A+’2 =2 (7’4 — 7’7) s

A3y = i\/&"%g +(=r1+ra+re)2+ri+ra oy,
+,2 +,2
Ayg = A7,

+,2 _ A+2
A7—9 - A1—3 :

From MO+ we get

with eigenvalues of MS‘ :

The matrix Mg.

with eigenvalues of MJ:

The matrix Mg.

1
3 M ~ diag

1 LT Ty T4 T10 T10 T4 T10 710
3 M =diag | rerire | [ 710 72 710 |5 | 710 74 710
rTTrT 10 10 T4 10 T"10 T4
A;“O =2(ry + 2r7)
A3y =2(r—17),
AI’O =2 (T’ 27’10) ,
A;—60 =2 (7’4 7“10)
+.,0 +.,0
A7 9 — A4 6 -
From MY we get
1 1
Z M. - M-H—
2 272 7
0,2
A1—6 = AT—JFG :
From M{ we get
1 3r1 2rg + 17 214 + 17
§MO+’ 2ry + 1y 3r1 2rg+ 17 |,
2rg+17 2r4+ 17 31
rqy+ 2r7  3rio 3r10 rqy+ 2r7  3rio 3r10
37’10 r4 + 277 37“10 , 37‘10 rq + 277 37“10
3r10 3rig T4+ 2r7 3r10 3rig T4+ 2r7
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(5.250)

(5.251)

(5.252)

(5.253)

(5.254)

(5.255)

(5.256)



with eigenvalues of MJ:

AY% = AT,
A(l)bo = 6r1 + 8ryq + 417,
A(l]’l?m =6r1 —2(2rs +17) ,
A(l)éo =2(6r10 + r4 + 2r7) ,
A?fls =2(rq + 217 — 3r10) ,
Alsl1g = A5 15 (5.257)

5.25 The X(36) symmetry
Imposing G = %(36) we get the quartic potential

2(ry

T2 (6l00) + (ko) + (8] + 2O [(601)2 + (0hon?

+(6503)” — (161) () — (8h0) (@) <¢3¢3><¢*¢1>}
+2r7 (|60l + [6hos[? + |6l )
+ (1= ra = o) ((0163)(6hta) + (361)(#5n) + (802) (B 62) + huc.) . (5.258)

Vs(36)

which can be easily achieved by setting from A(54) with the constraint ¢y — 71 — 174 — 7.
Thus, we get the following scattering matrices.

The matrix My +. From M, we get

1 ) 71 ryi—ra—rr T4 + 7 ri—ra—nrr T4 + 7 ri—ra—rr
- M2++ — dlag o V2 ’ S V2 ’ S V2 ,
2 T1—T4—T7 ry+r T1—T4—T7 r T1—T4—T7 r

V2 4T V2 L V2 L

(5.259)
and thus we get the eigenvalues of M, T
A1++6 = +V3 |—r1+ra+r7|+ (ri+ra+ 7). (5.260)
The matrix M. From M, we get
1 1 %(7“1—7”4—7"7)%(7“1—7“4—7"7)
B My =diag q | 5 (r1 —ra—17) T4 r7 ;
% (7“1 — T4 — 7’7) r7 T4
T4 7 %(7“1—7“4—7‘7)
r7 T4 % (ri—rg—r7) |,
%(7”1—7“4—7“7)%(7"1—7“4—7"7) 1
T4 % (ri —rg —17) r7
S(ri—ra—r7) r1 2 (ri—ra—r7) , (5.261)
7 %(7“1—7“4—7“7) T4
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with eigenvalues of M :

+,2

Al =2 (T4 — 7’7) y
+.2 _ A+t

Az = Ay,
+2 _ At+,2

Ay = Ay,
+,2 _ A+,2

A9 = A7y

The matrix MJ‘. From MS' we get

1 rLrr T T4 % (r1 —r4—17) %
B Mg =diag ¢ | r7 rirg | | 5 (r —ra —17) T4 3
r7TrT Tl %(7“1—7“4—7"7)%(7“1—“1—7'7)
T4 5(7"1—7”4—7“7)%(?”1—7“4—7“7)
%(7‘1—?"4—7"7) T4 %(7‘1—7”4—7“7)
3 (ri—ra—r7) 5 (i —ra—r7) T4

with eigenvalues of MJ :
APY =2(r + 2r7)
AZ@O =2(r1—r7),
AFO = A",
Ady = —ri+3ra+r7,
ATy = AL

The matrix M2. From MY we get

1, 1
§M2=§M2++7

with eigenvalues of MY:
0,2 +
AZe = A
The matrix Mg. From M{ we get

1 1 3r1 2ry + 17 2y + 17
3 Mg ~ diag §M5“, 2ry 417 3ry 2rg+17 |,
2ry + 17 2ry + 17 3r

2(rg +2r7) 3(ri—ry—r7) 3(r1 —rg —17)
3(ri—ryg—r7) 2(ra+2r7) 3(ri—r4—r1r7)

3(ri—rg—r7) 3(ry —rga—1r7)  2(rg+ 2r7)

N —

3(r1—rg—r7) 3(r1 —ra—r7)  2(rg+2r7)
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(ri—ra —r7)
(7’1 —Tq — 7“7)

20rg+2r7) 3(ri—rg—17) 3(r1 —ra—17
—(3(r1—ra—r7) 2(ra+2r7) 3(ri—ra—r7

(5.262)

i

(5.263)

(5.264)

(5.265)

(5.266)

(5.267)



with eigenvalues of MJ:

AV = AT,
A(l)bo = 671 + 8ry + 477,
A?’Bu =6r1 —2(2rg+17)
AYy =AY
A?;Bm = —3r1 4+ dry + Try,
A1 = AJshgs (5.268)

6 Conclusions

Having found one elementary scalar particle, the most important issue is the determination
of how many such scalars exist in nature. The possibility that there could be three Higgs
doublets has several interesting features.

A 3HDM, in what we denote here by the symmetry-constrained Zs X Zo version, was
originally proposed by Weinberg [31], in order to have a model which simultaneously allows
for CP violation and for the natural flavour conservation (NFC) mechanism [6, 7] designed
to preclude flavour-changing neutral scalar exchanges. It is also the simplest NHDM where
one can have the fifth type of fermion NFC couplings to scalars. Indeed, one can show that
the usual NFC is only stable under the renormalization group if one single Higgs doublet
has Yukawa couplings to the right-handed fermions of each electric charge [33]. This yields
only five cases, dubbed in [34] types I, II, X, Y, and Z. The first four are possible in the
2HDM. The fifth, where each charged fermion sector (up-type quarks, down-type quarks,
and charged leptons) couples to a different scalar, becomes possible in 3HDM (and for
N > 3). 3HDM are also interesting because the list of all symmetry-constrained limits is
known [9-12], while no such list exists (currently) for larger N.

Such models must obey the theoretical bounds from bounded from below potential,
verification that the chosen solution of the stationarity equations is the global minimum,
and perturbative unitarity. This article lists explicitly and exhaustively the perturbative
unitarity conditions for all symmetry-constrained 3SHDM.

We have explored the method advocated in [26] of classifying the scattering matrices
by the charge @ and hypercharge ) of the initial/final states. If there is an additional
substructure induced by the charges of the symmetry group, it is identified easily via the
new algorithm we propose in appendix C, without the prior need to study the implications
of each specific symmetry in detail. Appendix D will be useful for those wishing to relate
the conditions in a large group with those in one of its subgroups, when the former and
the latter are naturally written in different basis for the group generators.

An important part of this article is also the use of principal minors in order to obtain
unitarity bounds without the need to perform matrix diagonalizations. This is explained
in detail in section 3, with examples provided in section 4.

Together, these results will be necessary for anyone interested in the rich and varied
landscape of properties and signals of SHDM.

~ 54 —



An interesting avenue for further exploration concerns the relation between the uni-
tarity bounds on the quartics couplings z;; 1 of (2.1), on the one hand, and physical scalar
masses, on the other. If the vacuum expectation values (vev) of the scalar fields are non-
vanishing, then, in general, the physical masses involve also the p;; couplings (to be precise,
those p;; not fixed by the quartic couplings and vevs via the stationarity equations). Thus,
in general, there is no direct relation. For example, the soflty broken Z, 2HDM has a
w12 coupling which controls the decoupling limit for all masses heavier than the 125 GeV
Higgs. Thus, in that case, one cannot in general find bounds on masses arising from uni-
tarity bounds.? In contrast, in the p12 = 0, exact Zo-symmetric 2HDM, which does not
have a decoupling limit [35], unitarity bounds do turn into bounds on scalar masses. The
connection between symmetries, decoupling, and the impact on masses due to unitarity
bounds could be fruitful, especially given the fact that a symmetry-constrained NHDM
will exhibit decoupling if and only if the vacuum also satisfies the same symmetry [36].

An additional extension would be to consider the finite energy contributions. The
results presented here are valid for energies large enough that the s-, ¢-, and u-channels
can be ignored, but low enough that there is no significant RGE running of the quartic
couplings. Indeed, as shown in [37], and used in a specific case, for example, in [38], a
very precise calculation would encompass finite scattering energy contributions. This will
involve cubic couplings and alter slightly the bounds on quartic couplings. These extensions
lie beyond the scope of the present study.
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“However, as pointed out in [24], the situation is changed if the hWWW coupling of the 125 GeV Higgs
with the charged vector bosons has a fixed difference from the SM predictions. Such a difference, usually
parametrized by kv — 1, is constrained by experiment.
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A Notations of the 3SHDM

A.1 As in Ferreira and Silva

The notation in ref. [28] is

Ty €1 C2 C1 C3 C4 C2 C4 Cs
C] T4 Co T7 €7 C8 Cy €10 C11
C3 C6 T ¢y C12 €13 T8 C14 C15
¢l T7 Cy Ty C7 Clo ce €8 Ci1
Zigkl = C3 €7 (g c7 T2 €16 iy €16 C17
C} Cg (13 Clo €6 6 Ciy T9 Ci8
Cy ¢y T8 c C12 €14 T5 C13 C15
€} Clo Cla cg Cig T9 Ci3 76 C18
5 1 Cis iy €7 g Cls Cig T3

In general, the parameters ¢ (r) are complex (real).

A.2 As in Varzielas and Ivanov

The (partial) notation in ref. [11] is:

2)\1 X X X 25\12 )\g X )\E 25\?%1
X Mg X Nig x x X X Mg
X X A3 X A X Nz Ny %
) X Mg X A2 X X X X /}5
Zijkl = 5 2)\T2 X A; X 2)\2 X %\Z X 2)\23
X X X X X Aoz Ng Nog X
X X MNj X A1 N A1z X X
AG X X’; X X )\/23 X )\23 X
2X31 A % AE 22X\ X X X 2)3

where the entries denoted here by “x” have not been named in ref. [11].

B Proof that MY = M+
The proof is trivial and it follows from the definition of the matrices. Let
Vi = Aij (219 (@} 1)

with @7 = (w;|r nl) Because

02V,
My g = =t
(M )as 0595t
0%V,
0 —
(M )as = 0897059
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(B.1)

(B.2)



+ oot apFant

0 _ — ot 4+
where SO = {nini,ning, nang, -+ ,ngng} and SI = {w] wi, wiwy, wywy, -+, w3 wy },

an exchange n <> w™ suffices to go from one matrix to another. Thus, we only need to
show that Vj is invariant under the exchange in the doublet space. Indeed, we have for

_ . _ 01\ (01)\ [w]
<I>ZT<I>J» =w; wj—i—ninj = (wi nf) (1 0) <1 0) (;)
j
* ,— nj 5T
- () (1) - 08,

J

every pair (QDZT@j)

(B.3)

where @ is the doublet after the exchange of n <+ w'. Thus, for every NHDM we have
MY = M.

C A generalized algorithm for block diagonalization

There is a procedure in which we may not even care about the hypercharge and electric
charge. In section 5 we first separate the matrices into its hypercharge and electric charge

charges. Then, we use an algorithm to put the matrices into block diagonal form using
only permutations.

The method described in this appendix block diagonalizes an Hermitian matrix of
arbitrary size. Let M be the matrix created with all possible combinations of quadratic
forms (w; n;), as we have done so far. The procedure is as follows.

e Build the matrix M from all combinations.

e Build a matrix P of the same size with zeros everywhere.

« Go to the first line of M and for every My; # 0, put Py; = 1 in consecutive lines
(where k runs from 1 to the number of nonzero entries in Mj; ).

o Repeat this process until every line of P has exactly one entry equal to 1.
o Compute M = PM PT. This matrix M is now block diagonalized up to permutations.

Let us consider as an explicit example the matrix in eq. (5.3):

2r1  2y/2¢c; 0 2c3 0 2cs
2v/2¢5 2 (14 +77) 0 2v/2¢7 0 2v/2¢11
M= 0 0 2(rs +13) 0 2(ci3+cua) 0 (C.1)
2¢5  2/2¢k 0 279 0 2c17
0 0 2(cfs+ciy) O 2(rg+r9) 0
2ct 2v/2¢) 0 2c%- 0 273
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which arises in the M2+ * scattering matrix of the Zo-symmetric 3HDM. Then,

100000
010000
000100
000001
001000
000010

where:

o The first line of M has non-zero entries in columns {1,2,4,6}. Then for every line in
P we put 1 for the columns {1,2,4,6}.

e The second line is equal to the first.

o The third line of M has non-zero entries in columns {3,5}. Then for every remaining
line in P we put 1 for the columns {3,5}.

o We are done as there are no other unique lines in M or (equivalently) more lines
in P.

« Now we compute M = PMPT. This matrix M is now block diagonalized up to

permutations.
Thus,
T \/501 C3 Cy 0 0
V265 T4+ 7 V21 V2en 0 0
e | GV moar (©3)
C5 ﬂcn 617 T3 O 0
0 0 0 0 rs + 18 C13 + C14

0 0 0 0 C>{3 + CI4 Te + T9

This technique allows us to separate the diagonal blocks that arise from electric charge,
hypercharge and global symmetries in general.

D Relating basis

The potentials are shown in section 5 choosing some particular representation for the
respective symmetry. Typically, for each symmetry, we made the choice which simplifies
the presentation of the quartic part of the respective symmetry-constrained potential. For
example, eq. (5.39) for the Zs-symmetric 3HDM was written in the basis where the Zg
generator is represented by diag(e%, e ,1).

But we see from figure 1 that the As-symmetric 3HDM can be obtained from the Zs-
symmetric 3HDM. When the Zg-symmetric 3HDM is written as in eq. (5.39), the A4 limit

arises from a complicated relation among the parameters in eq. (5.39), and, moreover, it

does not have the simple form in eq. (5.203).
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In contrast, had we written the Zs-symmetric SHDM potential in the basis where the
generator is written as in eq. (D.1) below, then, imposing invariance under the appropriate
additional diagonal generator, diag(l,—1,—1), the A4 potential would have the simple
form in eq. (5.203). This is what we show next. The remaining subsections are intended
to facilitate the interpretation of other limiting cases shown in figure 1. The limiting cases
present in figure 1 and not covered in this appendix, are trivially found using the basis
choices made in section 5.

D.1 A4 from Zs

Going to A4 from Zs is easier to see with a good choice for the basis of the latter symmetry.
Let us choose the generator of Zg to be

010
b=|o001], (D.1)
100

instead of the usual diagonal form diag(w,w?, 1). Then, the quartic potential is given by

Va, =71 [(6161)2 + (8562)% + (8h¢s)’]
+ 214 |(8]61) (0h62) + (6] 1) (6h3) + (hea) (k)|
+2r7 |6} 2l + [hesl* + |81 ]
+ 261 [(8161)(800) + (9362) (9 d3) + (103) (d}61)]
+ 205 |(6]61)(6]03) + (Bho2) (9h01) + (1) (@) 2) |
+ e [(602)2 + (6h09)* + (6]01)?]

+ 204 [(6]62)(6]é3) + (0h80) (9h1) + (861 (@) 62)]
+2¢6 [(6]61)(Bhs) + (8562) (9h0n) + (0]65) (6] )]
+ 20 |(6]62) (k) + (8hds) (k) + (sho1)(0le2)| +he|.  (D2)

This is, of course, equivalent to the usual basis for the symmetry. By enforcing, in addition,
the generator diag(1l,—1,—1), or equivalently, further removing the complex coefficients

{c1,ca,c4,c6,c8}, We get

Vi, =11 [(8]61)? + (8h62)? + (103)?]
+2r4 |(8]61) (0h62) + (6]61)(dh3) + (he) (k)|
+2r7 |6} ol + 6] s[> + |8 gal’]
+ [ea ((#162)7 + (@hos)? + (8h61)?) + b, (D.3)

which coincides with eq. (5.203).
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D.2 S4 from S;3

Going to Sy from S3 is easier to see with a good choice for the basis of the latter symmetry.
Let us choose the generators of S3 to be

010 010
b=1001|, e=|100], (D.4)
100 001

instead of the usual diagonal form diag(w,w?,1) and ¢.!® Then, the quartic potential is
given by

Vs, =11 |(0]61)” + (#h62)” + (¢}6s)?]
+2r4 |(8]61)(0h62) + (6]61)(9hs) + (dhea) (k)]
+2r7 [|6] 6ol + o132 + |01 ]
+ (201 ((6]01) (0] 62) + (6102 (8hs) + (0] ds)(650)
+(9161)(#03) + (@hd2) (6hon) + (8hos)(dhen) ) + huc]
+ 110 [(6]62)? + (8h63)? + (861) + h.c]
+ 264 ((0162)(9193) + (8hd3)(hen) + (@hor)(6hen) ) + huc]
+2r11 | (6101)(6h3) + (Bhd2) (8hon) + (6h63) (8l o) + hc.
+ 21 | (6] 02)(6hes) + (8hds) (@ho1) + (9}e1) (@ 62) + her| . (D.5)

By enforcing the generators diag(—1,1,1) and diag(1, 1, —1), or equivalently, removing the
coefficients {c1, cq, 711,712} We get the potential of Sy

Vs, =71 [(0]61)? + (8h62)? + (¢l6)?]
+ 214 |(6]61)(6ha) + (8161) (9hs) + (8ho2) (0}s))|
+2r7 (|61 + 0] s + | @)1 ]
710 [(8]62)7 + (0] 03) + (8561)* + hc.] - (D.6)

The unitarity of Ss in the new basis, from which we go to Sy4 is not trivial to compute.
Although we know what the result should be, the new scattering matrices are rotated with
an orthogonal transformation. Thus, they can not be trivially block diagonalized.

D.3 D4 from Zg X Zo

Going to Dy from Zs X Zs is easier to see with a good choice for the basis of the latter
symmetry.

ONotice that the rotation of the diagonal generator diag(w,wz, 1) to b leaves c¢ invariant.
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Let us choose the generators of Zs X Zs to be

01 0 100
=100 ]|, ¢e=-]001], (D.7)
00 —1 010

instead of the usual diagonal forms diag(—1, —1,1) and diag(1,—1,—1). Then, the quartic
potential is given by

Viguzy =11 [(0]01) + (6302)2] + 73]0s]" + 2r4(6]61)(65)
+2r5(¢] 1 + dhda) (D) + 2r7|¢ pa?
+2rs [ |6 gl + |6 gsl’]
+ complex terms. (D.8)

By enforcing the generator of Z4 given by diag(i, —i,1) we remove all complex coefficients
except c3 and c¢q1, which can be rephased to be real. Thus, we get the potential

Vi, =71 [(6]61) + (0162)?] + rals|' + 2r4(6] 1) (6h02)
+ 2r5(0] 61 + 562) (@) s) + 2r7|6] 6o
+2rg [|816s]” + [#h6al?| + 10 [ (862)? + hc.]
+2r11 [(9]s)(shes) + hec] (D.9)
D.4 S3 from Zo

Going to S3 from Z, is easier to see with a good choice for the basis of the latter symmetry.
Let us choose the generator of Zs to be

010
ay=1100], (D.10)
001

instead of the usual diagonal form diag(1,1, —1). Then, the quartic potential is given by
Viy =11 [(6]61) + (0]62)%] + rsls| + 2r4(6] 1) (6h00)
+2r5(91 61 + D3b2) (9403) + 2r7[6] 6l
+ 215 |6} ¢al” + [6hes|?]

+ complex terms. (D.11)

By enforcing the generator of Zs3 given by diag(w,w?,1) we remove all remaining complex
coefficients except c11 and c12. Thus, we get the potential

Vs, = 11 |(8]61)> + (6h2)°] + rldal* + 2ra(6]61)(6he2)
+ 2r5(¢] 91 + $hdo)(8en) + 20716} 6ol + 215 I8 dal + |0 dl’]
+ [2e01(663) (6103) + 2012 (0] 02)(@h2) + (sh01) (0] 1)) + hc.|,  (D.12)
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D.5 3(36) from Z4

Going to ¥(36) from Z, is easier to see with a good choice for the basis of the latter

Symmetry.

Let us choose the generator of Z4 to be

=7

w 1
w21, (D.13)
11

= &

instead of the usual diagonal form diag(i, —i,1). Then, by also using

010 010
b=|o01]|, e=[100], (D.14)
100 001

and diag(w,w?,1), we get the symmetry (36).
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