
PHYSICAL REVIEW D 69, 093006 ~2004!
Phenomenological tests of supersymmetricA4 family symmetry model of neutrino mass
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Recently Babu, Ma, and Valle proposed a model of quark and lepton mixing based onA4 symmetry@Phys.
Lett. B 552, 207~2003!#. Within this model, the lepton and slepton mixings are intimately related. We perform
a numerical study in order to derive the slepton masses and mixings in agreement with present data from
neutrino physics. We show that, starting from threefold degeneracy of the neutrino masses at a high-energy
scale, a viable low-energy neutrino mass matrix can indeed be obtained in agreement with constraints on lepton
flavor violating m and t decays. The resulting slepton spectrum must necessarily include at least one mass
below 200 GeV which can be produced at the CERN Large Hadron Collider. The prediction for the absolute
Majorana neutrino mass scalem0>0.3 eV ensure that the model will be tested by future cosmological tests and
neutrinoless double beta decay searches. Rates for lepton flavor-violating processes, j→, i1g in the range of
sensitivity of current experiments are typical in the model, with BR(m→eg)*10215 and the lower bound
BR(t→mg).1029. To first approximation, the model leads to maximal leptonicCP violation in neutrino
oscillations.

DOI: 10.1103/PhysRevD.69.093006 PACS number~s!: 14.60.Pq, 11.10.Gh, 12.60.Jv
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I. INTRODUCTION

The remarkable experimental achievements in neut
physics@2–9# have provided great insight into the neutrin
masses and mixings. In particular, it is now well establish
that the leptonic mixing matrix is rather different from th
quark mixing matrix@10#. The structure of the mixings sug
gested by experiment involves a large mixing angle desc
ing solar neutrino oscillations, a maximal one describing
mospheric neutrino oscillations, and a small one to acco
for reactor neutrino data. This is in sharp contrast to the th
small mixings that characterize the quark sector and pos
challenge to models of the origin of the flavor structure.

In this paper, we perform a detailed study of the mo
put forward by Babu, Ma, and Valle in Ref.@1#. The model
offers a simple and coherent picture of the quark and lep
mixings. Both mixing matrices are generated by radiat
corrections, but with different tree-level structures fixed
some high-energy scale, which we will denote byMN . Small
off-diagonal corrections to a hierarchical mass matrix w
give small mixing angles. In contrast, large mixing is a na
ral consequence of small corrections to degenerate en
levels. Therefore, the quark mixings are pushed to be sm
due to the hierarchical structure of their masses, whereas
large solar mixing angle is achieved due to degeneracy of
neutrino masses at tree level. The two other leptonic mix
angles are fixed by the family symmetry.

The model usesA4 family symmetry, whereA4 is the
symmetry group of the tetrahedron or equivalently the gro
of even permutations of four elements. The family symme
is broken at the high-energy scaleMN , which is imagined to
be around the scale of grand unification~of order 1016 GeV).
However, the model is not explicitly embedded into a
grand unification group. In order to have a natural stabili
tion of the different energy scales involved, low-energy s
persymmetry~SUSY! is used. Besides, as will be discuss
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below, the soft SUSY breaking terms constitute a necess
ingredient of the model, implying sizeable flavor-changi
interactions.

In addition to the usual fields in the minimal supersym
metric standard model~MSSM!, a number of heavy fermion
and Higgs fields are introduced. Within theA4 family sym-
metry scheme, this implies the following.

~i! The quark mass matrices are hierarchical and align
hence givingVCKM(MN)5I . As a result, the low-energy
CKM angles are naturally small.

~ii ! All three neutrino masses are exactly degenerate
MN , with an off-diagonalnm-nt texture. The atmospheric
mixing angle is thereby predicted to be maximal and t
feature is kept even after the leading radiative correction

~iii ! The electron neutrino has no mixing with the sta
separated with the atmospheric mass scale, or in the u
terminology theUe3 element vanishes at tree level.

~iv! If nonvanishing,Ue3 is purely imaginary@1#, to lead-
ing order. This in turn means that the DiracCP phase is
maximal, a feature we refer to as maximalCP violation.

~v! To leading order, the Majorana phases@11,12# are con-
strained to be 1 ori @13# and, although physical, do not giv
rise to genuineCP-violating effects@14,15#.

Within SUSY theories new contributions to flavo
changing processes arise from the exchange of squarks
slepton. In particular, the contributions are nonzero if t
scalar mass matrices are off-diagonal in the basis where
corresponding fermionic mass matrices are diagonal~the
super-Cabibbo-Kobayashi-Maskawa~CKM! basis!. The ex-
perimental bounds on flavor-violating~FV! interactions in
the quark sector are very strong, whereas the bounds in
lepton sector are somewhat less severe. It is a general p
lem to achieve sufficient suppression of the SUSY FV co
tributions. This is the well-known SUSY flavor problem.
popular way to suppress the magnitude of SUSY FV is
assume that slepton masses are universal at the Planck
©2004 The American Physical Society06-1
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in the super-CKM basis. In such so-called minimal sup
gravity ~MSUGRA! scenario @16–19#, renormalization
group equation~RGE! running down to the electrowea
scale gives naturally small calculable off-diagonal flav
violating terms.

A necessary ingredient of the present model is that
soft SUSY breaking terms are flavor-dependent. We sho
therefore be especially worried about the strong constra
on flavor violation. In fact, in order to get sufficient splittin
of the degenerate neutrinos, large mixings and large m
splittings in the slepton sector are required. In particular,
smaller values of the overall neutrino mass scale, larger
diagonal elements of the slepton mass matrix are neces
in potential conflict with observation.

Our approach will therefore be to derive the possible lo
energy slepton masses and mixings by using the pre
knowledge of the neutrino mass matrix. Although sever
constrained by bounds on lepton flavor violation as well
the overall neutrino mass scale, we show that the mode
indeed viable. We give the predictions for lepton flavo
violation processes, such ast→mg. These are within experi
mental reach in the very near future. We also note that
bounds derived here can be applied to any model having
same tree-level form of the neutrino mass matrix as in theA4
model and using SUSY FV corrections to split the deg
eracy. Rates for lepton flavor violation in other models, su
as theCP-violating version of the neutrino unification mod
considered in Ref.@20# and the inverse-hierarchy model
Ref. @21#, may be treated in a similar way.

The plan of the paper is as follows. In Sec. II we descr
the model and the structure of the radiative corrections
Sec. III we give the numerical results for the phenome
logical FV observables and the absolute scale of neut
mass, and we conclude in Sec. IV.

II. THE SUPERSYMMETRIC A4 MODEL

In this section, we will give an outline of the model. F
further details, we refer to the original paper in Ref.@1# and
related work@22–24#. As already mentioned in the Introduc
tion, theA4 group is the symmetry group of even permu
tions of four elements. It has four irreducible representatio
three independent singlets, which we denote as1, 18, and
19, and oneA4 triplet 3.

The usual MSSM fields are assigned the following tra
formation properties underA4 :

Q̂i5~ ûi ,d̂i ! and L̂ i5~ n̂ i ,êi !;3, f̂1,2;1, ~1!

û1
c ,d̂1

c ,ê1
c;1, û2

c ,d̂2
c ,ê2

c;18, û3
c ,d̂3

c ,ê3
c;19. ~2!

Extra SU(2) singlet heavy quark, lepton, and Higgs sup
fields transforming asA4 triplets are added, as follows:

Û i , Û i
c , D̂ i , D̂ i

c , Êi , Êi
c , N̂i

c , x̂ i ,;3. ~3!

We also assume an extraZ3 symmetry under which all su
perfields are singlets, except theSU(2) singlet Higgs super-
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field x̂;v (A4 triplet! and theSU(2) singlet superfields
ûi

c ,d̂i
c ,êi

c;v2, wherev5e2p i /3 is the cube root of unity.
The superpotential is then given by

Ŵ5MUÛiÛ i
c1 f uQ̂i Û i

cf̂21hi jk
u Û i û j

cx̂k1MDD̂iD̂ i
c

1 f dQ̂i D̂ i
cf̂11hi jk

d D̂ i d̂ j
cx̂k1MEÊiÊi

c1 f eL̂ i Êi
cf̂1

1hi jk
e Êi êj

cx̂k1
1

2
MNN̂i

cN̂i
c1 f NL̂ i N̂i

cf̂21mf̂1f̂2

1
1

2
Mxx̂ i x̂ i1hxx̂1x̂2x̂3 . ~4!

Note that theZ3 symmetry is explicitly broken by the sof
supersymmetric mass termMx . On the other hand, theA4
symmetry gets spontaneously broken at the high scale by
^x i& vacuum expectation values~VEV’s! lying along the
F-flat direction given aŝx1&5^x2&5^x3&5u52Mx /hx .
This solution is therefore invariant under supersymme
which is a necessary requirement as we want to have l
energy SUSY. In fact, the low-energy effective theory of t
model is merely the MSSM. Note that supersymmetry is th
only broken by TeV scale soft breaking terms. These w
also break theA4 symmetry and constitute the very source
the threshold corrections to the neutrino masses. The e
troweak symmetry is broken by the VEV’s of the two Higg
doublets. As usual, we define tan(b)5v2 /v1 , where ^f i

0&
5v i .

The charged lepton mass matrix linking (ei ,Ei) to
(ej

c ,Ej
c) is restricted by the family symmetry to the simp

form

MeE5S 0 0 0 f ev1 0 0

0 0 0 0 f ev1 0

0 0 0 0 0 f ev1

h1
eu h2

eu h3
eu ME 0 0

h1
eu h2

evu h3
ev2u 0 ME 0

h1
eu h2

ev2u h3
evu 0 0 ME

D .

~5!

Thev factors arise due to the way triplets and singlets fo
A4-invariant combinations@23#. This mass matrix is suffi-
ciently simple to allow for an analytic diagonalization. It
of seesaw type and the effective 333 low-energy mass ma
trix, M ,

eff , can be diagonalized byM ,
diag5ULM ,

effI , where
the left diagonalization matrix reads

UL5
1

A3
S 1 1 1

1 v v2

1 v2 v
D . ~6!

The Yukawa couplingshi
e , i 51,2,3, are chosen suc

that the three eigenvalues ofM ,
eff , given by mi

5A3 f ev1u/MEA11(hi
eu)2/ME

2hi
e , agree with the mea-

sured masses of the electron, muon, and tau leptons. S
6-2
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FIG. 1. Feynman diagram re
sponsible for ‘‘wave-function’’
~top! and ‘‘vertex’’ ~bottom! radia-
tive corrections to neutrino mass
The fat vertex indicates an effec
tive dimension-5 operator ob
tained by integrating out the
heavy right-handed neutrinos.
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larly, the up-type and down-type quark mass matrices h
the same structure as in Eq.~5! @23#. Therefore, they will be
simultaneously diagonalized, implyingVCKM5I at the high
scale. An elegant feature of the model is that, since the qu
masses are hierarchical, the low-energy CKM mixing ang
are naturally small, as they arise due to small calculable
diative corrections. A realisticVCKM matrix can indeed be
ascribed to radiative corrections coming from the soft SU
breaking scalar quark~squark! mixing terms, starting from
the tree-level identity matrix. This can be done obeying
experimental constraints~in particular bounds on flavor
changing processes!, as already shown in Ref.@25#.

Here we focus on the neutrino masses. Rotating to
flavor basis, where the charged lepton mass matrix is dia
nal, the 636 Majorana mass matrix fo
(ne ,nm ,nt ,N1

c ,N2
c ,N3

c) takes the simplest~type-I! seesaw
form,

S 0 ULf Nv2

UL
Tf Nv2 MN

D , ~7!

so that the effective low-energy neutrino mass matrix
given by

M n
05

f N
2 v2

2

MN
UL

TUL5
f N

2 v2
2

MN
l0 ,

l05S 1 0 0

0 0 1

0 1 0
D . ~8!

Thus the tree-level neutrino mass matrix at theMN scale has
exactly degenerate neutrinos,m15m25m3 , and exact maxi-
mal atmospheric mixing.

Let us look at the sources of the radiative corrections
the mass matrices. There are in general two kinds of ra
tive corrections, namely the standard renormalization effe
arising when running fromMN to the electroweak scale, us
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ing supersymmetric renormalization group equatio
~RGE’s!, and the low-energy threshold corrections.

Starting with degenerate neutrinos at some high-ene
scale, and using the standard minimal supergravity RGE’
is not possible to obtain a suitable neutrino spectrum@26,27#.
Moreover, renormalization-group evolution cannot produ
corrections to the texture zeros inM n

0 , since the RGE cor-
rections, in the flavor basis, are proportional to the origi
mass element@28–31#. However, it is clear that small cor
rections to the tree-level texture zeros are necessary in o
to obtain a realistic mass matrix.

Invoking threshold corrections from flavor violating~FV!
soft SUSY breaking terms allows us to obtain both adequ
neutrino mass splittings@20,32# as well as mixing angles. We
now show explicitly how a fully realistic low-energy neu
trino mass matrix can be obtained when one includes
radiative corrections coming from FV scalar lepton~slepton!
interactions. In our numerical programs, we include the
corrections.

The RGE effect can be approximated by

Mab~MS!.F12
ma

21mb
2

16p2v2cos2~b!
ln~MN /MS!G

3Mab~MN!. ~9!

Let us for the moment just consider thet Yukawa coupling.
Then defining

dt[
mt

2

8p2v2cos2~b!
ln~MN /MS! ~10!

we get the valuesdt.O(1025) for tan(b)51 and dt
.O(1023) for tan(b)515. Here, we have putMN
51012 GeV andMS51000 GeV.

In the following, we calculate the radiative threshold co
rections coming from the soft SUSY breaking terms. At on
loop these contributions to the neutrino masses arise from
diagrams shown in Fig. 1. For the evaluation we make so
6-3
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HIRSCH et al. PHYSICAL REVIEW D 69, 093006 ~2004!
approximations. First of all, we will not consider the full
36 slepton mass matrix but restrict to the 333 left-left part
of it. The charged slepton mass matrix, in the super-CK
basis, may be written as

M ,̃
2
5S MLL,,̃

2
@A2m tan~b!#m,

@A2m tan~b!#m, MRR
2 D , ~11!

where each entry is a 333 matrix and

~MLL,,̃
2

! i j b f5ML,i j
2 2

1

2
~2mW

2 2mZ
2!cos~2b!d i j 1m,

2d i j .

~12!

The 333 sneutrino mass matrix is given by

~MLL,ñ
2

! i j 5ML,i j
2 1

1

2
mZ

2cos~2b!d i j . ~13!

Although there are small differences in the sneutrino a
slepton left-left mass matrices, we will assume that they
identical, i.e.,MLL,,̃

2
5MLL,ñ

2
5MLL

2 . Indeed, the soft break
ing terms are expected to give the largest contribution. C
sequently, the sleptons and sneutrinos have identical mi
matrices and eigenvalues. Let us define the mixing ma
such that

,̃a85Ria,̃ i , i 51,2,3, ~14!

where,̃a8 is the flavor eigenstate and,̃ i is a mass eigenstate
Then the mass eigenvalues can be written asR†Mdiag

2 R
5MLL

2 . The contribution from the right sleptons in the di
grams in Fig. 1 is suppressed with the Yukawa couplin
squared. Hence, at least for small tan(b) the approximation
of only using the 333 slepton mass matrix is reasonable.
we will discuss below, the solution in agreement with data
lepton flavor violations has indeed relatively small values
tan(b).

Now, asMLL is Hermitian, it is easily realized that th
structure of the one-loop corrections to the Majorana n
trino mass matrix can be written as

l12 loop5l0d̂1~ d̂ !Tl0,

d̂5S dee dem* det*

dem dmm dmt*

det dmt dtt

D . ~15!

Therefore, the form of the neutrino mass matrix may be
proximated by

M n
12 loop5m0S 112d12d8 d9 d9*

d9 d 11d22dt

d9* 11d22dt d
D .

~16!
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Since the value ofd0[dmm1dtt22dmt does not affect the
mixing angles, it has been absorbed inm0 , the overall neu-
trino mass scale. Moreover, in Eq.~16! we have defined

d52dmt , d95dem* 1det , ~17!

d85dee2dmm/22dtt/22dmt . ~18!

Note that, without loss of generality, by redefiningnm and
nt , one can always make the parameterd real. Thus, due to
the special form ofM n

12 loop implied by the flavor symmetry,
the phase ofd can be rotated away, even though the neu
nos are Majorana particles.

The general form of the light neutrino mixing matrix i
any gauge theory of the weak interaction containingSU(2)
^ U(1) singlet leptons was given in Ref.@11#. For the case
where the isosinglets get superheavy masses, as in
present case, it can be approximated as a unitary matrixU,
which may be written as the product of three complex ro
tion matrices involving three angles and three phases, tw
which are the MajoranaCP-violating phases@11,12#.

In the present case, due to the flavor symmetry wh
restricts the form ofM n as given in Eq.~16!, we have that
the atmospheric mixing angle is maximal, and not affec
by the radiative corrections. Moreover, with this parame
zation the tree-level value of the ‘‘reactor’’ angle,s13, is
zero.1 The model also implies thats13cos(dCP)50, where
dCP is the DiracCP phase@13#. Therefore, in this model a
nonzero value ofs13 implies maximalCP violation in the
leptonic sector@1#. On the other hand,s1350 is equivalent to
d92 being real@13#. The property of maximalCP violation
gives interesting perspectives for discovery of leptonicCP
violation in future long-baseline neutrino oscillation expe
ments. Finally, MajoranaCP phases affectingDL52 pro-
cesses such asbb0n take on CP-conserving values, 0 o
p/2.

In the following numerical analysis we will assume th
the mass matrix is real, in which case it can be diagonali
analytically. The eigenvalues are given by

m15m0~112d1d82dt2Ad8212d9212d8dt1dt
2!,

m25m0~112d1d82dt1Ad8212d9212d8dt1dt
2!,

m35m0~2112dt!. ~19!

Hence, assumingdt ,d8,d9!d the mass squared difference
can be approximated by2

Dmatm
2 .4m0

2d, ~20!

Dmsol
2 .4m0

2Ad8212d9212d8dt1dt
2. ~21!

1We define the most split neutrino mass asm3 and requirem2

.m1 , therefore the reactor angle is always given bys13.
2Note that since the maximal angle has to go along with the

mospheric mass scale, these mass squared differences cann
swapped around.
6-4
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The solar angle is given by

tan2~usol!5
2d92

~d81dt2Ad8212d9212d8dt1dt
2!2

.

~22!

Although generated by threshold effects, the solar angl
naturally expected to be large, thanks to the quasidegene
neutrino spectrum. Note that ifd852dt , the effect of the
corrections fromd8 anddt is equal to havingd052d8 and
thus amounts to an overall shift of the mass scale. Never
less, in this case the solar angle would become maxim
which is now excluded by experiments@10#.

Furthermore, asd8 and dt arise from different physics
there is no reason for this fine-tuning to take place. The
fore, the numerical value ofdt cannot be much bigger tha
the solar mass scale, more preciselydt,;531024, imply-
ing that tan(b).10 is disfavored, as it will destroy th
agreement with the solar data. This can be seen explicitl
Fig. 7.

The analytic expressions for the radiative corrections
the neutrino masses are

dab
(a)x1

5(
i 51

3

(
A51

2

uUA1u2
g2

16p2
B1~mx

A
1

2
,m,̃ i

2
!RiaRib* ,

dab
(a)x0

5(
i 51

3

(
A51

4

ugNA22g8NA1u2
1

32p2

3B1~mx
A
0

2
,mñ i

2
!RiaRib* ,

dab
(c)x1

5(
i 51

3

(
A51

2

(
B51

2

uUA1VB2u2
g2

4p2

3C00~mx
A
1

2
,mx

B
1

2
,m,̃ i

2
!RiaRib* ,

dab
(c)x0

5(
i 51

3

(
A51

4

(
B51

4

ugNA22g8NA1u2uNB4u2
1

8p2

3C00~mx
A
0

2
,mx

B
0

2
,mñ i

2
!RiaRib* , ~23!

where we have evaluated the Feynman diagrams at zero
ternal momentum, which is an excellent approximation

the neutrino masses are tiny. Heredab
(a)x1

,a,b5e,m,t, is the
contribution from the chargino/slepton diagram in Fig. 1~a!,
with analogous notation for the other contributions. T
value of thedab , a,b5e,m,t in Eq. ~23! is the sum of the
four contributions given above. In the above formula,U,V
are the chargino mixing matrices andmx

A
1,A51,2 are

chargino masses.N is the neutralino mixing matrix and
mx

A
0,A51, . . . ,4 are theneutralino masses. The couplin

constant of theSU(2) gauge group is denotedg and that of
U(1) is g8. Furthermore,B1 andC00 are Passarino-Veltma
functions given by
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B1~m0
2 ,m1

2!52
1

2
De1

1

2
lnS m0

2

m2D
1

2314t2t224t ln~ t !12t2ln~ t !

4~ t221!
,

~24!

wheret5m1
2/m0

2, and

C00~m0
2 ,m1

2 ,m2
2!

5
1

8
~312De!2

1

4
ln

m0
2

m2

1
22r 1

2~r 221!ln~r 1!12r 2
2~r 121!ln~r 2!

8~r 121!~r 221!~r 12r 2!
,

~25!

where r 15m1
2/m0

2 and r 25m2
2/m0

2. We have used dimen
sional reduction, withe542n, and n is the number of
space-time dimensions. The termDe5(2/e)2g14 ln(4p),
whereg is Euler’s constant, is divergent ase→0. However,
the unitarity conditions

(
i

RiaRib* 5dab ~26!

ensure that the infinities and them2-dependent terms cance
in the corrections to the neutrino mass matrix given in E
~17! and~18!. Therefore, the final result does not depend
the renormalization scheme.

Let us comment briefly on the effect coming from th
diagonalization of the low-energy charged lepton mass m
trix. The neutrino mass matrix in Eq.~23! is written in the
tree-level flavor basis. Therefore, the radiative corrections
the charged lepton masses will result in small corrections
the mixing angles inU. Indeed, for the case of quarks, w
attribute the value ofVCKM to this type of radiative correc
tions. Nonetheless, as the dominant quark corrections o
nate from gluino exchange, whereas the charged leptons
receive contributions fromB-ino exchange, we expect tha
the charged lepton mixings will be much smaller. Let
denote the matrix which diagonalizes the low-energy char
lepton mass matrix byU,5I 1e rad. In the following, we
will only consider to first order in the radiative correction
In this case, the matrixe rad will be anti-Hermitian. The neu-
trino mass matrixM n

FB in the flavor basis~FB! will be given
by

M n
FB5U,M nU,

T5U,~l01 d̂l01l0d̂ !U,
T

.l01 d̂l01l0d̂T1e radl
01l0e rad

T . ~27!

Clearly this amounts to performing the substitutiond̂→ d̂
1e rad, but with the important difference thate rad is anti-
6-5
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FIG. 2. Supersymmetric con
tributions to the flavor-violating
charged lepton decay.
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Hermitian whereasd̂ is Hermitian. Consequently, the atmo
spheric mixing angle will get small deviations from max
mal, while theCP phase will depart from its leading-orde
valuep/4.

III. NUMERICAL ANALYSIS AND RESULTS

Here we test the validity of the model by performing
numerical analysis. We determine the allowed param
space by searching randomly, within certain ranges,
points in agreement with all experimental data, consider
only the radiative corrections from the diagrams shown
Fig. 1 and the effect of the RGE running in Eq.~10!. The
main phenomenological restrictions come from neutrino d
and lepton flavor-violating~LFV! constraints.

As discussed above, a nonvanishing value of the rea
angle,s13, can only be accomplished if there isCP violation
in the model. From the formulas for the radiative correctio
to the neutrino mass matrix given in Eq.~23!, it is clear that
all CP violation originates from the slepton mixing matr
Ria . This is true even considering the RGE effects, as
tree-level mass matrix is real, andCP phases cannot be gen
erated by RGE running. Therefore, complex phases in
off-diagonal left-left sleptons masses are necessary. In
@33# it has been shown that these off-diagonal phases
allowed to be large. Although the phases in the slepton m
matrix will give contributions to the electric dipole mome
~EDM! of the electron, they can be canceled with contrib
tions of other SUSY phases, such as the phase of them term
or phases of the gaugino masses. Therefore, the experim
bounds on the electron EDM will not necessarily restrict
maximum achievable magnitude ofUe3 .

To get sufficient suppression of LFV is a general probl
in SUSY models. This is even more so in theA4 model, since
it requires flavor violation in the slepton sector. The strong
bounds on lepton flavor-violating processes come from, j
→, ig, and the contributions due to exchange of SUSY p
ticles are shown in Fig. 2. The present bounds3 on these
processes@35# are

BR~m→eg!,1.2310211,

BR~t→mg!,1.131026,

BR~t→eg!,2.731026. ~28!

Explicit formulas for the SUSY contributions can be found

3Recently a new bound of 3.131027 at 90% C.L. on BR(t
→mg) is given @34#.
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Ref. @36#. We have used the full 636 slepton mass matrix in
order to get the slepton mixings. In so doing we assumed,
simplicity, that theLR and RR sectors of the slepton mas
matrix are flavor-diagonal. In this approximation, the on
source of flavor violation comes, therefore, from theLL sec-
tor. We have compared our numerical results for the bran
ing ratios against the ones in Refs.@37,38# and found agree-
ment.

In total there are 10 parameters: the slepton masses
mixing angles, the two gaugino massesM1 for the U(1)
gauge group andM2 for the SU(2) gauge group, the value
of them term, and tan(b). For the numerical calculations w
take all SUSY masses in the range 100 GeV to 1000 GeV
SUSY masses are much larger, supersymmetry will no lon
solve the hierarchy problem, which is indeed one of t
strongest arguments for SUSY. The results that we prese
the following are quite naturally dependent on the upper
on the SUSY masses. If larger masses are admitted, th
lowed parameter space will be larger. Furthermore, all
rameters are taken to be real and therefores1350 is ob-
tained. Hence, the reactor bound is automatically satisfi
The neutrino parameters are taken within 3s ranges allowed
by the most recent solar, atmospheric, reactor, and acce
tor data, taken from Ref.@10#. The most relevant paramete
in our analysis are the solar angle and mass squared d
ence, as well as the atmospheric mass squared differe
These two mass splittings may potentially conflict with t
overall mass scalem0 for the degenerate neutrinos, fixed
the large scale where the flavor symmetry holds. The ab
lute neutrino mass scale is constrained by cosmology and
(bb)0n experiments. Using the recent data from the Wilki
son Microwave Anisotropy Probe@39# and 2df galaxy survey
@40#, a bound on the sum of neutrino masses in the ra
0.7–1.0 eV~95% C.L.! has been claimed@41,42#. However,
a more recent reanalysis dropping prior assumptions giv
less stringent bound of 1.8 eV, which leads to@43#

m0,0.6 eV. ~29!

Similarly, from neutrinoless double-beta decay, an up
bound is obtained that is less strict considering the nuc
matrix element uncertainties~there also exist claims in favo
of degenerate neutrinos@44,45#; see, however, Ref.@46#!.

Here we take the conservative upper limit of 0.6 eV
the magnitude of the Majorana neutrino massm0 . In order to
obtain the measured atmospheric mass squared differe
approximately given by Eq.~20!, a minimum value for thed
parameter, defined in Eq.~17!, is needed. Similarly to arrive
at the right solar mass squared difference, roughly given
Eq. ~21!, the values ofd8 andd9, defined in Eqs.~17! and
6-6



a
n

axi-

x-

to
ent
hy,
rge

in-
the
at
low
N

os
ct

PHENOMENOLOGICAL TESTS OF SUPERSYMMETRICA4 . . . PHYSICAL REVIEW D69, 093006 ~2004!
~18!, should be around 102521024. Furthermore, it is clear
from Eq. ~22!, that d9;d8 is necessary in order to obtain
large solar mixing. The numerical study gives the bou
ud8/d9u.0.1.

FIG. 3. The light shaded histogram shows the maximum p
sible value of the atmospheric mass squared difference as a fun
of m0 . The dark shaded region is the current 3s allowed region for
Dmatm

2 from @10#.
09300
d

It is nontrivial to obtain large enough values for thed, d8,
andd9 parameters. To produce a large value ofd, large mass
splittings as well as large mixing in them̃-t̃ sector are
needed. The upper bound on the mass gaps will give a m
mum value ford which, through the relation toDmatm

2 , im-
poses a minimum value form0 . In Fig. 3, the maximum
achievable value ofDmatm

2 is plotted against the value ofm0 .
A conservative lower bound

m0>0.3 eV ~30!

is derived. This is very close to the present limit from e
periments, which we take as Eq.~29!.

The spectrum for the charged sleptons, which is taken
be the same as that of the sneutrinos, falls in two differ
classes. One group, which we will call the normal hierarc
has two low-mass sleptons and the third mass rather la
~around 800 GeV!. The second group, denoted as the
verted hierarchy case, has two rather large masses in
neighborhood of 700 GeV and the lightest mass typically
150 GeV. In either case, at least one slepton mass lies be
;200 GeV, which is detectable, for example, at the CER

-
ion
FIG. 4. The slepton and sneutrino masses for the normal hierarchy case,d,0.
6-7
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FIG. 5. The slepton and sneutrino mixing angles for the normal hierarchy case,d,0.
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Large Hadron Collider~LHC!. Most points fall into the case
of normal hierarchy, which as a matter of fact ofte
corresponds to a normal hierarchy for the neutrinos as w
(d,0).

In Fig. 4 we display the slepton masses, and in Fig. 5
mixing angles are shown for the normal hierarchy. It
clearly seen that the spectrum contains two large mix
angles and one small mixing angle, needed to suppress
decaym→eg. Also the degeneracy of two of the slepto
helps to minimize the LFV. As a rule of thumb, there is
least one pair of sleptons with a mass splitting of less than
GeV. The rough spectrum needed is schematized in Fig
Although there is room for substantial deviations from t
spectrum shown, the similarity with the neutrino spectrum
quite striking: the large mixings in the slepton sector a
rather correlated to the large mixings in the neutrino sec
We also obtain a lower bound on the value of them param-
eter around 500 GeV, although in the case of the inver
hierarchical slepton spectrum there are a few points withm
;200 GeV. Thus in most cases the second chargino, w
is almost a pure Higgsino, is rather heavy.

As there is at least one low-mass slepton present in
09300
ll

e

g
the

t
0
6.

s
e
r.

d

h

e

model, one could suspect that a large contribution to
anomalous magnetic moment of the muon will result. W
have explicitly calculated the magnitude, as in Refs.@47,48#.
The rough order of magnitude is 10310210, which is too
small to explain the Brookhaven National Laboratory res
@49#. As is well known, the contribution tog22 has the
same sign as them term, thereby disfavoring negative value
for the m parameter.

An important outcome of our study is the prediction f
the LFV radiative charged lepton decays4 , i→, jg. As seen
in Fig. 7, a lower bound of 1029 for BR(t→mg) is found.
This is within reach of the future BaBar and Belle sear
@50#. The model also leads to sizeable rates for mu
electron conversion. We find that BR(m→eg) is constrained
to be larger than about 10215 and therefore stands a goo

4Note that, due to the presence of isosinglet charged leptons,
model implies the existence of tree-level LFV decays such asm
→3e. However, due to the large value ofME , close to theA4

scale, their expected magnitude would be too small to be phen
enologically relevant.
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chance of being observed at future LFV searches, suc
those taking place at Paul Scherrer Institut. As already no
Fig. 7 indicates the existence of an upper bound on the v
of tan(b) in this model. Taking the new constraint given
Ref. @34#, this upper limit would be tan(b)&7.

In conclusion, our analysis shows that, although we
obtain a realistic model in a fully consistent range of t
SUSY parameter space, the model is rather strongly
stricted and will be tested in the near future in a crucial w

FIG. 6. The rough form of the slepton and sneutrino spectrum
the case of normal hierarchy~left! or inverted hierarchy~right!.
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IV. CONCLUSION

The A4 model that we have studied provides a compl
picture of the flavor structure. In particular, it offers a com
mon mechanism to obtain viable quark and lepton mix
matrices. The flavor dependence of the soft supersymm
breaking terms acts as the source of the radiative correct
to the fermion masses. It splits the degeneracy of the n
trino masses as well as the alignment of the quark mas
We have shown that starting from a threefold degeneracy
high energy scale, it is possible to obtain a mass matrix
complete agreement with all current neutrino data. With
the model, the lepton and slepton mixings are intimately
lated, with one slepton mass lying below 200 GeV. The fl
vor composition of this state ensures that it will be detecta
at future collider experiments, such as the LHC.

The radiative corrections that restrict the form of the ne
trino mass matrix imply~i! maximal atmospheric mixing and
~ii ! maximal leptonicCP violation ~unlessUe350). Note
that the maximality of leptonicCP violation is a feature of
the leading-order approximation and may acquire sizea
corrections.

n

FIG. 7. The branching ratios for the processes, i→, jg as a function of tan(b).
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The absolute Majorana neutrino mass scale for
quasidegenerate neutrinos is shown to be larger than 0.
and is bounded from above by cosmology as in Eq.~29!, and
therefore lies in the range of sensitivity of upcomin
searches for neutrinoless double beta decay@51# and tritium
beta decay@52#.

We have also shown how the model is fully consiste
with current data on lepton flavor violation. The predictio
of lepton flavor-violating charged lepton decays lie in a ran
accessible to future tests. We find, for example, that
BR(m→eg) lies close to the current experimental limit
although parameters can easily be chosen so that the b
is obeyed. On the other hand, we find a lower bound for
t→mg decay branching ratio, BR(t→mg).1029.

Let us also mention the fact that the study we have p
s.
er

et

lle

z-

09300
e
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t

e
e

nd
e

r-

formed is not only restricted to the specificA4 model pre-
sented in Sec. II. Any model with the neutrino mass mat
given by l0 at some high-energy scale and with supersy
metric flavor-changing radiative corrections will have t
same constraints as presented in this work.
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