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Abstract

We derive a general expression for Ap (or, equivalently, for the oblique
parameter 7) in the SU (2) x U (1) electroweak model with an arbitrary number
of scalar SU (2) doublets, with hypercharge +1/2, and an arbitrary number of
scalar SU (2) singlets. The experimental bound on Ap constitutes a strong
constraint on the masses and mixings of the scalar particles in that model.

1. Introduction

In the Standard Model (SM), the parameter

2
My

p=—5—t—,
m?, cos? Oy

ey
where my and m are the masses of the W* and Z° gauge bosons, respectively, and @y is
the weak mixing angle, gives the relative strength of the neutral-current and charged-current
interactions in four-fermion processes at zero momentum transfer [1]. At tree level p is equal
to one, and it remains one even if additional scalar SU (2) doublets, with hypercharge 4-1/2, are
added to the SM°. At the one-loop level, the vacuum-polarization effects, which are sensitive
to any field that couples either to the W= or to the Z°, produce the vacuum-polarization tensors
Vv=W,2)

Yy () = g""Avv(g®) +q"q"Bvv(4?), 2)
where g" is the 4-momentum of the gauge boson. Then, deviations of p from unity arise,
which are determined by the self-energy difference [1, 2]

Awyw(©0)  Azz(0)

5 Other scalar SU(2) x U(1) representations are also allowed, as long as they have vanishing vacuum expectation
values.
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The precise measurement [3], at LEP, of the W and Z° self-energies is in striking agreement
with the SM predictions [4] and provides a strong constraint on extended electroweak models.
For instance, one can constrain the two-Higgs-doublet model (2HDM) in this way [5, 6].

In this paper we are interested in the contributions to the p parameter generated by an
extension of the SM. Therefore, we define a Ap which refers to the non-SM part of the
quantity (3):

2 2 2 S

Ap = |:AWW(O) B AZZ(O):| B [AWW(O) B AZZ(O):|
my, my SM extension m w mZZ SM

The SM contributions to the quantity (3) are known up to the leading terms at the three-loop
level [7]. However, the consistent SM subtraction in equation (4) only requires the one-loop
SM result. In the same vein, we are allowed to make the replacement mZZ = m%v / C%v in
equation (4), writing instead

_ [Aww(0) — ¢, Az2(0) Aww(0) — ¢}y Azz(0)
A . - . L)
SM extension My SM

My
Here and in the following, we use the abbreviations cy = cos Oy, sy = sinOy.

At one loop, the contributions of new physics to the self-energies constitute intrinsically
divergent Feynman diagrams, but the divergent parts cancel out among different diagrams,
between Aww(0) and C%‘,Azz(O), and also, eventually, through the subtraction of the SM
contributions laid out in equation (5). If the new-physics model is renormalizable, then Ap
is finite. The cancellations finally leave either a quadratic or a logarithmic dependence of Ap
on the masses of the new-physics particles. The pronounced effects of large masses are what
renders the parameter Ap so interesting for probing physics beyond the Standard Model.

The functions Ayy(g%) contain more information about new physics than that just
provided by Ap. In fact, for new physics much above the electroweak scale, a detailed analysis
of the so-called oblique corrections leads to the identification of three relevant observables,
which were called S, T and U in [8] and €, €, and €3 in [9]°. While these two sets of
observables differ in their precise definitions, the quantity of interest in this paper is simply

Ap =aoT =€y, (6)

where a = ¢?/(47) = g%s}, /(47 is the fine-structure constant.

It is not straightforward to obtain a bound on Ap from electroweak precision data. One
possibility is to add the oblique parameters to the SM parameter set and perform fits to the
data. However, since the SM Higgs-boson loops themselves resemble oblique effects, one
cannot determine the SM Higgs-boson mass m,, simultaneously with S and T [4]. To get a
feeling for the order of magnitude allowed for Ap, we quote the number

T = —0.03 £ 0.09(+0.09), (7

which was obtained in [4] by fixing U = 0. For the mean value of 7, the Higgs-boson mass
my = 117 GeV was assumed; the mean value in parentheses is for m;, = 300 GeV. Equation (7)
translates into Ap = —0.0002 £ 0.0007(+0.0007).

There is a vast literature on the 2HDM: see [11] for a review, [12] for the renormalization
of the model, [13, 14] for the possibility of having a light pseudoscalar compatible with all
experimental constraints, and [15, 16], and the references therein for other various recent
works. However, just as the 2HDM may differ significantly from the SM, a general multi-
Higgs-doublet model may be quite different from its minimal version with only two Higgs

6 For new physics at a mass scale comparable to the electroweak scale three more such ‘oblique parameters’ have
been identified in [10].
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doublets [17]. Three or more Higgs doublets frequently appear in models with family
symmetries through which one wants to explain various features of the fermion masses and
mixings; for some examples in the lepton sector see the reviews in [18].

In this paper, we present a calculation of Ap in an extension of the SM with an arbitrary
number of Higgs doublets and also, in addition, arbitrary numbers of neutral and charged
scalar SU(2) singlets. Our results can be used to check the compatibility of the scalar
sector of multi-Higgs models with the constraints resulting from the electroweak precision
experiments.

Recently, there has been some interest in ‘dark’ scalars [19, 20]. These are scalars
that have no Yukawa couplings, and are thus decoupled from ordinary matter. Furthermore,
they have no vacuum expectation values (VEVs) and therefore display truncated couplings
to the gauge bosons. However, they would have quadrilinear vector—vector—scalar—scalar and
trilinear vector—scalar—scalar (but no vector—vector—scalar) couplings, and would thus also
contribute to, and be constrained by, Ap.

The plan of the paper is as follows. In section 2 we present a description of our extension
of the SM and the final result of the calculation of Ap; this section is self-consistent and
the result can be used without the need to consult the rest of the paper. The details of the
calculation are laid out in section 3. The application of our Ap formula to the general 2HDM
is given in section 4. The summary of our study is found in section 5.

2. The model and the result for Ap

2.1. The model

We consider an SU (2) x U (1) electroweak model in which the scalar sector includes n; SU (2)
doublets with hypercharge 1/2 7,

+

¢k=(¢g), k=1,2,... na. )
Pr

Moreover, we allow the model to include an arbitrary number and variety of SU (2)-singlet

scalars; in particular, n, complex SU (2) singlets with hypercharge 1,

Xi j=12,...,n. )
and n, real SU(2) singlets with hypercharge 0,
X I=1.2.....n, (10)

In general, our model may include other scalar fields, singlet under the gauge SU (2), with
different electric charges.
The neutral fields are allowed to have vacuum expectation values (VEVs). Thus,

(01p210) = —=, (1
NG
(01x10) = uy, (12)

the v, being, in general, complex. (The u; are real since the X[O are real fields.) We define as
usual v = (34, |vk|2)l/2 ~ 246 GeV. Then, the masses of the W* and Z° gauge bosons

7 Equivalently, we may consider the model to contain SU (2) doublets with hypercharge —1/2, since
0*
o = i‘[z(b;: = ((pk _>
—9
is also a doublet of SU (2).
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are, at tree level, my = gv/2 and mz = my /cy, respectivelyg. We expand the neutral fields
around their VEVs,

o =7 +e). (13)
X =u+ " (14)
Altogether, there are n = ng + n. complex scalar fields with electric charge 1 and

m = 2ng4 + n, real scalar fields with electric charge 0. The mass matrices of all these scalar
fields will in general lead to their mixing. The physical (mass-eigenstate) charged and neutral
scalar fields will be called S} (a = 1,2, ...,n) and S,? (b=1,2,...,m), respectively. Note
that the fields Sg are real. We use m,, to denote the mass of S;t and p; to denote the mass of
Sg. We have

of = UkaSy, (15)
a=1
n

XF =Y TiS:. (16)
a=1

o= VS, an
b=1

X' = RuS), (18)
b=1

the matrices U, T, V and R having dimensions ny X n, n. X n, ng X m and n,, X m, respectively.
The matrix R is real, the other three are complex. The matrix

. U
b= <T> (19)

is n X n unitary; it is the matrix which diagonalizes the (Hermitian) mass matrix of the charged
scalars. The real matrix
ReV
V=|ImV (20)
R
is m x m orthogonal; it diagonalizes the (symmetric) mass matrix of the real components of
the neutral scalar fields’.
There are, in the spontaneously broken SU (2) x U (1) theory, three unphysical Goldstone

bosons, G* and G°. For definiteness we assign to them the indices a = 1 and b = 1,
respectively:
St =G*, (21)
sV = G°. (22)

Thus, only the S* with @ > 2 are physical and, similarly, only the Sg with b > 2 correspond to
true particles. In the general 't Hooft gauge that we shall use in our computation, the masses
of G* and G° are arbitrary and unphysical, and they cannot appear in the final result for Ap.
8 Since the neutral singlet fields carry no hypercharge, their VEVs u; do not contribute to the masses of the gauge

bosons.
9 Qur treatment of the mixing of scalars is inspired by [21].
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2.2. The result

As we shall demonstrate in the next section, the value of Ap in the model outlined above is

2 n m
8 i 2 2,2
Ap=—2— ' F 2
P = S, ;;KU V)b *F (m, 113) (23a)
m—1 m
= D Im(VIV)u PF (. ) (23b)
b=2 b'=b+1
n—1 n
=23 > UU)aaPF (m}.m2) (23¢)
a=2 a’'=a+1
+3 > [Im(VIV) P [F (m%. u3) — F (m3y. 113)] (23d)
b=2
~3[F (mmd) — F (i, md)] . (230)

where m,, m, denote the masses of the charged scalars and u;, ;£ denote the masses of the
neutral scalars. The term (23b) contains a sum over all pairs of different physical neutral scalar
particles SS and Sg/; similarly, the term (23¢) contains a sum over all pairs of different charged
scalars, excluding the Goldstone bosons G*,ie.2 < a < a < n. The term (23¢) consists of
the subtraction, from the rest of Ap, of the SM result—m, is the mass of the sole SM physical
neutral scalar, the so-called Higgs particle.

In equation (23), the function F of two non-negative arguments x and y is
X+y Xy X

In- & x#y,

F,yy=y 2 X=y 24)

0 & x=y.
This is a non-negative function, symmetrical under the interchange of its two arguments,
and vanishing if and only if these two arguments are equal. This function has the important
property that it grows linearly with max(x, y), i.e. quadratically with the heaviest-scalar mass,
when that mass becomes very large. Unless there are cancellations, this leads to a quadratic
divergence of Ap for very heavy scalars (Higgs bosons).

If there are in the model any SU (2)-singlet scalars with electric charge other than 0 or £1,
then the existence of these scalars does not contribute to Ap; they do not modify equation (23),
at one-loop level, in any way.

A simplification occurs when in the model there are no SU (2)-singlet charged scalars x ;.
In that case, there is no matrix 7, hence the matrix U is unitary by itself, and the term (23c¢)
vanishes.

When in the model there are no SU (2)-singlet neutral scalars X[O, there is no matrix R,
hence Re(VV),y = (ReV ReV +Im V7 Im V)bb, = 8. Then, in the terms (23b) and
(23d) one may write [(VIV)p|? instead of [Im(V V)12

Thus, in an n4-Higgs-doublet model without any scalar singlets, one has simply

2 ng 2ng

8 + 2 2 2

= — UVl F s

64-71'2m%v ;; I€ Jas| (ma 'U‘b)
2}1,{—1 an

- > D VIV PF (15, 13)

b=2 b'=b+1

Ap
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2ng
£33 IV [F (m, 1) = F (m}y. )]
b=2
—3[F (m%, my) — F (my,, my)] } (25)

Our general results have been checked to be consistent with specific results for Ap in a few
models. These include the results for both the CP conserving version [5, 13] and the CP non-
conserving version [16] of the 2HDM'?. It has also been checked against a model containing
one doublet and one scalar singlet [22].

3. Derivation of the result

This section contains the derivation of equation (23). It may be skipped by those who are not
interested in the details of that derivation.

3.1. The Lagrangian

We use the conventions of [23]. The covariant derivative of the doublets is

2 2
0u0f — 1—WL o + Mzwpg +ieA,of
Dy = V2! ) v ) (26)
O — \/— W gp +i WZP-(pk
and the covariant derivative of the charged singlets is
8si
Dux} = aux;’+ic—v:VZMX;'+ieAux;’. (27)

The covariant derivative of the neutral singlets is, of course, just identical to their ordinary
derivative. We use the unitarity of U in equation (19), in particular

(T'Daa = 8wa — (UTV)ava- (28)
We also use the orthogonality of V in equation (20) to arrive at the gauge-kinetic Lagrangian

Ny

ng i ne l
D (D 90 (D) + 3 (D" 1) (D) + 5 D (0 x7) ()

k=1 j=1 =1

n 1 m
= > (0"8;) (3.87) + EZ 9"89) (8,.0) (29a)
b=1
ZrZz
+mWW“ W++mZ ® (29b)
+imy Y (W, (@'U),0"S; — Wi (U'lw),0"S, | (29¢)
a=1
+mzZ, Y Im(a'V),d"S) (29d)

b=1
10 There is some discrepancy between our result and that presented in section 4 of [11].
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n

— (emw A" + gsymzZ") Y " [(@'U)a W, S3+ (Ulw) Wy S, | (29)
a=1
+ieA, Z (Siars, — S, a"Sy) (291)
a=1
+ i%zﬂ 22:1 [25%/ 800 — (UTU)wa] (S10"S, — S, 0"S}) (29¢)
+ %zﬂ r:i; b’ib;-l Im(ViV),y (S29780 — 89070 (29h)

+1—ZZ U)W} (S, 048 — Spars,)

a=1 b=1
+ (VU)W (Sp0"S) — Sy0"Sy)] (29i)
_ mz Z VA i .
+g (mWW;W“ o ) Z SYRe(@V), (29)

n

<§A” 5 Z") N S WUV WIS, + (VU)W SE] (29%)
1 b=1

2 a=
2 2 m
8 _ g Z* o
HGTWWI ViIV)y,S0s 2]
(4 T4, 2 )bbzl( oSSy (291)
g2 n T
I o
S WewW; > U)waS, S, 29m)
a,a’=1
A“A .
ZS Sa (29n)
+ —AMZ 2s Suar — (U U)aa] S, S+ (290)
cw aaX—:l " ]
2 n
g~ Z*Z, . , T .
+ ﬂ > Q;I [4SW8aa/ + (1 — 4SW) (U U)a’a] Sa’Sa . (29[7)

In lines (29¢)—(29¢) and (29) we have used an n, vector w defined by @, = vi/v. By
identifying lines (29¢) and (29d) with the usual terms [23] mixing the W* and Z° gauge
bosons with the G* and G Goldstone bosons, respectively,

imy (W, 0"G* = Wrd"G™) + mzZ,0"G",

we conclude that the components of the Goldstone bosons are given by [21]

U = 2, hence T =0, (30)
U
.Uk
Vkl =1, hence R11 =0. (31)
v
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Figure 1. Three types of Feynman diagrams occurring in the calculation of the vacuum
polarizations.

Therefore, we may rewrite line (29¢) as
— (emw A" + gsyymzZ") (W, G+ W;iG") (32)
and line (29)) as
Z,ZM\
—g mWW+W“—+ﬂ“—> > S Im(VIV)y,. (33)
® Cw 2 2
The sum starts at b = 2 because Im(VV);; = 0.

If there are in the theory any SU (2)-singlet scalars S*¢ with electric charges +Q other
than 0 or 1, then those scalars do not mix with components of the doublets. Their covariant
derivative is

853, 0 :
D,S$*? =9,5" + 172MS+Q +ieQA, S, (34)
This yields, in particular, the following two interaction terms in the Lagrangian:

gsy O
L= ti Z, (ST991s72 — 57991 5+9) (35a)
Cw
2 2
N (gsWQ> 2, 71525+, (35b)
cw

3.2. The Feynman diagrams

In our model, in the computation of the vacuum polarizations of the gauge bosons W= and Z°
there are four types of Feynman diagrams involving scalar fields:

Type (a) diagrams: a scalar branches off from the gauge-boson line and loops back to the
same point in that gauge-boson line—see figure 1(a). When the scalar is neutral, the relevant
interaction terms in the Lagrangian are those in line (291), for b’ = b; but then the contribution
to Ap vanishes, since one obtains I}, = ¢3 15", When the scalar is charged, the relevant
terms in the Lagrangian are those in line (29m) for T}, and line (29 p) for 1%, in both cases

A
fora’ = a.

Type (b) diagrams: the gauge-boson line splits into two scalar lines which later reunite to form
a new gauge-boson line—see figure 1(b). The relevant terms in the Lagrangian are those in
line (29i) for IT};y,, and those in lines (29g) and (29h) for I15,.

Type (c) diagrams: a neutral scalar branches off from the gauge-boson line and loops to a
later point in that gauge-boson line—see figure 1(c). The interaction terms in the Lagrangian
responsible for these Feynman diagrams are those in expression (33).
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Figure 2. Tadpole diagrams which do not contribute to Ap.

Type (d) diagrams: a neutral scalar branches off, with zero momentum, from the gauge-boson
line, and produces a loop of some stuff—see figure 2. These ‘tadpole’ Feynman diagrams
originate from the interaction terms in expression (33). They yield a vanishing contribution to
Ap since one obtains T}y, = c%, I1’,. Hence we may omit the tadpole diagrams altogether.

3.3. Computation of the loop diagrams

We use dimensional regularization in the computation of the Feynman diagrams. The
dimension of space-time is d. An unphysical mass p is used to keep the dimension of
each integral unchanged when d varies. We define the divergent quantity

2
div = Tt 1 +In (4 ),

where y is Euler’s constant. In the computation of type (a) Feynman diagrams the relevant
momentum integral is

Ak g ighv
4—d .
=28 Adiv—1InA), 36
" /(2n)dk2—A+ie Top2 v —Ind) (36)

where A is the mass squared of the scalar particle in the loop. In order to compute the type
(b) and type (c) Feynman diagrams we need first to introduce a Feynman parameter x, which
is later integrated over from x = 0 to x = 1. For type (b) diagrams we have

k! 4k igh”
4—d .
d = A(div—1In A
2 (2n)d/0 x[kz—Ax—B(l “ ) +iel 16n2[ (div—1n A)
+B(div—1nB) + F(A, B)], a7

where A and B are the masses squared of the scalars in the loop, and the 4-momentum g* of
the external gauge-boson line is taken to obey ¢ = 0. Note the presence of terms of the form
A(div — In A) in both diagrams of types (a) and (b); we shall soon see that those terms cancel
out in the computation of Ap, leaving only the F functions from the type (b) diagrams. For
type (c) diagrams the relevant integral is

ddk 1 iy
M4—d / dx 8 .
Q) Jy K% — Ax — B(I — x) +ie]?

187 1 div_tna) — 278 kB (38)
=—— iv—InA) - —— , .

1672 A 2
This integral is symmetric under the interchange of A and B; equation (38) presents a seemingly
asymmetric form, but it is in fact symmetric. The reason for expressing the integral in this
way is that, due to cancellations, only the terms F (A, B) survive in the end.
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3.4. The contributions to Ap from diagrams of types (a) and (b)

Using (29m) and (36), we see that the contribution to Ay (¢2) of type (a) Feynman diagrams
with charged scalars in the loop is

2 n
a g : .
A (@) = —2 > WUU)gem} (div —Inm?) . (39)
a=1
In the same way, using (29 p),
2 n

AY (%) = — gz = > [asty + (1 = 4s3) (UTU) o] m2 (div — Inm2) . (40)

32micy, =

Proceeding to the type (b) Feynman diagrams, from (29i) and (37) we find that

2 n m
AP = E S S WUV (VI [m2 (div — Inm?)

64 a=1 b=1
+up (div —Inpp) + F (m2, uj)]
2 n
__8 t 2 (15 2
== [2 ;(U U)aam? (div — Inm?2) (41a)
+ Y (VIV)pppay (div — Inge) (41b)
b=1
S W VY| F (2, Mg)} . (41c)
a=1 b=l1
We have used
D WV (VU = VIV, (42)

a=1

which follows from the unitarity of U, i.e. from [21]

UU" = 1,,xn,- (43)
‘We have also used

S WV (VIU)pa = 20UV ) g (44)

b=1

which follows from the orthogonality of V, i.e. from [21]
ReVRe VI =ImVImVT = 1,,4,,
(45
ReVImV? =ImVRe V! = 0,,xn,-
Considering now the self-energy of the Z° boson, we find

n

Z [ZS\Z/V(Saa’ - (UTU)a’a] [zsa/saa’ - (UTU)aa’]

a,a’=1

X [mﬁ (div - lnmz) + mg (div —1In mg) +F (mg, mg)]

g2
64m2ci,

AL (0) =

10
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m—1 m
+Y D Im(VIV)y P

b=1 b'=b+1

x (12 (div —Inpd) +pd (div —Inpd) + F (3, d)] }

2 n—1 n
g
— 2 1) [2F (m2, m2, 4
Ty { ;;l (U0 )aw P F (m2, m2) (46a)
+2) " [4sh, + (1 — 4s3) (U'U) ] m (div — Inm?) (46b)
a=1
m—1 m
33 Um(VIV) P F (3. 13) (46¢)
b=1 b'=b+1
+Y (VIV)ppug (div —In ui)} ) (46d)
b=1
We have used
D ImVIV) P = (VIV)y, (47)
b'=1

which follows from equations (45).
Putting everything together, we see that
the A(v?/)w (g?) of equation (39) cancels out the line (41a) of A(‘f,)w 0);
the A%) (¢%) of equation (40) cancels out the line (46b) of A7), (0);
the line (41b) of A;IZ)W (0) cancels out the line (46d) of A(Zh)Z (0) in the subtraction
Aww — c%,v Azz.
In this way we finally obtain

2 n m
AT 0 = AL 0 = {Z DIV F (m2, 113) (48a)
a=1 b=1
n—1 n
=23 " WU aaPF (m]. m) (48b)
a=1 a'=a+1
m—1 m
=D D ImVIV) PF (i3, u%,,)} : (480)
b=1 b'=b+1

The positive term (48a) originates from A(v[l;)w while the negative terms (48b) and (48c) come
from Ag”z.

If there are in the electroweak theory any scalar SU(2) singlets with electric charges
other than O or &1, then the relevant terms in the Lagrangian are those in equation (35). The
term (35b) generates a type (a) Feynman diagram which exactly cancels the type (b) Feynman
diagram generated by the term (35a)'!. Thus, scalar SU(2) singlets with electric charge
different from O and £1 do not affect Ap at all.

' This cancellation is analogous to that between equation (40) and line (46b).
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The sums in equation (48) include contributions from the Goldstone bosons G* = S li and
G’ = S?. These Goldstone bosons have unphysical masses m and w, respectively, which
are arbitrary in a "t Hooft gauge. The terms which depend on those masses are, explicitly,

((UTV)LPPF (m}, 1) (49a)
+ i |(UTV) 1 F (m1, u3) (49b)

s
+ Z UV PF (mg, 1) (49¢)

s
- Zi ((UT0) 1P F (m, m7) (49d)

s

- i[lm(vTvnh]zF (3. 1p) - (49¢)

s

One may eliminate some of these terms by using equations (30) and (31). Indeed, (U'U),, =
—(T'T)1, = 0 when a # 1, because T;; = 0 for any j; also, (UTV), = i(UTU), = 0 for
a # 1. Therefore, the terms (49¢) and (49d) vanish. In the term (49a), (UTV);; = i. In the
term (49b) one may write

UV, =i(VIV)p = =Im(VIV), < b #1, (50)
since Re(VIV)y, = (Re VI ReV +Im V' ImV), , = — (R"R),, = 0. In this way, the terms
(49) are reduced to

F(mi. )+ 0mVIV), 2 [F (m}, u3) — F (u}, 13)] .- (51)

b=2
The term F (m%, u%) is independent of the number of scalar doublets and singlets, hence it is
eliminated when one subtracts the SM result from the multi-Higgs-doublet model one. The

other terms in expression (51) are cancelled out by the diagrams of type (c), as we shall see
next.

3.5. The contributions to Ap from the diagrams of type (c)

To compensate for the unphysical masses of the Goldstone bosons, the propagators of gauge
bosons W= and Z° with 4-momentum k* are, in a ’t Hooft gauge,

kuk, i kuk, i
ke 1 <_gw+u_> b (52)
m

m¥, k2 —m? 2 ) k2 —m3,

koo i ko i
e U (g ) L 53
m% k2 —pu? < Bu mzz)kz—m2 (53)

respectively, i.e. they contain a piece with a pole on the unphysical masses squared m% and
w3, respectively.

12
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Using these propagators to compute the type (c) Feynman diagrams, one obtains

2 m
c g , .

Ay (0) = = — ;[Im(VT V)il [—m? (div — Inm?) — 3m?, (div — Inm?)
+2(m%v+u§) - F(m%,ui) - 3F (m%vui)] (54)
2 m

AL 0) = —5 S ImVIV) P[44 (div — Inpi}) — 3m (div — Inm3)

64m=cy, pa

+2 (34 13) — F (3. 123) = 3F (w3, 3)]. 65)

The factors 3 originate in a partial cancellation between the contributions from the pieces

2 . . . .
—guv and k,k, /m7, in the propagator of the gauge boson V, the former contribution being
four times larger than, and with opposite sign relative to, the latter one, cf equations (37) and
(38). Performing the subtraction relevant for Ap, one obtains

ALL0) — 2,49 (0) = 65; bf;[lm(w\/)l,,]z
x [—m7 (div — Inm7) + uf (div — In u7) (56a)
— 3my, (div — Inm3,) + 3m? (div — Inm3) (56b)
+2 (my, —m%) (56¢)
= F (mi. pu3) + F (1. 113) (56d)
= 3F (my, uy) +3F (m7, 13)] (56¢)

The terms (56a)—(56c¢) are independent of the number of scalar doublets. They disappear
when one subtracts the Standard-Model result from the multi-Higgs-doublet model one, since
D Im(ViV)pl = (Vv = 1. (57)
b=2
The terms (56d), which involve the masses of the Goldstone bosons, cancel out the terms in
(51) except the first one, which is cancelled by the subtraction of the SM result.
We have thus finished the derivation of equation (23) for Ap.

4. The 2HDM and the Zee model

In this section we give, as examples of the application of our general formulae, the expressions
for Ap in the 2HDM and also in the model of Zee [24] for the radiative generation of neutrino
masses, which has one singly-charged SU (2) singlet together with the two doublets.

In the study of the 2HDM it is convenient to use the so-called ‘Higgs basis’, in which
only the first Higgs doublet has a vacuum expectation value. In that basis,

B G* B St
o= ((v +H+ iGO)/ﬁ) ’ 2= <(R +il) /ﬁ) ' %)

Here, G* = S} and G° = SV are the Goldstone bosons, while S is the physical charged
scalar, which has mass m,. Thus, the matrix U, which connects the charged components of

13
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¢ and ¢, to the eigenstates of mass, is in the Higgs basis of the 2HDM equal to the unit
matrix. On the other hand, H, R and I, which are real fields, must be rotated through a 3 x 3
orthogonal matrix O to obtain the three physical neutral fields 53,35 4

H 9
R|l=0]|S)]. (59)
I 9
Without lack of generality we choose det O = +1. Thus, the 2 x 4 matrix V, defined through
GO
H +iG° 59
<R+11)_V Y| (60)
SO
is
_ 1 0]1 0]2 0]3
V= (0 071 +1031 Opn+i03 Or; +i033> ’ ©61)

Therefore,

1 —101] —i0]2 —1013

ty — 1014 1 i0;3 —i0p; )
viv 101, —i0;3 1 10y (62)
i013 10, —iOy 1
The value of Ap in the 2HDM is therefore, using our formula in equation (25),
82 {24: 2 2 2
Ap=—5__ 1S (1= 0% ) F (md 112)
2,2 1b—1 20 Mp
64m-my, o
— O} F (3. 13) = OB F (u3. 1) — OLF (43, 1)
+3) 03, [F (m%. uj) — F (miy, u3) — F (m%.my) + F (miy. mp) |} (63)

where 17 3.4 denote the masses of 53,37 4> respectively, while m, is the mass of the Higgs boson
of the SM. Equation (63) reproduces, in a somewhat simplified form, the result for Ap in the
2HDM previously given in [16].

A special case of the 2HDM is the model with one ‘dark’ scalar doublet. This means that
a second doublet is added to the SM, but that doublet has no VEV and it does not mix with the
standard Higgs doublet [19]. We should then identify H with the usual Higgs particle. Thus,
011 = 1 and up = my,. Equation (63) then simplifies to [20, 25]

|:Z F mz, ub - F (u%, ,ui):| . (64)

This quantity is small if the three masses m;, 3 and w4 are close together. Note that in this case
of a ‘dark’ scalar doublet there are no vector—vector—scalar couplings involving the additional
doublet, hence Ap stems exclusively from the type (a) and type (b) Feynman diagrams.

In the model of Zee there is, besides the two scalar SU (2) doublets

G* H*
9= ((v +H+ iGO)/«/§> ’ 2= <(R + il)/ﬁ) ’ (63)

A
P= 64712mW

14
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also one scalar SU (2) singlet x* with unit electric charge. Therefore there is a 2 x 2 unitary
matrix K such that

(1) (3)
3

where S5 and S3 are the physical charged scalars, which have masses m; and m3, respectively.
So, now the matrix U of equation (15) is

1 0 0
U= , 67
<0 K K12> ©7)
so that
1 0 0
Ulu =0 [Kul® KiK. (68)

0 Kukj, |Kpl
Equations (61) and (62) retain their validity, and

i O11 Oz O3
U'V=|0 Kj(0y+i03) K{ (0n+i03) K{ (03+i03)|. (69)
0 KTZ (021 +1031) Kl*z (022 +103) Kikz (03 +1033)

Therefore, using our general formula (23) for Ap, we see that, in the model of Zee,

2 4 3
g
Ap = 64”2’”%4/ {Z (1 - 012b71) Z |K1a71|2 F (mi, /Li)

b=2 a=2
—2|K\1 K o> F (m3, m3)

— O} F (13, 143) = OB F (n3. 113) — O F (13, 13)

4
+3Z 03}, [F (mzz, y,lz,) — F (m3,, u,,%) —-F (mzz, mi) +F (m%,, mz)] . (70)
b=2

5. Summary

In this paper we have derived the formula for the parameter Ap, as defined in equation (4),
in an extension of the Standard Model characterized by an arbitrary number of scalar SU (2)
doublets (with hypercharge 4-1/2) and singlets (with arbitrary hypercharges). Our formalism
is completely general, using only the masses of the scalars and their mixing matrices, which
ensures that our formulae are always applicable. The computation has been carried out in a
general R; gauge, thereby demonstrating that the final result is independent of the masses of
the unphysical scalars. We have also explicitly demonstrated that all infinities cancel out in
the final result for Ap. In order to ease the consultation of this paper, the formulae for Ap
given in section 2 have been completely separated from their derivation presented in section 3.
Our results can be applied either to check the viability of a model or to constrain its parameter
space, by comparing the Ap, calculated in that model, with numerical bounds on Ap obtained
from a fit to precision data—for instance, the bound (7) found in [4]. As an illustration of our
general formulae, in section 4 we have worked out the specific cases of the two-Higgs-doublet
model, with and without one extra charged scalar singlet.



J. Phys. G: Nucl. Part. Phys. 35 (2008) 075001 W Grimus et al

Acknowledgments

WG thanks S Dittmaier, W Hollik, M Krawczyk and H Neufeld for helpful discussions.
The work of LL was supported by the Portuguese Fundacdo para a Ciéncia e a Tecnologia
through the project U777-Plurianual. WG and LL acknowledge support from EU under the
MRTN-CT-2006-035505 network programme.

References

(1]

[2]
[3]
[4]
[3]

[6]

[7]
[8]

[9]

[10]

(11]

[12]

[13]

[14]

[15]

[16]
[17]

(18]

16

Ross D A and Veltman M J G 1975 Neutral currents in neutrino experiments Nucl. Phys. B 95 135

Veltman M J G 1977 Second threshold in weak interactions Acta Phys. Pol. B 8 475

Veltman M J G 1977 Limit on mass differences in the Weinberg model Nucl. Phys. B 123 89

Einhorn M B, Jones D R T and Veltman M J G 1981 Heavy particles and the rho parameter in the Standard
Model Nucl. Phys. B 191 146

Yao W M et al (Particle Data Group) 2006 Review of particle physics J. Phys. G: Nucl. Part. Phys. 33 1

Erler J and Langacker P 2006 Review of particle physics J. Phys. G: Nucl. Part. Phys. 33 119

Bertolini S 1986 Quantum effects in a two-Higgs-doublet model of the electroweak interactions Nucl. Phys.
B 27277

Denner A, Guth R J and Kiihn J H 1990 Relaxation of top-mass limits in the two-Higgs-doublet model Phys.
Lett. B 240 438

Froggatt C D, Moorhouse R G and Knowles I G 1992 Leading radiative corrections in two-scalar-doublet
models Phys. Rev. D 45 2471

Boughezal R, Tausk J B and van der Bij J J 2005 Three-loop electroweak correction to the rho parameter in the
large Higgs mass limit Nucl. Phys. B 713 278 (Preprint hep-ph/0410216) and references therein

Peskin M E and Takeuchi T 1990 A new constraint on a strongly interacting Higgs sector Phys. Rev. Lett. 65 964

Peskin M E and Takeuchi T 1992 Estimation of oblique electroweak corrections Phys. Rev. D 46 381

Altarelli G and Barbieri R 1991 Vacuum-polarization effects of new physics on electroweak processes Phys.
Lert. B 253 161

Altarelli G, Barbieri R and Jadach S 1992 Toward a model-independent analysis of electroweak data Nucl. Phys.
B 369 3

Altarelli G, Barbieri R and Jadach S 1992 Toward a model-independent analysis of electroweak data Nucl. Phys.
B 376 444 (erratum)

Maksymyk I, Burgess C P and London D 1994 Beyond S, T, and U Phys. Rev. D 50529 (Preprint
hep-ph/9306267)

Gunion J F, Haber H E, Kane G L and Dawson S 1989 The Higgs Hunter’s Guide (Reading, MA: Addision—
Wesley)

Hollik W 1986 Nonstandard Higgs bosons in SU (2) x U (1) radiative corrections Z. Phys. C 32 291

Hollik W 1988 Radiative corrections with two Higgs doublets at LEP/SLC and HERA Z. Phys. C 37 569

Denner A, Guth R J, Hollik W and Kiihn J H 1991 The Z width in the two-Higgs-doublet model Z. Phys.
C 51695

Chankowski P H, Krawczyk M and Zochowski J 1999 Implications of the precision data for very light Higgs
boson scenarios in 2HDM(II) Eur. Phys. J. C 11 661 (Preprint hep-ph/9905436)

Chankowski P H, Farris T, Grzadkowski B, Gunion J F, Kalinowski J and Krawczyk M 2000 Do precision
electroweak constraints guarantee e*e™ collider discovery of at least one Higgs boson of a two-Higgs-doublet
model? Phys. Lett. B 496 195 (Preprint hep-ph/0009271)

Krawczyk M and Temes D 2005 Large 2HDM(II) one-loop corrections in leptonic tau decays Eur. Phys. J.
C 44 435 (Preprint hep-ph/0410248)

Gunion J F and Haber H E 2003 The CP-conserving two-Higgs-doublet model: the approach to the decoupling
limit Phys. Rev. D 67 075019 (Preprint hep-ph/0207010)

Cheung K and Kong O C W 2003 Can the two-Higgs-doublet model survive the constraints from the muon
anomalous magnetic moment as suggested? Phys. Rev. D 68 053003 (Preprint hep-ph/0302111)

El Kaffas A W, Khater W, Ogreid O M and Osland P 2007 Consistency of the two-Higgs-doublet model and
CP violation in top production at the LHC Nucl. Phys. B 775 45 (Preprint hep-ph/0605142)

Grossman Y 1994 Phenomenology of models with more than two Higgs doublets Nucl. Phys. B 426 355
(Preprint hep-ph/9401311)

Grimus W 2004 Neutrino Physics—Theory (Lectures on Flavor Physics) ed U-G Meifiner and W Plessas (Berlin:
Springer) p 169 (Preprint hep-ph/0307149)


http://dx.doi.org/10.1016/0550-3213(75)90485-X
http://dx.doi.org/10.1016/0550-3213(77)90342-X
http://dx.doi.org/10.1016/0550-3213(81)90292-3
http://dx.doi.org/10.1088/0954-3899/33/1/001
http://dx.doi.org/10.1016/0550-3213(86)90341-X
http://dx.doi.org/10.1016/0370-2693(90)91126-V
http://dx.doi.org/10.1103/PhysRevD.45.2471
http://dx.doi.org/10.1016/j.nuclphysb.2005.02.020
http://www.arxiv.org/abs/hep-ph/0410216
http://dx.doi.org/10.1103/PhysRevLett.65.964
http://dx.doi.org/10.1103/PhysRevD.46.381
http://dx.doi.org/10.1016/0370-2693(91)91378-9
http://dx.doi.org/10.1016/0550-3213(92)90376-M
http://dx.doi.org/10.1016/0550-3213(92)90133-V
http://dx.doi.org/10.1103/PhysRevD.50.529
http://www.arxiv.org/abs/hep-ph/9306267
http://dx.doi.org/10.1007/BF01552507
http://dx.doi.org/10.1007/BF01549716
http://dx.doi.org/10.1007/BF01565598
http://dx.doi.org/10.1007/s100529900217
http://www.arxiv.org/abs/hep-ph/9905436
http://dx.doi.org/10.1016/S0370-2693(00)01293-4
http://www.arxiv.org/abs/hep-ph/0009271
http://dx.doi.org/10.1140/epjc/s2005-02370-2
http://www.arxiv.org/abs/hep-ph/0410248
http://dx.doi.org/10.1103/PhysRevD.67.075019
http://www.arxiv.org/abs/hep-ph/0207010
http://dx.doi.org/10.1103/PhysRevD.68.053003
http://www.arxiv.org/abs/hep-ph/0302111
http://dx.doi.org/10.1016/j.nuclphysb.2007.03.041
http://www.arxiv.org/abs/hep-ph/0605142
http://dx.doi.org/10.1016/0550-3213(94)90316-6
http://www.arxiv.org/abs/hep-ph/9401311
http://www.arxiv.org/abs/hep-ph/0307149

J. Phys. G: Nucl. Part. Phys. 35 (2008) 075001 W Grimus et al

[19]
[20]
[21]
(22]
(23]

[24]

(25]

Grimus W and Lavoura L 2003 Models of maximal atmospheric neutrino mixing Acta Phys. Pol. B 34 5393
(Preprint hep-ph/0310050)

Mondragén A 2006 Models of flavour with discrete symmetries AIP Conf. Proc. 857B 266 (Preprint
hep-ph/0609243)

Ma E 2006 Verifiable radiative seesaw mechanism of neutrino mass and dark matter Phys. Rev. D 73 077301
(Preprint hep-ph/0601225)

Barbieri R, Hall L J and Rychkov V S 2006 Improved naturalness with a heavy Higgs: an alternative road to
LHC physics Phys. Rev. D 74 015007 (Preprint hep-ph/0603188)

Grimus W and Neufeld H 1989 Radiative neutrino masses in an SU(2) x U (1) model Nucl. Phys. B 325 18

Grimus W and Lavoura L 2002 Soft lepton-flavor violation in a multi-higgs-doublet seesaw model Phys. Rev.
D 66 014016 (Preprint hep-ph/0204070)

Profumo S, Ramsey-Musolf M J and Shaughnessy G 2007 Singlet Higgs phenomenology and the electroweak
phase transition J. High Energy Phys. JHEP08(2007)010 (Preprint 0705.2425)

Branco G C, Lavoura L and Silva J P 1999 CP Violation (Oxford: Oxford University Press) chapter 11

Zee A 1980 A theory of lepton-number violation and neutrino Majorana masses Phys. Lett. 93B 389

Zee A 1980 A theory of lepton-number violation and neutrino Majorana masses Phys. Lett. 95B 461 (erratum)

Zee A 1985 Charged scalar field and quantum number violations Phys. Lett. B 161 141

Lavoura L and Li L-F 1993 Mechanism for obtaining a negative T oblique parameter Phys. Rev. D 48 234


http://www.arxiv.org/abs/hep-ph/0310050
http://www.arxiv.org/abs/hep-ph/0609243
http://dx.doi.org/10.1103/PhysRevD.73.077301
http://www.arxiv.org/abs/hep-ph/0601225
http://dx.doi.org/10.1103/PhysRevD.74.015007
http://www.arxiv.org/abs/hep-ph/0603188
http://dx.doi.org/10.1016/0550-3213(89)90370-2
http://dx.doi.org/10.1103/PhysRevD.66.014016
http://www.arxiv.org/abs/hep-ph/0204070
http://dx.doi.org/10.1088/1126-6708/2007/08/010
http://www.arxiv.org/abs/0705.2425
http://dx.doi.org/10.1016/0370-2693(85)90625-2
http://dx.doi.org/10.1103/PhysRevD.48.234

	1. Introduction
	2. The model and the result
	2.1. The model
	2.2. The result

	3. Derivation of the result
	3.1. The Lagrangian
	3.2. The Feynman diagrams
	3.3. Computation of the loop diagrams
	3.4. The contributions
	3.5. The contributions to Delta rho

	4. The 2HDM and the Zee model
	5. Summary
	Acknowledgments
	References

