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ABSTRACT: While all models of Majorana neutrino masses lead to the same dimension five
effective operator, which does not conserve lepton number, the dimension six operators
induced at low energies conserve lepton number and differ depending on the high energy
model of new physics. We derive the low-energy dimension six operators which are char-
acteristic of generic Seesaw models, in which neutrino masses result from the exchange of
heavy fields which may be either fermionic singlets, fermionic triplets or scalar triplets.
The resulting operators may lead to effects observable in the near future, if the coefficients
of the dimension five and six operators are decoupled along a certain pattern, which turns
out to be common to all models. The phenomenological consequences are explored as well,
including their contributions to u — ey and new bounds on the Yukawa couplings for each
model.
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[§. Low scale models of light neutrino masses with large Yukawa couplings [0

1. Introduction

The experimental observation of non-zero neutrino masses and mixings constitutes evidence
for physics beyond the Standard Model (SM) and points to the existence of a new, yet
unknown, physics scale. It has been already a few years since the breaking of such exciting
news and nevertheless little — if anything — is known about the underlying physics. The
difficulty lies in both the fact that neutrinos are very weakly interacting particles and, more
important, in the tiny value of their masses — orders of magnitude lighter than any other
fermion masses — pointing to very suppressed effects. The absence of exotic experimental
signals other than neutrino masses, as well as the theoretical criteria of naturalness, point
to values of the new physics scale, M, larger than the electroweak scale.

It is worth recalling that the evidence for neutrino masses comes from neutrino oscilla-
tions, which detect the interference between the different paths taken by different neutrinos
when traveling a long distance. The paths differ because the masses differ and what has
been measured is the relative phase shift induced, which is only sizable after extremely
long distances. In other words, detection has been possible because neutrino masses af-
fect neutrino propagation. Other possible low-energy effects of the underlying theory, i.e.
exotic couplings, are typically zero-distance effects which cannot benefit from such an en-
hancement. Its suppression is only easily overcome at very high energies, with the particle
momenta equal or larger than the scale M, as for instance in leptogenesis scenarios, where
the high energies of the early universe allow the heavy fields at the origin of neutrino masses
to roam freely.

To see what could be the nature and magnitude of the low energy effects associated to
neutrino masses it is convenient to rephrase the above in terms of a generic effective low-
energy theory. Effective theories allow rather model-independent analysis based on the
fundamental symmetries, while only the coefficient of the effective operators are model-
dependent. The impact at low energies of the heavy fields present in the putative high-
energy theory can be parametrized, without loss of generality, by an effective Lagrangian
including:

e Corrections to the parameters of the SM Lagrangian.

e The addition to the SM Lagrangian of a tower of non-renormalizable higher-dimension
operators, invariant under the SM gauge group. The latter are made out of the SM
fields active at low energies and their coefficients weighted by inverse powers of the
high scale M,

Leg = Loym + 0L 46£970 ... (1.1)



The only possible dimension 5 (d = 5) operator is the famous Weinberg operator [fl],

5LA=5 — %cg{? (%,6°) (1 £05) + e, (1.2)
where /7, stands for the lepton weak doublets,! greek letters denote flavour indices and (]3
is related to the standard Higgs doublet ¢ = (¢, #°) by ¢ = im¢*. Finally, ci? is a
coefficient matrix of inverse mass dimension, i.e. O(1/M). This operator is not invariant
under the B — L symmetry, with B and L denoting respectively baryon and lepton number,
which is an accidental symmetry of the SM. Upon electroweak symmetry breaking, <
#° >=v/\/2, v = 246 GeV, this term results in Majorana neutrino masses. Such a d = 5
operator is characteristic of all theories with Majorana neutrino masses, such as for instance
the minimal (type I) Seesaw model [B]. Therefore the knowledge of cgz“r’ doesn’t allow to
discriminate between these models. It is very suggestive that the lowest-order effect of high-
energy beyond the Standard Model physics may be neutrino masses. There is no hope to
see any other low energy effects, e.g. zero distance effects, associated to this operator.
These effects are necessarily tiny since neutrino masses — which fix the ci?r’ coefficients
— are tiny.?

The case of the dimension six (d = 6) SU(3) x SU(2) x U(1) invariant operators is
different, though. There is a plethora of such operators [J|. Different classes of models
result in different d = 6 operators. Their identification and eventually their experimental
selection is then a very important tool to discriminate the origin of neutrino masses. An
important property of these operators is that they are not necessarily suppressed as the
d = 5 operator and, therefore, may lead to observables low-energy effects. The point is that
all of them preserve B — L, in contrast with the unique d = 5 operator above. This suggests
that, from the point of view of symmetries, it may be natural to consider large coefficients
for the d = 6 operators resulting from the new physics, while having small coefficients for
the B — L odd operator. Such a possibility would require to decouple the coefficients of the
d = 6 operators from that of the d = 5 operator responsible for neutrino masses.

The first purpose of this work is to identify the effective d = 6 operators which are
characteristic of Seesaw models (section 2). In the latter, the tiny neutrino masses naturally
result from the tree-level exchange of heavy particles, which may be either fermions or
bosons. The exchange of heavy SM singlet fermions is the essence of the minimal Seesaw
model (type I) and its generalizations. Analogously, the exchange of heavy SU(2);, scalar
triplets is another possibility which has been widely explored, as in the type II Seesaw
model and its generalizations [[f]. SU(2),, fermionic triplets may also mediate light neutrino
masses (type III Seesaw) [{, B, —P]. Most beyond the SM theories with Majorana neutrino

masses typically incorporate one of these mechanisms or combinations of them: the lessons

!The charge-conjugate spinor is denoted 3¢ = C@T, where T' denotes transposition and C charge
conjugation.

2Notice that neutrino masses have been detected in neutrino oscillation experiments, which in fact
measure differences between the square of neutrino masses. That is, if the neutrinos are Majorana particles,
the experiments have already measured an effect suppressed as (c&3°)° ~ 1/M? instead of 1/M and thus
quantitatively alike to that from generic dimension six operators.



learnt from their study should be of extensive relevance. We will thus discuss the effective
low-energy Lagrangians for the three generic cases: heavy fermion singlets, heavy scalar
triplets and heavy fermionic triplets, illustrated in figure fl.

Next, in a second stage (section 3) we consider the possibility that the d = 6 operators
are not as suppressed as the d = 5 operator, so that observable low-energy effects may be
expected. Since these operators are suppressed by 1/M?, this requires a value of M not
far beyond the electroweak scale. We consider this possibility, which is not excluded at all
and may even be supported by hierarchy arguments. It will then be shown that in order
to have observable low energy effects, it is necessary and possible to decouple and suppress
the coefficient of the d = 5 operator relative to the d = 6 operator coefficients, in a way
which accommodates tiny neutrino masses while allowing large Yukawa couplings. It will
be shown that such decoupling requires a common and rather model-independent pattern,
which we identify.

In a third stage (section 4) and independently of how large is the scale M, we analyze
the long list of phenomenological signals which may arise in each of the three models con-
sidered, such as signals associated to non-unitarity or other effects in different observables:
neutrino oscillations, lepton and gauge-boson decays. From present data, limits will be set
in all models on the coefficients of the d = 6 operators. From them, we derive systematic
tables of bounds on the Yukawa couplings in each of the Seesaw models. Expectations
for the sensitivity of future experiments will be explored, including the contributions to
l; — lj7y. We show that, in case the decoupling pattern mentioned above occurs, the limits
can be saturated if M is still larger than but close to the electroweak scale. The possibilities
for direct or indirect discovery of the origin of neutrino masses at the LHC or ILC will be
(briefly) discussed.

An important phenomena at the origin of many of the potential low energy effects is
non-unitarity of the leptonic mixing matrices. Special emphasis will be set on analyzing
whether Seesaw models induce at low energies a non-unitary leptonic mixing matrix. It
is expected in all generality [[[0] that the tree-level exchange of heavy fermions (scalars)
will (not) induce it. Indeed, only leptons can mix with other fermions leading to (unitary)
mixing matrices of dimension larger than 3, while the submatrix for the light fields needs
not be unitary. In a more technical view, the exchange of heavy fermions among light

leptons can be understood from the expansion of the heavy field propagator in powers of
1/M,

1 1 1

~

D—-M M M

The first term in this expansion is a scalar operator, which flips chirality, generating for

JZJ% - (1.3)

instance a light neutrino mass term. The second term, instead, preserves chirality and
induces a correction to the kinetic term for the light fields. The recovery of canonically
normalized kinetic energies for the latter requires in general a flavour-dependent rescaling,
which is a non-unitary transformation, surfacing as non-unitary mixing matrices in the
leptonic weak currents [[[0]. Non-unitarity of the leptonic mixing matrix is therefore a
basic property of models where masses are induced by heavy fermions. In contrast, in
scalar-mediated mechanisms, all terms in the scalar propagator change chirality and thus



Figure 1: The three generic realizations of the Seesaw mechanism, depending on the nature of the
heavy fields exchanged: SM singlet fermions (type I Seesaw) on the left, SM triplet scalars (type II
Seesaw) and SM triplet fermions (type III Seesaw) on the right.

cannot induce non-unitary mixing at tree-level. The minimal (type I) Seesaw model has
been previously shown [[L1] to induce a non-unitary leptonic mixing matrix. In this work
we will explicitly analyze the issue for the other types of Seesaw models.

2. The basic seesaw scenarios

Let us analyze separately the three different minimal models which result from adding either
fermionic singlets or scalar triplets or fermionic triplets to the minimal SM field content.
It is expected that the lessons obtained from the analysis of the three basic models will
hold as well for their possible generalizations, extensions or embeddings in larger theories.

2.1 Fermionic singlets: type I seesaw

As this case has been previously studied [T, only the main results are resumed here for
completion. The minimal Seesaw Lagrangian is the most general renormalizable Lagrangian
which can be written for the SM gauge group adding only right-handed neutrinos to the
SM fermion content of the theory. The leptonic Lagrangian of the Seesaw model is given
by

Eleptons - Eggtons + [’lse}?)tons? (21)

where
L ons = 100 DL + i€k Per + i Ng PN (2.2)

contains the kinetic energy and gauge interaction terms of the left-handed lepton doublets
{1, the right-handed charged leptons eg, the right-handed neutrinos N and
_ _ 1
LB s = —CrdYeer — L @Y Np — 5 N My Np© + hc. (2.3)
contains the Yukawa interactions with coupling Yy and the Majorana mass term of
the gauge-singlet right-handed neutrinos, corresponding to the new physics scale(s) My.
Flavour indices are implicit in these expressions and we will work in a basis in which My

is a diagonal complex matrix.



2.1.1 Dimension 5 operator

In the flavour basis, the resulting d = 5 operator coefficients are given in terms of the
parameters of the high-energy theory as (see ﬁgure 1)

Upon electroweak symmetry breaking, it leads to a Majorana mass matrix for the light
neutrinos of the form

__v2 d=5 — 1 v? Y] 2.5
m c .

v 9 N My N - ( )

For values of the Yukawa couplings Yy of order unity, the tiny experimental values of

neutrino masses require a scale My suggestively close to the Grand Unification scale.

2.1.2 Dimension 6 operator

In ref. [T}, the d = 6 low-energy effective theory, §£9=6, was determined to consist at the
tree level of the unique operator

546 = 4= (eLm) zﬁ(ww) (2.6)

where the d = 6 operator coefficients are given in terms of the parameters of the high-energy
Seesaw theory by

1
WM— Y, (2.7)

YT
which is of the same order in Yukawa couplings than its d = 5 counterpart, eq. (2.4), while
quadratically suppressed in 1/My. When the Higgs doublet acquires a vacuum expectation
value, this d = 6 operator leads to corrections to the d = 4 kinetic energy terms for the
left-handed Majorana neutrinos, which result in a non-unitary low-energy leptonic mixing
matrix [[0. Indeed, the neutrino Lagrangian for the effective theory, including only d < 6

operators and disregarding couplings to the physical Higgs particle, is given by

1 1
d<6 e — *
neutrino — ¢V La ﬁ (5‘15 + Eév,@) VLp — §VLCOJ Myap VL — §VL04 My ap VLﬁc7 (28)
where
v’ a6
€N = 3 c (29)

is the contribution of the d = 6 operator coefficient to the left-handed neutrino kinetic
energy, which is non-diagonal in flavor space. Let us then go to a basis in which the
neutrino field is rescaled, so that the neutrino kinetic energy is canonically normalized: at
order O(1/M?), the transformation

=

Via = Vi = (0 + egﬁ) % (2.10)
results in a Lagrangian in the flavour basis which, at this order, takes the form (primes

will be omitted in the following),

._ — 1 —
‘Cleptons ZVLaaVLa‘i‘ZlLaalLa_i [VLcamuaBVL5+h-C-] _lamlaﬁlﬁ+ECC+ENC + Lem ,
(2.11)



where my is the charged lepton mass matrix and

g — 1 N>
L = =] o 6@ — 564 1% + h.c. s 2.12
co ="'t W ( 8~ 5¢p | VLB (2.12)
g Lror N 1, -2 em
Lo = cosOyy {5 [”Lo/Yu (5016 - Eaﬁ) VLg — lLa’mlLa] — stn GWj;L }ZH,

Lem = eJﬁmA“ ,

with J;™ = —Z’yul denoting the electromagnetic current. We can now rotate to the basis
in which the mass matrices are diagonal,

1 1 1
£fle?)t60ns - 2”@ <Zﬁ md ag) Vi + <Z¢{9 md ag) li+ Leo+ Lne + Lem - (213)
Now, because of the flavour-dependent field rescalings involved, the usual Upjsng matrix

appearing in the charged-current coupling is replaced by a non-unitary matrix NV,

N

N=Q (1 - %) U, (2.14)

where U” diagonalizes the neutrino mass matrix and 2 = diag(e™!,e™?2, ¢™?) reabsorbs
three unphysical phases in the definition of the charged lepton fields, as usual. Details of
the procedure can be found in appendix A. Notice that, as U” does not depend on ¢#=6 at

O(1/M?), in a flavour basis in which € is the identity matrix, N would read

EN
N = <1 - 7) Upnins (2.15)
and consequently NNT = (1 — V), NTN = UPMNS( eM)Upn s, within the O(1/M%)

considered in this work.

Whatever the flavour basis, in the mass basis the weak currents read now

J ¢ = €0a v Nai vi, (2.16)

1
INC = BN V)i v, (217)

where ) N tio No; # 0;; appears in the neutral current since N is not unitary, while
the neutral current for charged leptons is the standard one. Accordingly, the Fermi con-
stant measured in experiments, Gp, cannot be identified anymore with the SM tree level
combination GgM = /2¢%/(8M3,) = \/— 5, due to non-unitarity. For instance, the Fermi

constant G extracted from the decay p — v, ev. is related to G%M by [[LO]

Gr = GEM\J(NNT)ee (NNT),,. (2.18)

The rest of the parameters of the Lagrangian coincide with those in the standard treatment.
It is remarkable that putative departures from unitarity of the leptonic mixing matrix
can be now directly related to the d = 6 operator coefficients and thus to combinations of



the high-energy parameters,?

02
2

2
v - 1 1
IMN
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In section [£1] the present numerical constraints on |c?=%| will be explored. For Yukawa
couplings Yy ~ O(1), the coefficients of the d = 6 operator are basically the square of those
for the d = 5 operator, as egs. (B.4) and (R.7) show. The smallness of neutrino masses then
requires e.g. My > v, which precludes the observation of exotic effects in present and
planned facilities for the minimal model discussed in this section. There are, however,
situations in which Yx ~ O(1) can be accommodated together with My ~ O(TeV) and
without fine-tunings, leading to observable effects in the near future, as it will be discussed
in section [J.

In ref. [@], it was shown that the low-energy effective theory including only the d =5
and d = 6 operators contains an equal (a greater) number of real and imaginary parameters
as the high-energy Seesaw model, when the number of right-handed neutrinos in the Seesaw
theory is equal to (less than) the number of generations of Standard Model fermions. Thus,
the determination of all d =5 and d = 6 operator coefficients above would suffice a priori
to determine all of the parameters of the high-energy Seesaw theory. In consequence,
for instance, the leptogenesis rate can be written exclusively in terms of both operator
coefficients [[[1].

Other d = 6 operators will be also present in the low-energy Lagrangian, since they are
generated by radiative mixing of the above d = 6 operator in the renormalization group
running between the high-energy and low-energy scales. The effects of these other d = 6
operators are in consequence subdominant [LI] and will not be further considered. The
same statement will hold for all Seesaw theories considered in this work.

2.2 Scalar triplets: type Il seesaw

Assume now that the minimal SM matter content is enlarged only by the addition of a
—
SU(2) triplet of scalar fields A with hypercharge 2,

A = (Ar, A9, Ag), (2.20)
whose relation to the physical charge eigenstates,

(ATH, AT, A, (2.21)
is given by
1

1
LAl _ia?), At=AY, A0 L
N A V2

In the minimal Lagrangian, gauge invariance allows a Yukawa coupling of the scalar triplet

ATt = (A +iA?). (2.22)

to two lepton doublets,

LY = BLYA(T - A) by + hec, (2.23)

3In the flavour basis above mentioned, in which N is given by eq. ( ) and the matrix € is the identity,

the absolute-value bars can be dropped: (NNT —1).5 = % i3t == (Y&M%ﬁYN)aBA
N



as well as a coupling of the scalar triplet to the Higgs doublet,

ad (7 - A+ he. . (2.24)

In these equations 7; are the Pauli matrices, YA is a symmetric matrix in generation space

and /], = iTo(01,)¢ (i.e. 0, = —Z%CiTg). The minimal Lagrangian then writes:
La (D A) (D“Z) + (ZYA(? A+ padt (- Z)T¢+h.c.) (2.25)
{K MA2A 42 S (ATA) W (¢*¢) (Z’@)
A24 (ATT’A) s (ATT’ ) ot r w)}

where summation over the SU(2) indices i is assumed. We choose to work in a basis in
which M is real and diagonal and the covariant derivative D, in eq. () is given by

== Y
D,=0,—igTW, - zg'BM5 , (2.26)

—
with 7' denoting the dimension-three representations of the SU(2) generators,

000 00 0—i0
Tn=(o00—i|,m=lo000]| ,T3=]i00]. (2.27)
0i 0 ~i 00 000

The Lagrangian expressed in terms of the charge components of the A field can be found
below, in eq. (f.16). Consider the limit in which the triplets are heavy, Ma > v. To solve
the equation of motion for A% in eq. (R.25) and find the dominant terms of the effective
low-energy Lagrangian up to d = 6 operators, it suffices to solve the problem perturbatively
in the quartic couplings of A, Ay and A\4. At zero order, it results:

A = (D)2 + MT o T 6+ (Ma? 4 23 (616)) Liopin] 030170+ BYLPEL]

(2.28)
2.2.1 Dimension 4 and 5 operators
Expanding now the effective Lagrangian — using eq. (R.2§) — in inverse powers of Ma,
one dimension four operator emerges:
2
d=4 _ |pal® (~ =7 |,UA|
st = (677 0) (¢'70) =2 <¢T¢> . (2.29)

We also obtain §£%=° as given in eq. ([.J), with operator coefficients given by the matrix

(2.30)



which at low energies leads to a light neutrino Majorana mass matrix of the form

my, = —2Y 02 ]’\‘4—% . (2.31)
Notice that neutrino masses turn out to be proportional to both YA and pa, see figure 1.
This is as expected from the Lagrangian, eq. (R.24), where the breaking of lepton num-
ber symmetry L results precisely from the simultaneous presence of the Yukawa and pua
couplings.* It is important that, unlike for the fermionic Seesaw theories, the light neu-
trino mass matrix in eq. (R.31) is only linearly dependent on the Yukawa coupling Ya.
This means that the putative determination of the d = 5 operator coefficients gives a di-
rect access to the fundamental parameters Ya of the high-energy theory, up to an overall
scale pua/M3. We will analyze in section [ the experimental access to ua/M3 and to the

elements of Y.

2.2.2 Dimension 6 operators

From eq. (2:2§), the d = 6 effective Lagrangian can also be obtained,
SLAYS = 6Lyp + 0Lyp + L4, (2.32)

where

0Lar = MLA2 (ZYA ?EL) <E? YAJr tg)
Loy = —2 (As + As) L2l (419)° ; (2.33)
i 5 (373) (75) (5

with the covariant derivative expressed in terms of (3x3) SU(2) generators, as in eq. (.26)).°
Two of these operators can be rewritten in a more familiar form. After Fierz transforma-
tion, dL4p can be expressed as

1 _ _
0Lar = — 57 Yni¥ahs (Cromlri) (Crarules) - (2:34)
A

while the last operator in eq. (R.33) can be recast as a combination of other operators which
have been extensively studied in the literature (e.g. [{]),

5Lop = 15 (610) [(D,0)' (D,0)] + A2 [01D,0] [o1D,0] . 239

where the covariant derivative is meant to be expressed in terms of Pauli matrices,

Y
D, =0, — z’g;—“Ww LTE (2.36)

“In the language of the full theory, this mass results when the neutral component of A acquires a vev
< A% >=u/v2 = pav?/(vV2M3), leading to a Majorana mass matrix for the SM neutrinos, m, = —2Ya u.
The first of these operators has already been derived in [@]

,10,



2.2.3 Renormalization scheme

Four parameters of the SM are relevant to our discussions (in addition to fermion masses):
g,49',v and )\, the latter denoting the quartic self-coupling of the Higgs field,

V=—pd o]+ Xo[* . (2.37)

To constrain the first three parameters, we will work in the Z-scheme [[[J], that is, we will
use as input parameters the very-well determined experimental values of the fine structure
constant o — as determined from Thompson scattering® — the Fermi constant Gr — as
extracted from the muon decay rate by the removal of SM process-dependent radiative
corrections — and the very precise measurement of My [[[4].

The value of « is not affected by the presence of a scalar triplet, unlike the other
parameters. My gets a correction from dL4p in eq. (R-33)

(2.38)

Similarly, the 4-fermion operator dL4r affects the extraction of the value of the Fermi

constant from muon decay. Defining, as it is customary, this constant as the coefficient in
A4Gp [(— _

_W (gLuﬁfy;tgLu) (eLequgLua) ) (239)

it is easily seen that L4 in eq. (R.34) induces in turn a shift with respect to the “Standard
Model definition” G3M = 1/(v/2v?),” which affects the value extracted from muon decay,

1
0Gp = ——|Ya,,|? 2.40
" \/iMi’ B (2.40)
Gr=GM 4+ 6Gp. (2.41)

The quartic self-coupling of the Higgs field is also renormalized by the dimension four
operator obtained in the effective theory, eq. (R.29),

(2.42)

influencing the location of the minimum of the Higgs potential. Another d = 6 operators,
6Lsp in eq. (R.33), also modifies the Higgs potential, which all in all becomes

2
V= w10+ (N Jol* 23 + ) AL P (2.43)
A

inducing a shift in the vaccuum expectation value of the Higgs field,

v 3 o lial? (As + Xs)

P2 V7 W W)

(2.44)

6 An even more precise determination is now available from g — 2 of the electron ]

"Note that with a scalar triplet 2%2 #* 81{% due to the scalar triplet induced Mw shift, see below.
w

- 11 —



Using all these renormalized parameters, in section f.3 we will consider the deviations —
with respect to the SM predictions — induced by the new physics on the values taken by
a variety of physical observables.

Finally, as regards the relative number of parameters in the high and low energy
theories, the inclusion in the latter of only the d = 5 and d = 6 operators above does not
suffice to match the number of free parameters of the full scalar-triplet Seesaw theory, as
can be easily deduced from the comparison of eq. (B-2§) with egs. (B-33) and (£:33). Up to
d = 8 operators would have to be considered for this purpose, which is beyond the scope

of the present work.

2.3 Fermionic triplets: type III seesaw

Consider now the SM field content extended by the only addition of fermions which are
triplets of SU(2) with zero hypercharge, hereafter denoted by Z_i, where the vectorial char-
acter refers to its three SU(2)-components, & = (X!, %2 %3). Being % in the adjoint
representation of the gauge group, its Majorana mass term is gauge invariant and the
interactions are described by the Lagrangian

= o 15— N e ~
Ly = Z'EREER - §ERM22% + ERYE((;STFEL) +h.c | . (2.45)

In this equation, the covariant derivative is given by egs. (R-26) and (2.27) and the three

SU(2)-components of the field & have (identical) Majorana mass terms. They are not

eigenstates of the electric charge, which would be given instead by the combinations

DIEE N
V2o

We will work throughout in a basis in which My, is a diagonal matrix in generation space.

»E = »0 =3, (2.46)

The Yukawa coupling Yy, in eq. (R.45) is then a general matrix in generation space. After
electroweak symmetry breaking, this term induces Majorana neutrino masses for the left-
handed neutrino fields of the SM through the exchange of 5 particles, see figure [I.

2.3.1 Dimension 5 operator

Solving the equations of motion, it results that

—

Sp = Prlip— Ms] ' |y2ot70, + ngrf'fll}
1 -1 1~ 1

—  VERtR, - i Yo Rl, + O — 2.47
=0T M;”pME DTl + (M%) (2.47)

where 4,7 are SU(2) indices, 4,5 = 1,2,3. This allows to obtain the d = 5 operator in
eq. ([.2), with coefficient matrix given in this case by

1
d=5 T
=Yy — Y 2.48
which leads at low energies to a light neutrino Majorana mass matrix of the form
2
vi o1
=—— —VYy. 2.49
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2.3.2 Dimension 6 operator

At the next order in the effective Lagrangian, we obtain a unique operator:®
0L1=0 = 50 (Tra70) iD(8'71s) | (2.50)

where the d = 6 operator coefficients are given in terms of the parameters of the high-energy
Seesaw theory by

e e OF (2.51)

Notice the large parallelism between the results for this Seesaw scenario mediated by
fermionic triplets and those for the minimal Seesaw based on the exchange of fermionic
singlets, egs. (P-4) and (2.6)-(R.7). The main difference is that, now, in the d = 6 operator
in eq. (B.5() the interaction terms in the covariant derivative are active, as the quantities
in brackets are SU(2) triplets, which amounts to a richer interaction pattern.

A first consequence is that, when the Higgs doublet acquires a vacuum expectation
value, the d = 6 operator corrects both the d = 4 kinetic energy terms of light leptons and
their couplings to W bosons, while no corrections to the hypercharge boson B, appeared,
because the combinations in brackets in eq. (R.5() have zero hypercharge. After electroweak
symmetry breaking, the part of the effective Lagrangian concerning leptons is, in the flavour
basis,

Ligstons = WEa (Sas + €ng) vig + ilLad (3ap + 2658) L + ilRaPlRa
1

_5 [?a Myap VLB + hC] — [Ea mios lLB + hC]

1 _ _ —
+ﬁg [lLocW ((50{5 + 2656) VLﬁ + hC:| — glLozwg ((50{5 + 4656) lLﬁ
/ /
"’gﬁawgyl/a - %ZLCVE lLﬁ - %ZQEVLQ ) (252)

where

1)2
e Ecd:6 , (2.53)

with ¢%=6 as defined in eq. (B.51) and m; denoting the charged lepton mass matrix. We
assume hereafter a choice of basis in which both m; and My are diagonal. The neutrino and
charged lepton fields need now to be normalized in order to acquire canonically normalized
kinetic terms. At order 1/M?, i.e. linear in the parameters egﬁ, the redefinitions

1
Via — I/ia = <5aﬁ + 5626’) vLgs

lna = g = (0ap + €03) lLg » (2.54)

8We thank S. Antusch for helping to clarify the derivation of this operator in an early stage.
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results in a Lagrangian in the flavour basis which, at order O(1/M?), takes the form (primes

on the fields will be disregarded),

— — — 17—
ﬁii%fons = ZVLQ(?VLQ + ZZLQ(WLQ + ZlRa(?lRa — 5 1 mf/aﬁ vLg + h.c.

— [lRaMiaplop +hc] + Loo+ Lnc + Lem (2.55)

where mj, = (1 — €*/2)m, (1 — €/2), m; = my(1 — ¢) and

g — _ 1y
= — - h. . 2.
Loo \/ilL“W <5aﬁ + Qeaﬁ> v +he., (2.56)
g 1. 7 . em
Lne = 0 {5 (7L (9ap — €ap) vLp — latu (9ap + 2655) L] — sinOw Jy; } z",

Lom = eJm AR,

where Ji™ = —Zwﬂl is the electromagnetic current. We can finally rotate to the basis in
which both the lepton kinetic energies and their mass matrices are diagonalized (for details
see appendix A),

1 ) i 1— /. -
Listms = 57 (0= mie®) vi+ 51 (iD= m{i*) i+ Loo + Lnc + Lom.  (257)

A non-unitary mixing matrix N replaces now the usual unitary Uppsyg matrix in the
charged current couplings contained in eq. (R.57), because of the flavour-dependent field
rescaling involved, while the couplings to the Z boson acquire also a non-unitary mixing

pattern,
J, ¢ =T v N, (2.58)
Jg’(neutrinos) = %ﬁwﬂ(NT Ny, (2.59)
J3(leptons) = %ZVM(NNT)QZ. (2.60)

The non-unitary mixing matrix N is a function of the d = 6 coefficient matrix
— 1t 1> v

where, once again, 2 = diag(e™!, e, ¢™s3) reabsorbs three unphysical phases in the def-
inition of the charged lepton fields, and the matrices U¥ and U i diagonalize the effective
leptonic mass matrices,? mg*® = U*T m,, UV ,m?iag = U}l; my (1—¢€) UL (see appendix A).
When the flavour basis chosen is such that both UlL and  are equal to the identity matrix,
and taking into account that UY does not receive corrections from =6 at O(1/M2) , N
simplifies to

1
N = (1 + §EZ> Upymns (2.62)

9Within the order ¢ used throughout, the mass eigenvalues are defined at first order in it and thus
the eigenvectors should be consistently defined at order zero in that expansion. As a consequence, any
representation of the leptonic matrices U,lJ’ r which diagonalizes the mass matrix has to be physically
equivalent to the identity.
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and, consequently, NNT =1+ ¢* NTN = U]TDMNS(l + €”)Upnns. These expressions can
be compared with the equivalent ones for the singlet-fermion Seesaw theory, eq. (2.15) and
below it.

Whatever the basis, the currents in egs. (R.5§)—(R.60) can also be compared with
the corresponding ones for the singlet-fermion Seesaw theory, eq. (B.16)) and (R.17). A
non-unitary mizing pattern has appeared in both cases, although the modified Z-neutrino
couplings differ and non-unitary flavour mixing is now also present in the Z-charged lepton
couplings.

An important consequence of the flavour-changing W and Z-lepton couplings is their
contribution to muon decay into electron plus missing energy, which modifies the definition
of G as extracted from muon decay, as follows:

Gr = G%M\/ (NNl NN SN~ GEY (NN (NNT ), (263)

where higher order correction, O((e*)?), have been neglected in the last step. Its phe-
nomenological consequences will be explored in section (f.3).

Finally, in analogy with the case of the fermionic singlet Seesaw theory, it is remarkable
that departures from unitarity of the leptonic mixing matrix can be now directly related
to the d = 6 operator coefficients and thus to combinations of the high-energy parameters,

2

by U7 d=
INNT — 1|05 = |€¥] = 5|C blap =

L1

———Y; 2.64
2M£ ME Y ( )

v
2 of
Once again, in the flavour basis in which 2 and U ]l; equal the indentity matrix, the absolute-
value bars in this equation can be dropped. In section [i. the present numerical constraints
on |c?=6| will be explored.

2.3.3 Parameter counting

Finally, it can be shown that the low-energy effective theory, including only the d = 5 and
d = 6 operators, contains in this case an equal (greater) number of real and imaginary
parameters as the high-energy Seesaw model, when the number of right-handed fermionic
triplet generations in the Seesaw theory is equal to (less than) the number of generations of
Standard Model fermions. The demonstration is equivalent to that in ref. [[L1]] for the case
of singlet-fermion Seesaw theory. The kinetic energy terms in the Lagrangian, eq. (2.49),
are invariant under the chiral transformations

by, — Vily,,
eRr — VVQBR, (265)
Xr — VeXR,

where the V’s are unitary transformations. Consider first the complete theory with n lepton
families and n’ right-handed fermionic triplets. The Yukawa terms and the Majorana mass

term are not invariant under such chiral symmetry, but invariance can be recovered if they
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Seesaw Model

Matrix Moduli Phases
Y. nXxXn nxn
Y5, nxn' nxn'

! /+1) ! /+1)
]\42 n (n2 n (n2

—1) +1

V. n(nT %

(n—=1) (n+1)

/ /_1) ’ l+1
Vs n (n2 n (n2 )

Nphys | n+n"+nn’ n(n' —1)

Table 1: Number of physical parameters, for n light and n’ heavy neutrino generations.

are considered as spurion fields transforming as

Y, = Y/ = VY.V,
Yy — Vi = VaYsV/, (2.66)
Ms — M{ = Vs MgV

Counting how many physical parameters Nppys are needed to describe the Yukawa and
Majorana mass terms in the Seesaw Lagrangian is tantamount to counting how many
equivalence classes there exist with respect to these transformations. The result is given
by

Nphys = Norder — (N — Nu), (2.67)

where Ngrqer is the total number of parameters contained in the Yukawa and Majorana
mass matrices, N¢g is the number of parameters contained in the matrices of the chiral
symmetry group G = U(n)y X U(n)e X U(n')y. Np is the number of parameters contained
in the matrices of the subgroup H of the chiral symmetry group which remains unbroken
by the Yukawa and Majorana mass matrices: in the present model there is no unbroken
subgroup H because of lepton number violation. table [l summarizes the result for the high-
energy theory. This is to be compared with the effective low-energy Lagrangian including
operators of d < 6. It is invariant under the chiral transformations only if

Cd=5 N ‘/;Cdzfivzr ,
I A A (2.68)

4=5 is a complex symmetric matrix and ¢?=% is a complex hermitian matrix and since the

c
dimension 5 operators breaks lepton number, there is no unbroken subgroup that remains.
The corresponding counting of parameters is shown in table ], to be compared with that
in table [I] for the high-energy theory.

Thus, the determination of all d = 5 and d = 6 operator coefficients above would again

suffice a priori to determine all of the parameters of the high-energy Seesaw theory with
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Effective Theory (d < 6)

Matrix | Moduli Phases
Y. nxn nxXn
c4=5 n(n+1) n(n+1)
2 2
c4=6 n(n+1) n(n—1)
2 2
(n—1 +1
V. n n2 ) n(n2 )
(n—1) (n+1)
Nphys | n(n+2) n(n—1)

Table 2: Number of physical parameters, for n light lepton generations.

Effective Lagrangian Leg = ¢;O;

Model c=° =6 Od=6
Fermionic Singlet | Y —=Y; yi-L Ly, <€—¢~5> id (QZTE >
N MytN NM}L\I My tN 5 Lo Lp
«
MLiYAaﬁYATWS <E?€Lﬁ> (E?f;s)
Scalar Triplet AYA LS "]‘V[Lf (¢T?$> (Eﬁb) (&?(ﬁ)
A A
2 (A3 + \g) L2 fg)?
—2(A3 4 As) Tyt (¢79)
Fermionic Triplet Yg MLEYZ (YZTML;MLEYE> , (E?&) ilp ($T7€Lﬁ>
(0%

2.4 Summary

3. Low scale seesaw M ~ O(TeV)

3.1 Electroweak hierarchy problem
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Table 3: Coefficients of the d = 5 operator, ¢?=°, and d = 6 operators and their coefficients, c?=
in the three basic Seesaw theories.

two or three heavy neutrino generations. In consequence, for instance, the leptogenesis

rate could be written exclusively in terms of both operator coefficients [[L3].

To conclude this section, we have gathered in table B the d = 6 operators obtained for the
three basic Seesaw scenarios, together with the corresponding expressions for the elements
d = 6 coefficient matrices. The elements of d = 5 coefficient matrices are included as well.

If the Seesaw scale is far above the electroweak scale, the theory clashes with the electroweak




hierarchy problem, that is, the fact that data indicate a value for the Higgs mass of the
order of the electroweak scale, v ~ O(100)GeV. Such a mass is unnaturally light if there is
new physics beyond the SM and at a higher scale, to which the Higgs boson is sensitive.
The three minimal scenarios considered in the previous section do face this problem if the
new scales are much larger than the electroweak scale v.

Indeed, for the Seesaw Type I, the one-loop contribution to the Higgs mass has been
computed long ago [[Id],

Y1y, M2
sm2, = — N [QAQ + 2M7%; log A—g] : (3.1)

1672

while in the case of the scalar-triplet (type II), we find that the contribution is given by!®

omi = 1 33 A% — M3 log A—2 — 12|pa* log A—2 (3.2)
1672 M3 M3 ]’

and, finally, for the fermionic-triplet Seesaw (type III), we obtain

YV M2
omy’ = -3 127# [21\2 + 2M2 log A—§] : (3.3)

where A is the regulator cutoff. In these equations, terms proportional to v? and m%{
have been neglected. eqs. (B.])-(B.J) all show a quadratic sensitivity to the new scales
characteristic of Seesaw theories, implying that large fine-tunings would be necessary to
accommodate the experimental data if any of the new scales introduced is much larger
than v (or the Yukawa couplings are not extremely fine-tuned in Type I and III Seesaw).

For instance, imposing that the one-loop correction is not larger than the Higgs mass
itself, let’s say mpg = 150 GeV for definiteness, My and Msy should be below ~ 107 GeV for
Yukawa couplings of order mi/ M le/ ; /v, while Ma should be below a scale which depends
on A3 and pa. In any case, for scales not much larger than the electroweak one, the
contribution of the Seesaw theory to the hierarchy problem would be obviously avoided.
As a by-product, new exciting physics signals would then be expected at present and future
experimental facilities.

The question we wish to analyze now is whether it is indeed possible that nature
has chosen the high energy scale M of the Seesaw scenario close to the electroweak scale,
rather than to the Grand Unified scale, with O(1) Yukawa couplings, without fine-tuning
the parameters and in particular the Yukawa couplings.

3.2 Direct lepton violation

After all, the analysis of the previous sections has shown that, while neutrino masses
result from a lepton-number odd d = 5 operator, other manifestations of the new physics
behind are encoded in lepton-number conserving d = 6 operators (as well as in higher
dimensional operators). As lepton number appears to be an approximate symmetry of

10N dependence on the quartic coupling As of the Lagrangian eq. () appears, as the Higgs fields are
combined in this term in a triplet of SU(2), while the Higgs mass is a singlet.
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nature, it is natural to assume that it may be broken through small parameters — such
as those responsible for neutrino masses — while other beyond the SM effects of the high-
energy theory, which are lepton-number preserving, need not be strongly suppressed. The
choice of such a L-odd small parameter may be thus a natural one, as it corresponds to
the breaking of a symmetry and its value cannot be destabilized by other large scales of
the theory through radiative corrections, because by nature it can only be multiplicatively
renormalized.

Assume thus M (Mpy, Ma, My) to be higher but not far from the TeV scale. The issue
is then whether it is possible to decouple and further suppress the coefficients of the d = 5
operators from those of the fermionic d = 6 operators, without appealing to fine-tunings
and cancellations in the Yukawa parameters or heavy mass matrices.!! If this is possible,
the tiny values of the neutrino masses could be accommodated, while the effects of the
those d = 6 operators — suppressed only as 1/M? — would be close to observability.!2

As a guideline to achieve such a scenario recall that, because Majorana neutrino masses
are forbidden in the SM, light neutrinos inheritate their Majorana character from a Majo-
rana source in the high-energy theory. This implies that light Majorana neutrino masses
have to vanish either when the new Majorana scale goes to infinity and the new physics
decouples, or proportionally to it. A quick look at table f], together with the pattern
of operator coefficients found for the case of scalar-triplet mediated Seesaw mechanisms,
suggests the following ansatz:

When the breaking of L symmetry takes place in the full theory through a small mass
scale p, distinct from the high-energy scale M ~ O(TeV), p < M, the coefficient of the
d = 5 operator necessarily acquires an extra suppression in powers of p/M, while the
fermionic d = 6 operators keep its unsuppressed 1/M? dependence.

As an example, a typical decoupling pattern goes qualitatively as follows:

¢ = (V) (3.4)
=0 = ¢(v) @ , (3.5)

where f and g are some functions of the Yukawa couplings, implying a light neutrino mass
matrix of the form

2
m, = 400U 1
2 M2

while the effects of the d = 6 operator, eq. (B.H), are independent of y and may be sizable

(3.6)

for generic Yukawa couplings, which may remain large and even O(1). Notice that such
dependence has already been found above for the minimal version of the scalar-triplet

mediated Seesaw scenario (with f ~ Ya, g ~ YATYA, p = pa), see eqs. (R.30) and (2.39),

1 Although operators of dimension higher than six are increasingly relevant as the scale is lowered toward
the electroweak scale, an analysis restrained to the d = 5 and d = 6 operators should still convey the main
physical aspects, as long as the scale keeps being larger than O(v).

2Note that Ref. [ﬂ] studied the effects of various higher-order operators in a completely different context:
the dissociation of flavour violation scale and lepton number violation scale in extended theories, while we
focus on the dissociation of d=5 and d=6 operators characteristic of the minimal seesaw models.
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suggesting the possibility ua < Ma, YA ~ 1. We call this universal pattern direct lepton
violation, since the neutrino masses are proportional to the (small) lepton number violating
quantity pu, rather than inversely proportional to the large lepton number violating heavy
field mass.

Multiple seesaw models. Let us consider, as illustration and support of our general
ansatz, models existing in the literature and based on extensions of the type-I Seesaw
scenario with a low scale. The examples considered below can be straightforwardly applied
and extended to the type-III — triplet-fermion mediated — Seesaw scenarios. We are thus
interested in a class of models which, to lead to sufficiently suppressed neutrino masses and
large d = 6 operators, do not require any precise cancellations between the various (a priori
independent) entries of the singlet neutrino mass matrix and/or of the Yukawa matrix.!3
The cases considered below just require that some of the entries of these mass matrices
carry Majorana character and are much smaller than other ones. For simplicity, only one
left-handed neutrino and two singlet fermions will be included in the analysis (vr,, N1, Na).

For instance, in the “inverse Seesaw model” [1J], the following texture is assumed:'4
mp, 0 Mny, |, (3.7)

where p is a small Majorana mass, u < My, . All other entries in the matrix are of Dirac
character: for u = 0, assigning L = 1,—1,1 to vy, N1, Ny respectively, lepton number
is indeed conserved by the Lagrangian and no Majorana mass results. Expanding the
eigenvalues of eq. (B.7) in powers of /My, a light eigenvalue is obtained:

2 2 2

le 1% MNI 3 le 7 3
N 0 L+ 0 3.8
my MN1 MN1 M]2Vl _{_m%l + (,U’ ) —>(mD1<<MN1) ]\4]\[1 MN1 + (,u ), ( )

where higher order terms have been neglected. As mp, is a typical Dirac mass term,
mp1 ~ Yyv/v/2 with Y a Yukawa coupling, eq. (B-§) shows that the neutrino mass is
suppressed by an extra factor u/My, with respect to the result for the minimal type-I
Seesaw model, eq. (R.§), exactly as expected from the general argument above, see eq. (B.6):

2.2
Yo
2
M;j

my, ~ pu (3.9)
The smallness of neutrino masses, and the argument of no fine-tuning, do not require
tiny Yukawa couplings. For instance, if the Yukawa coupling Y, is of order unity, i.e.
mp, = Y,,v ~ v, and if My, ~ 1TeV, this requires u/Mp, ~ 1072, Similarly, for
My, ~ 1TeV, a rather “large” Yukawa coupling of order 1073 requires pu/Mpy, ~ 107°.
On the other hand, the d = 6 operator coefficient is independent of y, as in eq. (B.5), and

13Consequently, we don’t consider cases such as, for example, that in ref. [@]7 based on the relation
YVYL,T =0 and (MN)'Lj = mN(;i]'.
1We acknowledge interesting discussions on this topic with S. Antusch.
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low-energy effects associated to it — such as non-unitary mixings in the weak currents and
other signals — could be discovered in the near future.

These results can be generalized to the case with the most general matrices which, with
large Yukawa couplings, still lead to vanishing v masses form extra small entries, therefore
leading to suppressed d = 5 operator coefficients together with large d = 6 operator
coefficients. For instance, in the two N plus one v case above, the most general Majorana
texture is the one in eq. (B.7) with an additional non-zero value for the 22 element. This can
be justified for instance in the context of extended models (see e.g. ref. [20]). A non-zero
22 entry has the interesting feature of being a source of lepton number violation without
inducing by itself neutrino masses: for g = 0 the determinant still vanishes leading to
massless neutrinos. We will postpone the discussion of scenarios with a non-zero value for
that entry to appendix C , where a generalization to the 3 left-handed plus 3 right-handed
neutrino case can also be found. Analogous extensions of fermion-triplet mediated type-I11
Seesaw models are straightforward. The interesting textures are just the same as in the
type I (that is, singlet-fermion Seesaw) scenario.

In conclusion, irrespective of whether the Seesaw mechanism results from the exchange
of heavy fermions or heavy scalars, to have large effects from d = 6 operators requires first
to lower the scale M toward the TeV range and second a decoupling of the values of the
d =5 and d = 6 coefficients along the pattern developed above, i.e. eq. (B4) and eq. (B.).
This allows to account for the experimental values of neutrino masses without neither fine-
tuning the Yukawa couplings nor assuming cancellations in combinations of them. For a
Seesaw scale of O(TeV), observable effects are then possible. The next section — which
deals with the phenomenological aspects of Seesaw models including bounds for any value
of M — will focus on those effects.

4. Phenomenology of seesaw models

4.1 Fermionic singlets

The models where the heavy fields are SM singlets are most difficult to test, as they lead
to fewer and rarer experimental signals at low energies, even for low Seesaw scales. There
exist, though, bounds on combinations of the Yukawa couplings which can be saturated
for the type-I inverse Seesaw and similar extensions, as well as for models with extra
dimensions containing Kaluza-Klein replicas which are SM singlets [R1].

The bounds stem from important indirect signals which may be induced from the fact
that the leptonic mass matrix appearing in the charged current is no longer unitary, see
section R.I. This subject, as well as the determination of the corresponding bounds on
|NNT|,s, has been studied at length recently [[Ld]. In a nutshell, deviations from the values
expected in a unitary analysis are constrained to be of order 1% or smaller. Indeed, a
global fit to the constraints resulting from W decays, Z decays, universality tests and rare
lepton decays proved [[[(] that the NNT elements agree with those expected in the unitary
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case, within a precision better than a few percent, at the 90% CL:

0.994 +0.005 <7.0-107° <1.6-1072
INNT|~ | <7.0-1075 0.995+0.005 <1.0-1072 | . (4.1)
<16-1072 <1.0-1072 0.995 + 0.005

The off-diagonal constraints in eq. (f.1]) result from the experimental bounds existing on
the radiative processes 4 — ey, 7 — ey and 7 — py, while the diagonal ones come from the
combined analysis of all other processes mentioned above. Using now the relation obtained
in eq. (B-19) between the elements of the coefficient matrix ¢?=¢ and those of NNT, it
follows that

) .2 ) 1072 7.0-107° 1.6-1072
‘ Yn| S |70-107° 1072 1.0-1072|. (4.2

v __
? |Cd_6|aﬁ — ? YT
of 1.6-10721.0-1072 102

NMy?

When obtaining the numerical bounds in eqs. (1) and ([.3), the effective theory was

used to compute p — ey and 7 — v, that is, the analysis was done in terms of ¢%=>

and ¢%=6.

It is to be noticed that the computation of such one-loop transitions in the
effective theory does not coincide exactly with that done in the full theory (i.e. type I
Seesaw model), as higher dimension effective operators have to be taken into account in
the matching between both. Numerically, the differences are of O(1) and irrelevant for the
precision attempted here, though. Furthermore, when computing these I — Iy~ transitions
- here and in the chapters to follow - we will not take into account the electromagnetic
radiative corrections [RZ, as their inclusion would correspond to a two-loop calculation and
numerically they will not change the order of magnitude of the bounds obtained.

Notice that the bounds above are valid for any value of My and apply to any (type I)
Seesaw theory. In consequence, they apply to the inverse Seesaw model considered above,
in which My could be near the TeV scale while the Yukawa couplings may be large, and
signals could appear at the edge of the experimental limits above. New signals of CP-
violation in neutrino oscillations, sensitive to the phases of ¢?=% may also be observable in
future facilities [Rd].

As for direct detection of the heavy singlets in future accelerators in case My ~
1TeV, several studies exist of the associated production of the heavy singlets and the
Higgs particle, with difficult prospects for a positive signal [R4].

4.2 Scalar triplets

Using the experimental values for the renormalized parameters a, Gr and My as defined
in the Z-scheme in section 2.2, we will now consider deviations from the SM predictions
for a set of observables.

4.2.1 Mw and the p parameter
The operator Lgp induces corrections to the predicted value of My, and to the p param-

eter, through the term le‘]\“fA ‘24 [qﬁTDuqﬁ]T [(bTDuqﬁ] in eq. (2.3). When the p parameter is
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extracted from data using only hadronic transitions,' its predicted value is shifted from

the SM prediction by
Sor s — lual® V2
Phad ~

- ML Gp’
a result previously obtained in the literature [R5].
We find that the mass of the W boson is also predicted to acquire a shift from both

Lyp and L4p in eq. (B.33), which is given by

(4.3)

iy = M Ts g - 8T an, ) (1.4
2My? — M2 Gr
_ M, pal® My o Mp - M7
T 2Mp?—MZ | ML GpvZ V2GpME O Aen

In this equation, My is to be identified with the SM prediction for the W-boson mass

M2 Ao 1
(M) = =2 <1+1/1— ﬁGpM%) L (4.5)

where Ar accounts for the dominant SM one-loop radiative corrections'®, and Gp is ex-
tracted from muon decay, see eqs. (R.40) and (2.41).

The very precise experimental determination of the W boson mass allows to set strin-

in the Z-scheme,

gent bounds on both terms in eq. (.4), barring extreme cancellations between both. From
the difference between the experimental value and the SM prediction of My obtained in
the Z-scheme (M3 = (80.4887 £ 0.0515) GeV) we obtain:

Mx \*
Ya,.|* = (0.00023 & 0.001 4.
YA el = (0.00023 £ 0.00 09)<1Tev> , (4.6)
and
2
—UQM = 0.0001368 + 0.00032, or (4.7)
Mt
lpal _ _
2 <87x1072TeV!. (4.8)

Notice however that the hadronic data on the p parameter allow to independently constraint
LA /Mi As an estimate, taking at face value the average experimental value of the p
parameter (p = 1.0002+3:9997) as if it were indeed dominated by the hadronic contributions
— which do not depend on the leptonic Yukawa couplings — it would follow that

2
—UQ% < 0.0001 £0:00035 (4.9)

15Tt is customary to extract the value of p from a global fit to data, including simultaneously hadronic
and leptonic transitions; if the latter were considered in the analysis, further corrections would appear in
dp, induced by §GF in eq. (R.40).

16While these corrections are important when compared to the total value of My, they can be dropped
in eq. @), as we work at first order in all corrections. ,PDG
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The neutrino masses in eq. (R.31)) are proportional to this ratio multiplied by Ya. For
instance, m, ~ leV and Ya ~ O(1) requires pa/M3 ~ 10711, well below the bound in
eq. ([§), while the lower limit of the bound can be saturated for values of YA ~ 1077.

4.2.2 p — eee and T — 3l decays

§L4r in egs. (:33) and (R.34) induces exotic four-lepton couplings contributing to lepton-
flavor violating processes. Notice that this operator does not depend on the scale pua, so
that the discussion is independent of it. Besides its impact on the determination of Gg
from muon decay, eqs. (P-40) and (R.41]), it modifies the branching ratios for rare leptonic
decays. The constraints implied by the present experimental bounds on these processes
have been studied in models with a scalar triplet in refs. 2q—[Bg].

Important decays are u~ — ete~ e~ and 7 — 3l, considered in the full theory with a
scalar triplet in refs. [27, BJ] and from the generic leptonic d = 6 effective operator §Lx
in Refs.BAl-[B]]. In terms of the coefficient cilgv 5 of the leptonic d = 6 operator coeflicient

Lap in eq. (£.33),

T
aﬁ'yé = M2 YAaB YA"/ts 5 (410)
we obtain
5
_ 4+ — =\ _ 1% 2 2
F(:u’ — e e e ) 1927 3| peee| T 1993 M—é|YAW| |YAee| (411)
which gives
2
_ . T(p —etee) |t 1
B + ~ = B = Ya., 2 YA, %, (412
r(/’[/ — e e e ) P(M_ He—yuﬁe) G% MiG%’ Aeu’ ’ Aee’ ) ( )
Similarly we obtain
+7- m7 2
for any ¢ and j, while
_ 2

for any 1,7,k with j # k. Using all experimental branching ratios or upper limits on
branching ratios as given in ref. [[4], the corresponding bounds on the Yukawa couplings
are given in table | .

For Yukawa couplings of order unity, the present non-observation of those LFV transi-
tions, in particular of the most stringent one, 1 — eee, implies a lower bound on the scalar

triplet Seesaw scale,

Ma > 294 TeV for YA ~ O(1). (4.15)
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Process Constraint on Bound <>< <1]\1/£—eAV>2>
My YA el < 7.3 x1072
p- —ete e YA el [YAcel <1.2x107°
T —eteTe” [YArel|YAcel <1.3x1072
T =TT T YAl IYA <1.2x1072
T —utee YA YAcel <9.3x1073
T — et Yarel YAl < 1.0 x 1072
T —utuTe YAzl YA el <1.8x 1072
T~ —ete " [YArel YA e < 1.7 x 1072
p— ey |21:6,M,TYA1TMYAel| <4.7x1073
T — ey S i—e i VAL Yaul < 1.05
T — Zice YL Yaul <84 x 107!

Table 4: Bounds on Ya;; from My, eq. (@), from tree level /] — 5 €3¢, decays and from one
loop I3y — l27y processes.

4.2.3 Complete lagrangian and 1; — lavy

It is useful to consider also the bounds which arise from the radiative decays ¢1 — {57,
although these processes cannot be obtained completely from the d = 6 operators because
they are one-loop processes. Consider then instead the full high-energy Lagrangian for the
scalar triplet in eq. ([.1§), expanded into charge components:

La = DAY D*A® + D,ATDFA™ + D, ATTDFATT
+{Yav) AT + rYae) AT + VEUYAL) AT = V2 Yar) A + he. }
+{na (20067 A7 + VI AY — V35 'AT) + b}
A2
2
“As(0m ot +6%60) (ATFATFATAT AT AT ), [ (AO*AO)2+%(A++A——)2

—Ma2 (A% A+ ATAT 4+ ATTATH) = Z2(ADFAY £ ATAT 4 AT AT

1
2
FATFATT(ATAT — AP A%) 4 ATATAAY — {ATFATATAD ¢ h.c.}]
s [(A**A**—AO*AO)(QSJFQS’—qso*qbo)—\/§{¢*¢O(A++A’—AO*A+) n h.c.}] '

u — ey, T — evy,m — p7y. Radiative processes are due to the exchange between lepton
fields of both the A** and A™ fields, as given in eq. ([L.16), and the branching ratios
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Combined bounds
1
Process Yukawa Bound <>< <1A1{6AV) >
n— ey |YALHYAH€ + YAIMYATG‘ <4.7x1073
T — ey VAL YA < 1.05
T — ry YAl Ya,,| <84x107!
Table 5: Bounds on combinations of Ya;;.
read [@a @a @]:
2
SYAl, Yas
a 25 |1 1 _
Br(l; — loy) = Br(l; — evive). (4.16)

48716  G%MA

The corresponding bounds are also given in table []. Combining all bounds of this table,
we have obtained new bounds for combinations of Yukawa parameters, not considered
previously in the literature and gathered in table 5. They show that, for low values of the
Seesaw scale, the Yukawa couplings may be of O(1), while they should be sizeably smaller
by up to 2 orders of magnitude for some specific flavours, for an O(TeV) Seesaw scale.

4.2.4 Other constraints

There are also other bounds which arise from other processes, from Bhabha scattering [R7,
B3, B4 (leading to the bound |Ya, | < 1.0- (Ma/1TeV)) , from muonium to antimuonium
conversion [27, BJ (leading to the bound [Ya,.[|Ya,,| < 0.1 (Ma/1TeV)?), and from the
anomalous magnetic moment of the muon. The latter constraint comes from the fact that
the doubly charged scalar AT* as well as the simply charged A* induce a shift in the
anomalous magnetic moment of the muon [B3, Bg,

2 2

My 2 _ My 2
5(aﬂ) - _37TMi j_ezu/ |YA#j| ) 5(aﬂ) - _247TM3 j_ezu/ |YAM'| ? (4'17)

respectively. This contribution has opposite sign with respect to the observed deviation.
Taking for instance d(a,) < 20 x 10710 we get Zj:e#% |YAM.|2 < 1.9 (Ma/1TeV)2.
4.2.5 Collider signatures of scalar triplets
Scalar triplet Seesaw opens the possibility of observing new signals at present and/or
future facilities. For instance, for YA ~ O(1), a positive observation of u — ey by the
MEG experiment [i(] (which aims to achieve 107! sensitivity for the branching ratio)
would require

15 TeV < Ma < 50 TeV, (4.18)

while YA ~ O(10~2) would require 0.15 TeV < Ma < 0.5 TeV.
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If Ma turns out to be as low as O(TeV), the non-vanishing electroweak charge of the
A field offers the possibility of clean signals in hadronic accelerators (Tevatron, LHC).
The production (or associated production) of AT and A™~ particles, and their subse-
quent decay in pairs of same-sign leptons, would constitute striking signals, free from SM
backgrounds [, fd. A lower bound on the mass of A** of the order of 136 GeV has
been obtained at CDF [[iJ]. Assuming that a boson with those characteristics is indeed
observed in an accelerator, one still needs to ascertain whether a scalar-mediated Seesaw
mechanism is indeed at work. For that, and as a first step, it is necessary to measure and
disentangle the Yukawa couplings appearing in tables | and 5. In order to extract values
for the individual Ya;;, it would be necessary to observe in addition at least three lepton
flavor violating processes.

The first term in the Lagrangian in eq. (2:25) generates tree-level vertices ATFW W=
and A*WTZ, which would be detected by observing for instance ATt — WHWT,
WHWw+ — ATt | Z* — AW, or At — ZW™T. The analysis of some of these pro-
cesses has already been covered in [4, ], for the LHC. Once produced by Drell-Yann
processes (§g — A~~ATT), with production cross-section given in refs. [, 7], the A*+
(A™7) can decay into pairs of W's of the same charge (AT™T — WTWT), for which the

3
M2A WAJQ
My, My’

decay rate proportional to MA|YAU|2- Finally, the A™" (A~7) particle can also decay into

decay rate is proportional to v? or into leptons [;,[; of the same charge, with a

a charged Higgs and an off-shell W gauge boson, as in A=~ — ¢~ W*~. The decay rate of
the latter process is suppressed when compared to the previous ones, unless the A5 coupling
in eq. (2:25) takes an unnaturally large value [4, if]. Due to the constraint obtained in
eq. ([L.§), the process A~ — W~ W~ will be suppressed and the only relevant channel in
our scenario will be AT+ — [*]* which will be background-free. The related branching
ratio will give access to |Ya;;|, which is directly related to neutrino mass matrix elements
up to the global factor %, i.e. to the effective theory coefficient ¢= in eq. (2:30).

Other interesting signAals can be also searched for in accelerators. Lg, (eq. (B-33)) and
the first term of L,p in eq. (R.35), besides modifying the Higgs potential and renormalizing
the scalar kinetic energy term, induce new couplings: HWW,HZZ, HHWW,HHZZ, H3
and H* -where H stands for the physical Higgs-. Consequently, the Higgs production cross
sections at the future facilities ILC and CLIC [£7] get corrections. Nevertheless, the strong
limit in eq. (f.§) precludes observable effects, except maybe from Ly for very large values
of A3 and/or A5 [[7).

Similarly, L4p also affects Higgs physics. Its impact on the Higgs decay branching
ratios has been analyzed [i§], although again the bound from the p parameter discussed
above excludes observation in the planned future facilities such as ILC.

4.3 Fermionic triplets

We have argued that non-unitary flavour-changing matrices are to be expected in this
case for the couplings of light leptons to the W and Z gauge boson, see egs. (R.58)—(R.6().
The putative departures from unitarity can be re-expressed directly in terms of the d =
6 operator coefficients, that is to say in terms of the Yukawa couplings, see eq. (R.64).
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Specifically, notice that!”

INNT—1] = |€7], (4.19)
T -1 _ 77t _ .z _ gt by
(N N) - Ul, (1 € )Uy ~1 UPMNSE UPMNS- (420)

For values of My, close to the electroweak scale, the deviations of these quantities from their
standard values can be at the edge of the present experimental bounds on non-unitarity.
Taking into account the shift induced on G as extracted from muon decay, eq. (B.63) for
the effective theory, we proceed to compute below the departures predicted on leptonic
processes in the effective and full theories.

As we will see, all transitions considered below result in constraints on the elements
of the NNT matrix — and thus on the d = 6 operator coefficients — analogously to the
situation for fermionic singlet Seesaw theories [[Ld], see for instance eq. (). Indeed, even
if we could have expected that Z-mediated processes are sensitive also to Uppsnyg through
eq. (E:20), this is not the case, as we will show in section [.3.3.

4.3.1 W decays

The non-unitary mixing matrix N appearing now in the charged weak couplings, eq. (2.5§),
results in a leptonic W decay width of the form

GSMM3
D(W — lgve) = Zr W — o) = T “E__W (NN, (4.21)

Using the value of Gp extracted from the decay u — v ere, as given in eq. (£.63), the
following combinations can be defined:
(NN e C T(W = lava) 6V2r
VINNT)ee(NNT) . Gr My

= fa. (4.22)

With the experimental values of the W decay widths and mass from ref. [[[4] and Gp =
(1.16637 £ 0.00001) x 1075, the parameters f, take the values:

fe = 1.000 + 0.024

fu = 0.986 £ 0.028,

fr = 1.002 +0.032. (4.23)

4.3.2 Invisible Z decay
The modified neutral weak couplings in eqgs. (R.59) and (£.60)) lead to
GSM

12v2r

I'(Z — invisible) = Zrz—w,y] ( +p0) D ONNTN) Y2, (4.24)

7.7

where p; &~ 0.008 [[4] takes into account radiative corrections mainly stemming from loops
including the top quark. As the dominant radiative corrections do not involve leptons, the

17 Again, the absolute-value bars in eq. ( ) can be dropped when choosing the appropiate basis in
flavour space, see the discussion in section
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Constraints on Process Bound

((%JJ\RW % 0.997 4 0.010

% % 1.034 4+ 0.0014
((JJVV%T%W % 1.0017 + 0.0015
o
B '

(N NT)ee Du—vyere) | '

Table 6: Constraints on (NNT),, from a selection of processes.

dependence on the mixing matrix in eq. (fl.24) appears as a global factor to an excellent

approximation. Using the data provided in ref. [I4] and the following approximation valid

at first order in >

STINTN) P = Tr —26%) =9 -2 3 (NN, (4.25)

the following constraint is then obtained:

9-2% (NN"ao  12V27T(Z — invisible)
V(NN (NNT),,, G MZ(1+ pr)

= 2.984 + 0.009 . (4.26)

As it is well known, this number should correspond to the number of active neutrinos at
LEP. Its 20 departure from the value of 3 is not (yet) significant enough to be interpreted
as a signal of new physics.

4.3.3 Universality tests

The existing constraints on the universality of weak interactions can be turned into bounds
on non-unitarity if the weak couplings are indeed universal, as it is the case in Seesaw
models. The results of our analysis, always at order ¢, are displayed in table |, where the
bounds have been extracted from ref. [i]. For the leptonic decays, the following expression
has been used ( for a # f3):

GSMmg
£ (NNT)aa(NNT)ﬁﬁ : (4.27)

F(la — I/alﬁﬁﬁ) == W

Charged pion decays to a lepton pair are also considered in that table.

4.3.4 Z decays into charged leptons

While the processes analyzed in the previous sections permit to put bounds on the diagonal
elements of (NN1), as in the case of the fermionic singlets, the additional presence of flavour
changing effects in the coupling of charged fermions to the Z boson allows to constrain the
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Constraints on Process Bound
[((NNT)e,| Br(Z — e*u¥) | <2.5-1073
((NNT)e,| Br(Z — e*rF) | <6.1-1073
(NNY),;| | Br(Z — p*7%) | <6.7-1073

Table 7: Constraints on (NN T)ag from tree-level Z decays into charged leptons.

off-diagonal elements of (NNT) with tree-level processes, at variance with the fermionic
singlet case. The leptonic width of the Z gauge boson is given by
Gl

3V2r

where the first (second) term in the parenthesis is the contribution of right-handed (left-
handed) leptons. For a # (3 it follows that:

I(Z = lola) = (15in® B[ + [sin® B — J[[(NNTLeal?), (428)

- GMME
[(Z — l,lg) = £ —Z 2 |[((NN1?].5/%. 4.29
(Z = lal) = ZE 2NNl (4.29)
It is now possible to obtain the branching ratios at leading order in €>:
- I(Z — 1, -
Br(Z — l,lg) = (;_MBr(Z — 1l = (4.30)
NZ = Ll,)
|(NNT)046|2 7

= Br(Z — I415),
2sin? Oy — sin? Oy + 1/4 H(Z = bh)
where we have used |[(NNT)2],52 = 4|(NNT),s/? and sin? @y = 0.23 is the Weinberg
angle. From this, the bounds in table [] have been derived.

4.3.5 p — eee and T — 3l decays

The non-unitarity of the leptonic mixing matrix N results, in the case of the fermionic

triplet Seesaw theory under study, in tree-level ; — 3e transitions given by (at leading

order in €*):

T(u~ — ete e
Br(p~ —etee™) ~ P((M_H e_e i ) (4.31)
P = eV Ue)

1
= (NN (3 sin By — 2sin? By + 5) .

Analogously, 7 decays in 3e or 3y are non-zero and given by:

F(T_ — l_l+l_) _ _
a x>/ v 4.32
T e v 0 ) (432

Br(r~ — l+l7l7) =

[ee e

1
= [[(NNT)?]or |2 <3 sin® Oy — 2sin? Oy + 5) Br(7~ — e v Ve),
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Constraints on Process Bound
[(NNT)el - —etee | <1.1-10°6
((NNT)e,| T~ —eteTe” | <1.2-1073
[((NNT),.r| T —putpTp | <1.2-1073
[((NNT)| T —ptpTe” | <1.6-1073

(NN [J(NNTYey| | 77— efpp~ | <3.1-1074
[((NNT)7] T~ —etepu | <1.5-1073

(NN |((NNT)e| | 77 = ptee | <29-1071
[(NNT)e,l [ — ey 2.8-10°7
’(NNT)W\ T — Wy 52-1073
[(NNT)r| T — ey 6.6 -1073

Table 8: Constraints on (NNT),s from charged leptons decays.

where o = i, e. On the other side, 7 decays in 2e(u) + 1u(e) are given by:
Nr~ — l+l_l7)

— +7—7—\ a’a’ps _ - —
Br(r™ — I3l l5) = o lgVTﬁe)Br(T — 5 v;7,) (4.33)
1
= |[(NNT)2]5T|2 (2 sin? Oy — sin® Oy + Z) Br(r™ — Iy v 7,),
I NG A L
Br(r™ — Ifl,1,) = Br(7~ — e v, 0,) (4.34)

(= — e v, 1)
- %|[(NNT)2]0W|2|[(NNT)Q]aﬁFBr(Ti - 677/7—76) )

where a, 8 = p, e with a # (3. The bounds resulting from these processes for combinations
of NN elements are contained in table B

4.3.6 Complete lagrangian and l; — la~v

As the phenomenological consequences of Seesaw scenarios mediated by SU(2) fermionic
triplets remain almost unexplored in the literature, it is worth to study in detail the com-
plete Lagrangian for the high-energy theory in eq. (), developing it in terms of the
electrically charged components'® of i,

L = SRifhh + Spifhy, + SRty
+9 (Wi S5uSs = Wi Sfosh + he) + g (WiSEuSh - Wispnss)
1 /— R I
—5 (SRMsT7e + SpMsSfe + SRMsTE + he.)
— (0"SRYovs + V2OUSRYel, + 0TIVl — V26 S Yawy + e ) . (4.35)

This Lagrangian, in which the charged components of the triplets are expressed in terms of
2-component fields, is not convenient when considering mixing with the charged leptons,

8Note that the charged conjugate of Eﬁ is not X% but Efzc.
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which as usual are expressed in 4-component notation. As the charged triplet components
have 4 degrees of freedom they can all be written in terms of a 4-component unique Dirac
spinor,
_ v+ -
U=+ 5. (4.36)

The neutral fermionic triplet components on the other hand can be left in 2-component
notation, since they have only two degrees of freedom and mix with the neutrinos, which
are also described by 2-component fields. This leads to the Lagrangian

_ _ — M
L = Tipv + Sipn — TMs T — (z%%z?g + h.c.>
130 0 e
g (WS90, PR + Wi SE, PLY + hie.) — g WGy, v

- <¢OE_%YZVL + V2Tl + ¢S Yalg — V2o ey U + h.c.) . (4.37)

The mass term of the charged sector shows then the usual aspect for Dirac particles (omit-
ting flavor indices):

m — = m T’U
AT <Y;v Aﬁg) (éfL) SAD (0’ i%) <§Z> (1.33)

The — symmetric — mass matrix for the neutral states is on the other hand given by:

— Y0c 0 Yy'v/2v/2 VL
£s-(m 20)<Y2*v/2\/§ Mg/ ><EL°>

= T’U 14
—0129) (YEU?Qﬂ YEMz//22\/§> <EOLC ) (4.39)

The corresponding mixing matrices, necessary to calculate u — ey and similar processes,
are explicitly given in appendix B.

u — ey, 7 — ey and T — pvy. [1 — lyy transitions result from Z and W-mediated
one-loop processes, depicted in figure . The amplitude of the matrix element, computed
within the complete theory, eqgs. (R.45) and ({.37), is given by (the details of the computa-
tion will be given in a separate publication [[[g]):

GSM

. € _
-Al1—>l2“/ = _Z%Wm,uue (p - Q) PRO-)\VQVEAUM (p) X

{ce% + 3 Un,)as (W0)1) 0 (Miz)} (1.40)

2
In this equation, C' = 2.23, z,, = % and €3, corresponds to the d = 6 operator coefficients
w

> €2 and EET in eq. (.53), when considering y — ey, 7 — ey and 7 — py transitions,

ee;u er

respectively. Up,, is the unitary matrix which diagonalizes the neutral lepton mass matrix
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Z, H,n
H e
Y

Figure 2: Diagrams contributing to u — ey. ¢~ is the Goldstone boson associated with the W~
boson, n is the Goldstone boson associated with the Z boson and H stands for the physical Higgs
boson.

for the fields (v, X°¢), see appendix B for details. Using these results, the branching ratio
for the l; — lyy transition is given by (at order 1/Mg):

2
3 06221 + Z@ Ly (UOVV)QZ' <(UO"V)T)i1‘
e (NNT)11(NNT)g

The experimental bounds on these processes result in constraints given in table. 8. These

are comparable to those stemming from tree-level purely leptonic decays.

4.3.7 Combination of all constraints

From all constraints obtained above we have performed a global fit, and the following
bounds on the NNT elements have been derived, at the 90% CL.:

1.001 £0.002 <1.1-107% <1.2.1073
INNT|~ [ <1.1-107% 1.002+0.002 <1.2-1073 | . (4.42)
<1.2-107% <1.2-107% 1.002 £ 0.002

Using now the relation obtained in eq. (P.64) between the elements of the coefficient matrix
¢?=6 and those of NNT, it follows that

3-107% <1.1-107% <1.2-1073
S|<1.1-107 4.107% <1.2-1073 . (4.43)

~

of <12-103<12-103 4.10°3

02
2

2
v d=6 p 11

v _ Uyl — v
2 [ las EMg My =

,33,



Notice that these bounds are stronger than those obtained in the case of the fermionic
singlet Seesaw theory, eq. ({.J). This is due to the fact that now flavour changing processes
with charged fermions are allowed already at tree level.

4.3.8 Signals at colliders from fermionic triplets

As for direct production and detection, alike to the case of the generic type-II Seesaw
model, the non-zero electroweak charge of the triplet results in gauge production from
photon and Z couplings. Only particles with electric charge 41 exist in this case, though,
and the experimental signals are less clean. Anyway, if light enough, triplet fermions can be
produced in forthcoming colliders through Drell-Yan production. In ref. [, §, the following
channels have been analyzed:

e Y decays into gauge bosons plus light leptons: ¥~ — ZI=, ¥~ — W, £0 — Zv,
30 — WEIF;

e Y decays into Higgs plus light leptons: £~ — ¢%1—, £0 — ¢%p.

5. Conclusions

While the unique dimension five effective operator is common to all Seesaw models of Ma-
jorana neutrinos, dimension six operators discriminate among them. We have determined
the latter for the three families of Seesaw models: fermionic singlet (typel), scalar triplet
(type II) and fermionic triplet (type III). They should be the low-energy tell-tale of the
Seesaw mechanism, for any generic beyond the SM theory whose typical scale is larger than
the electroweak scale and which accounts for Majorana neutrino masses. These results have
been gathered in table 1.

For fermionic Seesaw theories, the effective operators obtained result in non-unitary
leptonic mixing matrices affecting the couplings of leptons to gauge bosons, in very precise
patterns. Denoting by N the non-unitary matrix which replaces the usual Upjsng matrix
in the charged current, the neutrino-Z and charged lepton-Z currents have now a flavour
structure given by

Jj’_” x NN, Jij_l x 1, for singlet-fermion Seesaw ,
Jﬁf" o (NTN)™L, Jff*l o (NNT)2, for triplet-fermion Seesaw .

For scalar-triplet Seesaw theories the mixing matrices remain unitary, while the dimension
six operators indicate instead correlations between exotic four-fermion couplings and gauge
and Higgs potential parameters, as well as with Higgs transitions.

For all families of Seesaw theories, it turns out that the coefficient matrix of the
dimension six leptonic operators is of the generic form |¢¢=6| = Y*#Y, where Y denote
the new Yukawa couplings and M the high scale of the new theory. Irrespective of the

value of M, we have set bounds on the Y/M ratios for the three theories, resulting in an

M
TeV>

specially for type II and III theories due the richness of their phenomenology. The specific

overall constraint |Y| ~ 107! with more stringent constraints for specific channels,
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results have been collected in eq. (.9), tables 4 and 5, and eq. ([.4J), for the fermionic
singlet, scalar triplet and fermionic triplet Seesaw theories, respectively. To achieve them,
we took into account the experimental data on many tree-level processes as well as on
radiative one-loop processes (1 — ey, 7 — p7y and 7 — e7), all of which we computed in
all 3 theories.

Independently of the above, we have also discussed the possible values of M from
a theoretical, albeit model independent, point of view. There is no clue at present on
whether there is a relationship between the source of B — L violation in nature and the
origin of the flavour structure of the SM, which displays Yukawa couplings for charged
fermions ranging from Y ~ 1 for the top quark to ~ 1079 for the electron. The values
of neutrino Yukawa couplings could also be in that same range within Seesaw theories, if
the high energy scale lies in the range between the typical Grand Unification scale down
to the TeV scale. Indeed, the electroweak hierarchy problem prefers new physics scales
closer to the electroweak scale than to the hypothetical Grand Unified scale, if the new
physics involves the Higgs field. To illustrate this point in the present context, we have
explicitly computed the one-loop contributions to the Higgs mass in the three families of

Seesaw theories, showing its quadratic sensitivity to the new scales.

We have then also addressed in this work the question of whether it is possible to
simultaneously allow a “low” scale M ~ TeV and large, order one, Yukawa couplings,
without fine-tuning neither any Yukawa coupling nor combinations of them. The answer is
positive and guided by symmetry considerations. Indeed, while neutrino masses correspond
to the dimension five operator which violates B — L, all dimension six operators preserve
it. From the point of view of symmetries, it is then a sensible option to expect large effects
of the new physics associated to the latter, while the dimension five operator is further
suppressed.

A natural ansatz proposed is that, if in the new theory the Majorana character is
associated to some tiny parameter p which heralds the breaking of B— L, the dimension five

operator coefficient is necessarily proportional to it, =5 ~

% and thus suppressed. This
mechanism and pattern is stable under radiative corrections, as they have to be proportional
to p, which is the parameter responsible for the small breaking of a global symmetry. We
call this pattern direct lepton wviolation since the neutrino masses are proportional to the
(small) lepton number violating quantity p, rather than inversely proportionnal to the large

lepton number violating heavy field mass.

It turns out that such an ansatz and pattern is already incorporated in the minimal
scalar-triplet Seesaw theory (type II). We have also argued that fermionic Seesaw theories
at the TeV scale (as for instance the so-called inverse Seesaw mechanism) include it as
well and we have explored the corresponding possible textures and realizations. Would
this ansatz happen in nature, new beautiful signals may be expected near the present
experimental bounds and in accelerators sensitive to the TeV scale, such as the LHC or
ILC . The loose bounds we have obtained for the dimension six operator coefficients, above
mentioned, show that it is indeed possible to have such strong signals, with M ~TeV,

Yukawa couplings of @(1072-1) and no unnatural fine-tunings.

,35,



Acknowledgments

We specially thank Stefan Antusch, who participated in the early stages of this work. We
also acknowledge illuminating discussions with José Ramoén Espinosa, Enrique Fernandez-
Martinez, Jacobo Lépez-Pavén and Stefano Rigolin. Furthermore, the authors received
partial support from CICYT through the project FPA2006-05423, as well as from the
Comunidad Auténoma de Madrid through Proyecto HEPHACOS; P-ESP-00346. T.H.
thanks the FNRS-FRS for support. A.A and F.B aknowledge the support of the Agence
Nationale de la Recherche ANR through the project JC05-43009-NEUPAC.

A. Non-unitarity

We give here in detail the transformations leading to the currents in eqs. (P-16), (£.17)
and eqs. (2-53), (2:59), (R-60), corresponding to the singlet and triplet fermionic Seesaws,
respectively.

Singlet fermion seesaw. Consider the Lagrangians in eqs. (R.11) and (2.12). We can
rotate to the basis in which the mass matrices are diagonal. In this basis, the neutrino
light eigenstates are redefined as

vi = Vit var + Via " vay (A1)
(A.2)
where V°f are not unitary matrices because of the field rescaling involved. Ve can be
expressed in terms of the matrix which diagonalizes the neutrino mass matrix'® U”,

vell — (1 - ZeMyuv. (A.3)

In terms of the light mass eigenstates, the leptonic Lagrangian now becomes

£iss = 171 (z’ﬁ— mg“;g) vi + %l_i <z’@— mfiag> li+Lec+ Lne, (A.5)

leptons 2

where, in this mass basis, the charged and neutral currents read

— 1
Lcc = %ZLW_ [Q <1 - §GN> U"] vr +hee., (A-6)
Lyc = g . [WV [UVT (1—€M) UV] v =Ly ZL} —sin®Ow JS™ b ZF4-e S AN (ALT)
cosOy | 2 " g g g ’

where Q = diag(e™1, e™2, ¢3) reabsorbs three unphysical phases in the definition of the
charged lepton fields. The above expressions look quite complicated, but the measurable

Notice that U” does not depend on c?=% at O(1/M?).
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effects can be expressed in a compact way, denoting by N the non-unitary matrix appearing
in the charged current coupling,

N=Q (1 - %EN> u”. (A.8)

In terms of the matrix NV, the charged and neutral currents read

J, ¢ = 8o vy Nai vi, (A.9)

1
INC = ST (N Ny, (A.10)

with N;of Noj # 0;; appearing in the neutral current since N is not unitary.

Triplet fermion seesaw. Consider now the Lagrangians in egs. (R.53)-(R.56). We can
rotate to the basis in which both the leptonic kinetic energies and their mass matrices are
diagonalized. This requires to redefine the leptonic light fields as

vi = Vil var + Vil v, (A.11)
Ii = K3 lpa, (A.12)
Iri = (UR)ia lRas (A.13)

where U}ﬁ2 is unitary while V°f and K°T are not unitary matrices because of the field
rescaling involved,

velt — (1 - %62) U (A.14)
Kt =a-&)ut, (A.15)

with the matrices U, and U! diagonalizing the neutrino and charged lepton mass terms,
respectively,?? with

mdiae = T m, UV m?iag = Uy my (1 —e)UL. (A.16)
In terms of the light mass eigenstates, the leptonic Lagrangian becomes

| ~ 1 -
Liss = 37 (iﬁ— mflfg) vi+ 5l <if9— m?;ag> li+Lcc+ Lne, (A.17)

leptons

in which the charged and neutral currents now are given by

—_ 1 v
Loo = %ZLW [Q v’ (1 - 5@) U ] v, +hec., (A.18)
e = L [0 ) ) - et 152y v
cosOyy | 2 H g g t

— sin® HWij}Z“ + e AR, (A.19)

20While U does not depend on ¢?=% at O(1/M?), U} and Uk do.
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with, once again, Q = diag(e™!,e™?2,e™3) reabsorbing three unphysical phases in the
definition of the charged lepton fields.

Because of the flavour-dependent field rescaling involved, a non-unitary mixing matrix
N has appeared in the charged-current couplings, replacing the usual unitary Upyns
matrix, while non-unitary flavour mixing appears as well in the couplings of leptons to the
Z boson. The above expressions look quite cumbersome, but the measurable effects can
be cast in a compact way. Indeed, we denote by N the non-unitary matrix appearing in
the charged current coupling,

1
N=qUl' (1 + 5@) U (A.20)

Working at order O(1/M?), i.e. at first order in the ¢~ parameters, the charged and neutral

currents can then be neatly expressed in the mass basis as

Iy “C =1y Nv, (A.21)
1
Jg’(neutrinos) = 57%¢(NT N) v, (A.22)
1-
ij(leptons) = Elwﬂ(NNT)Ql. (A.23)

B. Lepton mixing in the full type-I11 seesaw model

As the type-III model has not been properly presented in an extensive way for what con-
cerns notations, mass matrices, mixing matrices, etc, it is useful to discuss it also in the
context of the full theory where the triplets of fermions are not integrated out. This will
also allow to establish the precise tree-level connection between the effective and full the-
ories. This model is defined by eq. (R.45) in a vector notation. It can be equivalently
rewritten in terms of the usual and compact 2 by 2 notation for triplets (with implicit
flavour summation):

L =TrZipy] — %Tr[fMgEc + 3% — ¢TEV2Ys L — TV2Yx 8¢ (B.1)

with, for each fermionic triplet,

5 <EO/\/§ »+ >’ Ec:(zOc/ﬁ n—c >’

w- _EO/\/i y+e _EOC/\/i
3 +
D, = . —iv2g <Wﬁf/,;/§ _%’Nﬁ) _ (B.2)

Either way, eq. (R-45) or eq. (B.I]), lead to the same Lagrangian expressed in terms of
charge components, as given in eq. (.35) or, in terms of the more convenient spinor field
U (eq. (£36) ), in eq. ({37). This leads to the mass matrices for both neutral and charged
leptons in egs. (.38)-(f.39). As it happens with any Dirac mass matrix, the charged lepton
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mass matrix can be diagonalized by a bi-unitary matrix transformation (6 by 6 if there are

ILR LR
ROy R B.3
(@L,R> L’R<\IJ'L7R (B.3)

while the symmetric neutral lepton mass matrix can be diagonalized by a single unitary

<;OL> — Uy <E”,'LO> . (B.4)

Writing the mixing matrices in terms of 3 by 3 blocks

U Unis Uri Urix Uowv Uous
Up = . Up= . Up= . (B5
L < Ursi Ursys, > R ( Ursi Urss > 0 ( Uosy Upss ) (B:5)

at first order in Yv/Msy, we obtain:

3 triplets of fermions),

matrix:

yt Y
Ups = YioMg!', Upsy = —Mg'Yv, Uys = —QUM_l , Uosy = —Mg'—=vUpyns,

V2 V2
(B.6)

while Ury = Ursy = Upsy, = 1, Ugy = Upuns, Ug = 1.21 In these equations Upasns
is the lowest order neutrino mass matrix, which is unitary. Note that we have neglected
smaller corrections in Yvm;/MZ. The 6 by 6 mixing matrices U L,R,0 are unitary but
the various 3 by 3 ones are not. This leads to non-unitary effects in the gauge interac-
tions of leptons. Re-expressing the gauge interactions in the mass eigenstate basis we get

eqs. (2.58)-(2.60) with

(NNTY? =14 U} Upsy =1+ 26, (B.7)

(NTN)™ =1 Uy, Unsy = 1= U}y ns € Upnins (B-8)
62

N = (UzllUOVV + \/iU]J{ZlUOE,/) = <1 + 7) Upyuns - (B.9)

In obtaining these results recall that, in the full high-energy theory, all the analysis has
been performed in the flavour basis in which the initial charged lepton mass matrix is
diagonal and the light charged lepton fields have reabsorbed three arbitrary phases. In
the last equalities of eqs. (B.1) and (B.§) we have used eq. (B.6), while the last equality
of eq. (BY) can be obtained from combining egs. (B.4) and (B.§). The results we get
in terms of the Yukawa couplings are fully in agreement with the ones obtained in the
effective theory, egs. (B.-5§)-(R-69) and eq. (2:64). Note that in egs. (B.6)—(B-§) (although
not in eq. (B.9)), Upans can be replaced by N since the difference is of higher order in
Y?}/Mz.

21t should be remarked that, in the one-loop computations of the radiative processes l; — lz7, it has

been necessary to consider the expansion of Ur at (’)(M%): Uris = miYToMg?, Upsy = —Mg*Ymuw.
=
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C. Low scale models of light neutrino masses with large Yukawa couplings

In the following, we consider models based on type-I Seesaw mechanism which lead to
large dimension 6 operators. The examples considered can be straightforwardly applied
to the type-III Seesaw too, as the textures are exactly the same. Such a situation arises
for particular patterns of the singlet neutrino mass matrix and/or of the Yukawa matrix.
As already explained in section 3 we are interested in a class of models which, to lead
to sufficiently suppressed neutrino masses and large d = 6 operators, do not require any
precise cancellations between the various (a priori independent) entries of these 2 matrices.
The cases we consider just require that some of the entries of these mass matrices are much
smaller than other ones.

For simplicity, let us first consider — as in section 3 — only one left-handed neutrino
and two singlet fermions. In full generality, in this case there are 3 mass matrix textures
which automatically lead to a vanishing light neutrino mass [in the basis (vr, N1, Na)]:

0 mp, O 0 0 mp, 0 mp, mp,
mp, My, Mn, |, 0 0 Mn, |, mp, 0 0 (C.1)
0 My, O mp, My, Mn, mp, 0 0

In the following we will consider only the first mass matrix since the second one is equivalent
to the first one under Ny < N5, and since the third one which is of the Dirac type doesn’t
lead to any interesting case for our purposes. Assuming My, > mp, the eigenstate which
is predominantly a vy is massless. For My, = 0, which corresponds to the well-known
inverse Seesaw model [[IJ] considered in section 3, this can be understood easily from the
fact that assigning L = 1, —1,1 to vy, N1, Ny respectively, lepton number is conserved. For
My, # 0, which can also be justified from a symmetry in specific extended models [20], this
remains true because the determinant of the mass matrix still vanishes in this case. This
case has the interesting feature to have a large source of lepton number violation (i.e. My;,)
with a vanishing neutrino mass. 22

In order to induce a naturally small neutrino mass, even if the Yukawa coupling in mp,
is large, and without fine-tuning, one must introduce a small mass parameter p in the mass
matrix. This can be done in 2 ways (plus combination of them), either from introducing
an extra small Majorana mass, or from introducing an extra small Dirac mass term:

0 mp, O 0 mp, u
mp, ]WN2 ]WN1 s mp, ]WN2 ]\4]\/1 . (CQ)
0 My, p p My, 0
Expanding in powers of u, in the first case in eq. (@) we obtain:
my, ou Mg,

= O(m? *My, /Mpr 1 C.3
my ]\4]\[1 ]\4]\[1 ]\4]2\[1 +m%1 + (lelu’ NQ/ Ny lu’ )? ( )

22Note that since the 22 element breaks lepton number, it could induce neutrino mass in presence of extra
interactions coupling to the N;’s. This contribution would be suppressed by loop factors, couplings of the
extra interactions, as well as the masses of the new states involved, but wouldn’t be necessarily negligible
with respect to the contribution of eq. (E) below. We thank S. Antusch, M. Frigerio and J. Kersten for
discussions on this point.
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while the second case leads to:

mp, [ ]\412\/1 u? My, (Mz%h - m%)l)Q

+0(u?). C.4
MNI M]2V1 +m2D1 MNI MNI (M]2\71 +m2D1)2 (Iu ) ( )

my, = —2

Eq. (C.3) shows that the neutrino mass is suppressed by an extra factor /My, , so that
the smallness of neutrino masses, and the argument of no fine tuning, do not require tiny
Yukawa couplings.

As for the first term in eq. (C4), it has the standard neutrino mass form, i.e. with 2
Dirac masses in the numerator and one Majorana mass in the denominator, but unlike the
usual Seesaw formula, it involves only the product of 2 different Dirac masses. Therefore,
if one of them is smaller than the other, e.g. 4 < mp,, a small neutrino mass can be
obtained here too with a large Yukawa coupling in mpi, and no fine-tuning. As for the
second term in eq. (C.4), which involves the independent parameter My, it also leads to
suppressed neutrino masses, even if My, largely breaks lepton number.

Now, in the limit g — 0 the point is that the coefficient of the d = 5 operator
vanishes but that of the d = 6 operator does not. This can be seen from the fact that
the d = 6 operator takes the form (Ya)f(My?)(Yy), see above, and doesn’t vanish in this
limit. Eq. (B7) in all cases above, with for example mp, = Yiv ~ v and My, ~ 1TeV,
becomes simply |Y1|?/M3, ~ 1/M3, which is large. The one left-handed plus two right-
handed neutrino example above can be generalized to the 3 left-handed plus 3 right-handed
neutrino above. The condition for having vanishing neutrino masses is to start with a 6
by 6 mass matrix which has rank 3. Assuming that all entries of the Yukawa coupling
matrix are independent (i.e. barring cancellations between the various entries), it turns out
that there is only one possibility to have large Yukawa couplings with three massless light
neutrinos and three massive right-handed neutrinos. In the basis (ve, vy, vr, N1, No, N3) it
is

000c00O0
000d0O0
000e00
cde fga
000gbo0
000a00

plus permutations. This matrix has the particularity that only one of the 3 right-handed
neutrinos couples to light neutrinos at leading order (just as the 1 v plus 2 N case above).
From a simple lepton number assignment there is only one way to justify this pattern,
which gives in addition f =g =0, i.e. by taking L,, = L,, = L,, = Ly, = —Ly; =1 and
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Ly, = 0.2 24, The matrix of eq. (C.5) can be perturbed in many ways:

0 0 ceqe9
00d€3€4
0 0 ee5e¢q

o O O

cdefga
€1 €365 9 b ey
€2 €4 Eg A E7 EY

To have two massless light neutrinos, at least one €; among ¢; .7 must be different from 0.
To have 3 massless light neutrinos, at least two well chosen ; must be different from 0, for
example €3 and gg. It is beyond the scope of the present analysis to determine all possible
perturbations textures which may accommodate the neutrino data along these lines, see
also ref. [b()]. There are many possibilities, and the point is that all of them do lead to
unsuppressed d = 6 operators (i.e. with non-vanishing coefficients in the limit in which all
g; = 0) as long as a and b, together with at least one parameter among c, d, e, are different
from 0.
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