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On the interdependence of the structure of string effective actions 
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We discuss the interplay between field redefinition ambiguities at orders a '  and or'2 in the gravitational sector of closed string 
theory effective actions for the case of a non-constant dilaton field. We show that, as a consequence, apparently different effective 
actions for this sector existing in the literature are, in fact, equivalent and discuss the implications of our results for the conjectured 
relationship between a-model fl-functions and string equations of motion. 

The structure o f  the gravitational sector o f  low-energy closed string effective actions (EA),  namely the bo- 
sonic, heterotic and type II superstrings, has been extensively examined in the literature [ 1 ]; in this letter, we 
shall be particularly interested in the case where there is a non-constant dilaton field. The structure o f  the EA 
for this sector has been studied up to order a '  2, both in the string S-matrix and non-linear a-model approaches. 
These approaches are connected through the assumption that the equations o f  motion for the massless string 
modes are equivalent to the a-model Weyl invariance conditions, which is expected to hold at all orders in or' 
[2 ]. The explicit verification o f  this equivalence at order a '2, when the dilaton field in included, was first 
analysed by the authors o f  ref. [ 3 ]. However, these authors, while using the relevant a-model fl-functions o f  ref. 
[ 4 ], assume a form for the EA at order or' 2 which does not seem to be corroborated by the explicit calculation 
o f  ref. [5 ], in the context o f  the S-matrix approach, which seems to put their proof  into question. More explic- 
itly, the authors o f  ref. [ 3 ] discard terms involving derivatives of  the dilaton in the order ct'2 part o f  the EA, 
whereas the authors o f  ref. [ 5 ] find such terms essential to match the amplitudes generated by such an action 
with the string amplitudes. 

In this letter we show that this discrepancy is due to the fact that these references start with different actions 
at order or' and that, as far as can be indicated by the four-point amplitudes (there may be an extra term at order 
or' 2 whose coefficient remains undetermined by the four-point amplitudes) the EA found in ref. [ 5 ], hereafter 
referred to as scheme I, can be brought to the form assumed in ref. [ 3 ] (scheme II)  through field redefinitions. 
This result is a consequence o f  the interplay between field redefinition ambiguities at different orders in or' and, 
in particular, o f  the fact that the way one chooses to fix them at order a '  affects the order c~' 2 results. 

We would like to stress that, although it is possible to remove terms with derivative o f  the dilaton at order t~' 2, 
this is at the expense o f  introducing them at order a '  and therefore it is not  possible to remove this type o f  terms 
altogether i.e. at order or' and ct' 2 simultaneously. 

Explicitly, ref. [3 ] assumes the only modification necessary to incorporate the effect o f  a non-constant dilaton 
in relation to the case o f  a purely gravitational background, studied in ref. [ 6 ], is the insertion o f  the exponential 
o f  the dilaton: 

2 I dDx x/~°t '2  e-2~ ( A I '  + l G 3 )  ' Si"> = _  (1) 
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where x 2 =  32rtG, G3 is related to the curvature-cubed Euler invar iant  123: 

ff23 = G3 + Ricci terms, G 3 = I~ - 2 1 2 ,  

Ii = Ru~'~PR,~p~Ry~, u", 12 =Ru,a~R ~m,R YU% , (2)  

and the nota t ion S~ u) refers to the order  a '  2 part  of  the EA in scheme II. 
On the order  hand,  in ref. [ 5 ] it is found that  there are extra terms involving derivat ives  of  the di la ton ~1 

(scheme I) :  

2 f dn x X//~ Oe,2 e_2o[p l i  I +pzG3 +p3(OuOvq))2(Oo)z+p4R(O0) 4 S ~ ' = -  

+psR,~pu. D~0U0 OP0 0 V0+p6R2.pa(0~) 2 +p7Rua#yRv a#r OuO 0"0] , (3)  

with 

pi")=+~, p~"> , --24' P[ H ) = 0 '  P~ s ) = 0  ' 

( D - 3 ) ( D - 6 )  
p ~ B ) = _  8 ( D - 2 )  4 , p ~ a ) = 0 ,  p ~ n ) = _ 2  ( D - 3 ) ( D - 6 )  ( D _ 2 ) 4  , p~H) = 0 ,  (4 )  

1 D - - 6  2 ( D - 4 )  1 D - 6  1 D - 4  
P ~ Y ) = 2 ( D - 2 )  2 '  p~B)= ( D - 2 )  2 '  p ~ m _  8 ( D - 2 )  2 '  p~m= 2 ( D - 2 )  2 '  

and p / s )  = 0, where (B) ,  ( H )  and ( S ) refer to the bosonic,  heterot ic  and  supersymmetr ic  strings respectively. 
The point  we wish to make in this let ter  is that  one cannot  directly compare  ( 1 ) and  (3 )  because these were 

established assuming different forms for the EA at order  a ' ,  namely 

2 f - - 2 ¢ ,  r 2 2 S [ I ) = -  x- 5 dDxv/ge 2 o a  (Ru . ,~ -4Ru .+R 2) , (5) 

and 

2f S I l I )  = - ~ d°x x/~ot' e-ZO2o[G2 _ 16Ru. OuO o"O+8R(O0)z+ 16(D20) (00) 2 -  16(00) 4] (6 )  

where 2 2 2 Gz=Ru~c~p-4Ru. +R and ;to is fixed by the three-point  ampl i tudes  to be ~, ~ and 0 for the bosonic,  
heterotic  and supersymmetr ic  strings respectively. 

In the following, we make a field redef ini t ion analysis to de te rmine  whether the two schemes are equivalent  
or  not. We start  with the EA in its most  general form [ 7-9  ]: 

#1 The term with coefficient P4 chosen by the authors of ref. [ 5 ] is DuO # D'uOP0 O.o0V0; however, this term should not be chosen since it 
is not independent from the others and therefore should not even be in the action they start with [see their eq. (4)]. On the other 
hand, our choice of a term that can only be determined by higher-point amplitudes [R (00) 4 ] is related with the fact that it seems that 
the coefficients of any of the other possible choices of terms that would contribute to four-point amplitudes cannot, however, be 
determined by the four-point string amplitudes due to tricky cancellations among the various contributions involved in each case (see 
ref. [7] for details). 
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2 S= - --~ f d°x x/g e-20 {R +4(OO)z+°t'2°[R2u~' +a~R2~ +a2R2 

+blRuv Ouo OVO+b2R(OO)2+b3R(O20) "~c 1 (D20)2+c2(D20) (00)2"~ C3 ( 0 0 )  4 ] 

+ or' 2 [ dl Ii + dE G3 + d3 Ru~ ~ R~,a#YR u~' + d4 Ru,,pxR V'ZR up + d5 Ru,,R ~'aR u~ + d6 Ru,, DER u ~ + d7 R 2u~pR 

+ dsR E,R + d9R a + dloR D2R + eI (D20 )a + eE (D20 )2 ( OO )2 + e3( D20 ) (00)4+ e4(00)6+esDE(DE0)D20 

+ e6D2 (DZ 0) (00)2 + e7 (D~0,0)2 D20+ es (Du0~)2  (O0)2+f~R(OO)4+f2R(OO)EDEO+f3R(D20) 2 

+f4R DE(DE0) +fsR(DuOvO) 2 -bf6R Du0, 0 0u0 0"0-bf7R DE (0u0)0u0-bAR=p 0~0 0P0 DE0 

+fgR,~# 0'~0 0#q$(00)2-bfloRa,0 D'~0#0 D20+A, R,~# D'~0#O (00)2-bf12Rap Du 0'~0 DU0#¢ 

• bA3Rap, z, Da0~'0 0P0 0 uO-bfl4R 2 ( 0O)2-bflsR 2 D20-bf16R2~,( 00)2-bflyR 2~, D20+AsRRu~ 0u0 0"0 

• bf~9RRuv DUO~O+f20Ru,~Ra~ OuO O~o+f2~Ru~,R'~ DUO~O+f22Rua#~R '~# &'(~ 0~0 

+ f23Rpa#~,Ra# u 1, 2 2 2 D 0 P+A,R~,,,p(00) +AsRx,,~p D20+f26R,,,~p~RJ ~ 0"0 0 "0] + O ( a  '3)} • (7) 

Notice that, in eq. (7),  we have made a particular choice of the independent dimension four and six invariants. 
This is the same choice as in refs. [8,9] respectively for the order a '  and or' 2 parts of the action, except for the 
Du0~ 0 Du0P¢ Do& 0 term (see footnote 1 ). 

Next, we need to compute the variation of the EA at order ot '2 under the field redefinitions i.e. 

8S2= 8So 8,~2)+ 8So 80~z~+So(Sg~),SO~)) + 8S1 a.~+_88_~_SO~t ) (8) 

where So and S~ are, respectively, the order ot '° and a' parts of the action (7) and v~,u,g,'~2), ~0~z) (~g~), fi0t~) ) 
are the order or' 2(a, ) parts of the field variations (for explicit expressions see ref. [7 ] ). 

, 1 ~-t ~) has already been used to put $1 If, as in refs. [ 5,9 ] we consider that the freedom contained "n ogu~, and 60 t~ ) 
in the form exhibited in (5), we only have to calculate the contributions of the first two terms in (8) and we 
eventually arrive at the form (3) for $2 (ref. [ 9 ] ). However, since we want to examine the trade between order 
a '  and a '  z terms, we clearly have to relax this assumption, and take the contribution of all terms in (8). We 
then find that all coefficients in $2 change under the field redefinitions, except for d~ and d:; however, this does 
not mean that all the remaining coefficients can be transformed away because there are five relations among 
their variations: 

-- 4rid7 + fifE4 + 26f25 + ½22( 6b~ - 6~ib2 + ~c2 ) ~--- 0,  

2~d4 -4~d6 + 6f23 + ~f26 -222  6b~ = 0 ,  

-88d5 - 28f~2 - 8f~3 -b 48f21 -28A2 = 0 ,  

648d9 - 8~e~ - 48e2 - 26e3 -- 8e 4 -b 48f~ + 88f2 + 168f3 -- 16~f~4 -- 328~5 

+ ½22[ (2c2 +c3 -4b2 + 16)~c2 + ( -6c :  -3c3 + 12b2 - 48)5b~ + ( -  12c2 -6c3 +24b~ - 96)6b2] = 0 ,  

8~d6 - 166d8 + 326d~o + 86e5 + 4~e6 + 26e7 + 6e8 - 166f~ - 4~if~ - 46f~o - 26fl ~ + 46fl6 + 8~fl 7 + 8~f~ 9 - 2~f~o 

+ ~220{ [ - 8 ( D -  2)~5b2 + 2 ( D -  4)~c2 + 2 ( D -  4)c2 

- 8 ( D - 2 ) b 2  + 2 ( D -  10)bl + ( D -  10)Sb~ + 6 4 ( D - 5 )  ]fibl 

+ [ - 8 ( D -  2)b, - 8 ( D -  1 )~c2 - 8 ( D -  1 )c2 + 32 ( D -  1 )bE -b 1 6 ( D -  l )~bz - 128 ( 2 D -  3) ]6b2 

+ [2 (D-4)b~  + ( D -  2)~c2 + 2 ( D - 2 ) c 2  - 8 ( D -  1 )b2 + 6 4 ( D -  2) ]6c2} = 0 .  (9) 
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Hence, we can set to zero all the ambiguous coefficients but five, which the authors of ref. [ 5 ] choose to be es, 
fl, f24 and f26 [see eq. (3)] .  Notice that relations (9) involve the order a '  as well as the order ot '2 coefficient 
variations, implying that there is an interdependence between the structure of the EA at orders or' and a '2. We 
now assume that the above field redefinition is the one that transforms the order a '  part of  the EA from scheme 
I to scheme II and then determined whether the corresponding change in the order or' 2 part of the action leads 
to scheme II as well. Notice that, in fact, we should take for SI t) the action as it was before the field redefinition 
ambiguities were fixed at order or'; this is given by [ 7 ] 

( ° 3  °_3 
SI ' ) = -  ~-i dDxx/~ °t' e-2~2o G 2 - 1 6 D  (D_2)2Ru~ 0 u 0 0 ~ O + 8 D ~ R ( O 0 )  2 

D 2 - D - 6  D2~(0~)2+ 16 -D3+2D2+llD-28 ) 
+16 (D_2)2  ( D _ 2 ) 3  (0~) 4 . (10) 

In fact, in (9), we have already used the constraints that, in scheme I 

a l= -4 ,  a2=l, b3=cl=0, (11) 

and that, in changing from scheme I to scheme II: 8a~ =Saz=~b3=~ct =0.  We now enforce the remaining con- 
ditions, namely: 

D - 4  D - 4  
~bl =bl(n) -b~tl)  = 16 (D_2)----- ~ , 8b2 =bE(n) -b2 (1 )  = --8 (D__ 2)------  5 , 

3 D -  10 
~c2 =CEtn) -C2tx) = - 16 ( D _  2)-------~, (12) 

and find the values of the order or' 2 coefficients entailed by these field redefinitions. For instance 

P7 =PVtl) +8P7, (13) 

where p7tz) is given by eq. (4) and 5P7=Sf26 can be found from the second relation in eq. (9): 

8P7 = ~f26 = -2~d4 + 4~d6 - 8fz3 + 22o 2 8b, .  (14) 

Since 5d4 = 5d6 = 5fz3 = 0, we get 

D - 4  
5 p 7 = Z ( D _ 2 ) 2  ~ p ~ = O ,  (15) 

which is indeed the value of p7 in scheme II. Repeating the same procedure for the remaining coefficients, we 
obtain 

6p~ =p~ =p~ =p~ = 0 ,  (16) 

which are also the values of these coefficients in scheme II [cf. eq. ( 1 ) ]. Notice, however, that since P4 remains 
undetermined we cannot completely guarantee that the form ( 1 ) for the order EA is correct; a complete check 
can only be made when higher-point amplitudes become available and P4 is determined. However, we can show 
that the consistency of the equivalence conjecture with the constraints emerging from the study of field redefi- 
nition ambiguities requires the vanishing of this coefficient of  this coefficient. Indeed, we have seen that the 
comparison with the four-point string amplitudes leaves us with the action 

2 dnx x/g Or'2 e-2O[~II +~G3 +p4R(00)4] ,  (17) S 2 = -  

404 



Volume 252, number 3 PHYSICS LETTERS B 20 December 1990 

the four-point amplitudes being unable to fix the coefficient p4. We want to see if it is possible to find K-matrices, 
which relate the string EA and the a-model #.functions: 

8S = K~fl~, (18) 
8gi 

for an action equivalent to ( 17 ) upon field redefinitions. After some algebra one finds that such an action is [ 7 ] 

$2 = --~5 f dox x/g  °t'2 e-2°  [~slI +~4G3 +,64R(Ofb)4+f2R(O(b)2D2(b+faR(D20)2 

+ ez(D20)2(00)2+ e3 D20(0q~)4+ e4(00) 6 ] , (19) 

where/L is fixed by the order or' invariant relations (see eq. ( 17 ) of  ref. [ 7 ] ) to be 

/~4 =P4 + 8194 =P4 + l ( - 88f2 - 168f3 + 48e2 + 2~e3 + 8e4) 

=P4 + l (8fz + 16f3 - 4 e 2  - 2 e 3  - e 4 )  • (20) 

Furthermore we find that it is possible to obtain K-matrices satisfying eq. ( 18 ) if and only if  the coefficients 
f2, ..., e4 assume the following values: 

f 2 = - / ~ 4 ,  f 3 = l / i , ,  e2=/~4, e3=--4/ i4,  e4=4ff4. (21) 

Substituting (21 ) into (20),  we obtain 

P4 =/94 "al-p4 , (22) 

which in turn implies that 

P4 = 0 .  (23) 

Hence the result that the validity o f  the equivalence conjecture, eq. ( 1 ), requires that p4=0.  
As to the conclusion of  ref. [ 3 ] regarding the K-matrices, namely that these necessarily involve derivative 

operators acting on the #-functions, we point out that these authors start their analysis from an action in which 
terms involving derivatives o f  the dilaton field were ignored. Since, at order a ' ,  it is the inclusion of  this type o f  
terms which leads to derivative-free K-matrices at this order, it seems reasonable to admit  that this may also 
occur at order o~' 2. On the other hand, although some general arguments have been advanced in ref. [ 10 ] to 
relate the equivalence conjecture with the absence of  derivative operators in the K-matrices, there is already 
evidence that this may not be the case - see Ellwanger et al. [ 1 ]. Regarding the order or' 2 analysis, we have 
obtained a set o f  K-matrices, derived from an action containing terms with derivatives o f  the dilaton, but again 
we find that these necessarily involve derivative operators. We cannot, however, exclude the possibility that, by 
considering an increasing number  o f  independent terms in the string action [ see eq. (7) ], derivative operators 
acting on the #.functions can be eliminated from the K-matrices. 
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