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Abstract. The cross section for single W~ production
ine* e~ collisions is exactly computed for an arbitrary
W magnetic moment. It is found that this process may
give a first look at the W Wy vertex just below the
two W threshold. A detailed comparison is made with
previous calculations that used the equivalent photon
approximation.

1 Introduction

At present, the experimental success of the standard
modei of electroweak interactions is an unpleasant
feature for the theorists who feel that there is something
missing. Preferably, one would like to show that this
model is just a good effective theory at energies
<Gl

In this paper we address ourselves to the problem
of finding deviations of the W -electromagnetic
coupling from its standard model form, looking at
single W~ production in e*e” collisions. This has
been done before [1-2], but in a way that we do not
find completely satisfying: only a subset of the dia-
grams has been taken into account and also use has
been made of the equivalent photon (Weizsidcker—
Williams) approximation. We have exactly computed
the contribution to the cross section from all the twelve
diagrams that contribute to this process at tree level.
This was done using the spinor product technique of
Kleiss [3]. We have found that in general it is necessary
to consider the full contribution specially for high
energies and for realistic cuts that are necessary to
account for the impossibility of detection along the
beam axis.

At LEP-I this process has a negligible cross section
(0~6x1073pb at ./s=100GeV), which makes
useless any attempt to find deviations from the
standard model predictions. But this cross section rises
fast with encrgy, being about 0.2pb just below the
W* W~ production threshold. If the schedule [4] for
LEP-II is to be followed, then at least one year will

be spent at energies \/E: 150 GeV. This possibility
will rend more relevant a precise study, because it
is precisely at high energy that the approximations
considered before are more inaccurate. If the process
ete” >W*W™ is expected to provide the most
accurate measurement of the W magnetic moment [5],
single W production just below the two W production
threshold could provide a first measurement (although
more rough) before the completion of LEP-II.

The paper is organized as follows. In Sect. 2 we give
the expression for the exact cross section. In Sect. 3
the equivalent photon approximation is discussed. The
results and discussion are presented in Sect. 4. In the
Appendix we collect the expressions for the helicity
amplitudes and some other useful formulae.

2 The helicity amplitudes for et e~ - W ~e™ v

Let us denote by p_(p,) the momentum of the in-
coming electron (positron), by p,(p,) the momentum
of the outgoing neutrino (positron) and by py the W~
momentum. Then if we choose as independent phase
space variables the solid angles of the W™ and of the
positron in the C.M.-frame, and the invariant mass
squared of the neutrino-positron pair,

m%z =(p; + Pz)zs (1

the differential cross section for the process can be
written in the form

do = : 2ITI? L =
2s(2n)° 55 16\/E ]p2|2(\/§ —Ew)+ E;p2pw
-dm?,dQ,,d0,. )

In the last expression ) means, as usual, average

. . p01 - .
over initial state and sum over final state polarizations,
\ﬁ is the C.M. energy and T is the invariant T-matrix,
ie.

T= //usu(PW)- )
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Fig. 1. Feynman diagrams for e*e™ > W " e*v

In Fig. 1 we show the twelve diagrams that contri-
bute to T at tree level. Diagrams 2 and 7 have the
W' W™y coupling. As we want to test the possibility
of having a non standard magnetic moment for the
W, we write this coupling, with the conventions of
Fig. 2, in the form

ret= —ie{g™(p—ky + g™k — (1 + Akl
+g"[(1+ Ak)g—p)*}. )

For the standard model we have Ak =0, while for
a charged vector particle “minimally” coupled to the
photon, Ak = —1.

We evaluate the helicity amplitudes using the spinor
product formalism of [3]. In this technique the W
polarization vector is defined to be

3 1/2
5”@W)®<m) a’, at=da_(r )y u-(ry), ®)

where r, and r, are light-like vectors such that py =
vy +7,. The sum over the W polarizations is then

W+

Fig. 2. The W* W™y vertex

replaced by an angular integration over dQ} in the
frame where the W is at rest. In fact one can show [3]
that

j‘dg* 3 a*uavz _guv+p‘l§i’p;l’ (6)
"\ 8nM% M% -

It’s convenient to define a dimensionless scattering
amplitude T by

~ ~ 1 e 3,
T=MH,a% MHM,=—— : 7

w K ﬁ(sin@w) M @)
Then we can write the differential cross section
as

3 o 3 Ipwl
do=—| —2 )y iFp Bl
g 32<2ns1n29W> & | s\/ngzv
3
IP| dm?,dQ,,d0,dQ ¥

.(Pz)z(\/g —Ey) + E;p2pw @

_ For each diagram we have an helicity amplitude
T(o_,0,) where o_(c,) is the electron (positron)
helicity. At high energy it is a very good approximation
to neglect the electron mass everywhere except in the
photon propagators of diagrams 5 and 7. Then the
amplitudes Tyo_,0.) are easily derived using the
spinor product formalism [3]. If u_(p) are chiral
spinors satisfying the equation -

ui(p)ﬁi(p): tha (9)

with y, =(1+75)/2, the only non-zero spinor
products are [3],

$(p1, P2) = U4 (P)u-(P2) = — s(p2: Py) (10a)
and
Hpy, P2) =i (p)u(py) = s*(p2 p1)- (10b)

The amplitudes 7, are given in the Appendix in terms
of these spinor products. We have then

YITP =1[T(+, -2 +I1T(—, +)?

+1T(—, -1 (11)

From these expressions we see the simplicity of the
spinor product formalism. The amplitude corres-
ponding to each diagram is a complex number easily
calculated from the expressions given in the Appendix.
To sum all diagrams corresponding to a particular



helicity amplitude one has only to add the complex
numbers corresponding to each diagram that
contributes. This is a fantastic simplification compared
with the usual trace techniques, even with the use of
symbolic programs. Another advantage concerns the
case of having polarization, because we directly have
the necessary helicity amplitudes.

Of course the phase space integration has to be done
numerically. This is not a serious drawback, because
for phase spaces with three or more final particles
most of it has to be done numerically anyway. We
used RIWIAD [6], 2 Monte—Carlo integration routine
from the CERN program Library.

Before we close this section let us discuss the inclu-
sion of the finite width of the W. Clearly this will be

important only near the threshold for the process
ete” =W eTy, that is, \/EEMW and close to the
two W production threshold, which is \ﬁ=2MW‘
These effects can be easily incorporated. If we neglect
the masses of the W™ decay products, we get for the

cross section corrected for finite W width [7]

Ty My 47 mZ
. dm?
Teorr (?EMW)(MW"Y—A)Z " (mz_—M%V)2+F%VM§V
‘olete” >W (m_)ety), (12)

where I'y is the W width and g(ete™ > W ™" (m_)e ™ v)
is the cross section to produce a W~ with mass m_
in the interval My, —ASm_ <My + A

In Sect. 4 we will present and discuss the results
obtained with (11, 12).

3 The equivalent photon approximation (EPA)

The previous calculations of this process [1,2] used
the equivalent photon approximation (EPA) of
Weizsicker and Williams [8]. In this approximation
only diagrams 5 and 7 of Fig. 1 are considered and
the cross section is given by

olete > W ety)= wTaXd—wN(w)&(ye‘ W™y (13)

Omin

where 6 is the cross section for the process ye™ > W™ v
with real photons, @ is the photon energy and N(w)
is the equivalent photon spectrum.

In the following section the exact cross section is
compared with the EPA result. Here we want to see
how good the approximation is compared with the
exact result for diagrams 5 and 7. In doing this we
realized that the expressions for N(w) used in [1, 2]
were only approximate. In particular, when the posi-
tron scattering angle, 8, was very small one should
expect the EPA to be guite good but that was not the
case, it was worse than if 6, was small but not
extremelly small (for instance a few degrees).

To understand this difference we went back to the
definition of N(w) given, for instance, in [9]. We have
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€08 Omin ZEI 1 2
N(a))=g § dcos§™ ( 2)

T cos Omax E —q

22
[ —q*+ 2?(”5 sin? 9] (14)

where g = (w, q) is the photon 4-momentum, E(E’) is
the incident (outgoing) positron energy.

The positron mass has to be retained in the photon
denominator. As we want to compare the result of
EPA with the exact result of diagrams 5 and 7 using
the formalism of the previous section, and there we
neglected the electron (positron) mass in every place
except in the photon denominator, we should adopt
the same procedure here. This means that in the square
bracket in (14) we should put m,=0. Then a trivial
calculation gives

Neoy= 22 {Cl m(&—s%)

2 B p—cosf ;.
—co8 0.
+C,In (——; oS 0min>
Ve
where
mZw?
b=1t2pp7
w? (16)
y=1+ EE
and
C,=1/2—-C,/2
8
C=— n(jz 2 (a7
(-52)
Com_pMe o 4EE”
e
EF
The expression used in [1, 2],
al w\?
N(a))=ﬁ_1 +<1 ——E> }
m? (w/E)*
- 1+ B2 (—1—(:% — €08 0,4 "
1+ me M—cos@ ; ,
2E? (1 — w/E)? e

considered only the term proportional to C; and
neglected the other two. Of course, this term is the
largest if 0,,,, = 0, but even for this case, the last term
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Fig. 3. Relative error of the EPA for various cuts. The solid lines
correspond to N{w) given in (15) while the dashed curves use N(w) as
in (18)

proportional to C; =~ O(m?/s) gives a non negligible
contribution because f — cos Oy, ~ O(m2/s). For
more realistic cuts for the positron, like 8., = 5° or
10°, there is no reason to neglect the term proportional
to C,.

In Fig. 3 we show the result of the comparison
between the EPA and the exact result for diagrams
5+ 7. We plot the relative error

o-exact(s + 7) — OppA
= s 19
PR )

as a function of \/E for various cuts in the positron
scattering angle. In those curves 8,,;, = 5°, for instance,
means that only angles in the interval 5°<60<175°
were allowed, and similarly for the other values of €,
For numerical results we took M, =92.0GeV, M, =
80.7GeV, sin?Oy=1—M%/M%2=023 and I'y=
2.8GeV.

We can conclude that the EPA is a good approxima-
tion to diagrams 5+ 7 only if very small scattering
angles are included. Also the approximation gets worse
at higher energies. This is due to the fact that the
longitudinal part of the off-shell photon, that is
neglected in EPA gets more important at those
energies. We can also see that at this level of precision
(the error in the Monte Carlo program was less than
0.1%;) we get very different results depending on which
equivalent photon spectrum we take. If we use the
approximate expression for N(w) given in (18) we see
(dashed curves) that the EPA does not get better as
we go to very small angles as we discussed before. This
is not the case for the more exact N(w) given in (15)

(solid lines). Therefore, in the next section when
comparing the exact result for the total cross section
with the EPA we will take (15) for N(w).

4 Results and discussion

For the numerical results presented in this section we
used the same values for M,, My, sin? 0y, and I'y as
given before.

In Fig. 4 we present the results for the cross section
for two different cuts, with Ak =0 (standard model).
The exact result (solid line) is compared with the equi-
valent photon approximation (dash-dotted line) and
with the exact cross section corrected for the W finite
width (dashed line). We can conclude that just below
the two W production threshold this process will be
seen at LEP-II. We can see that at these energies the
EPA is not good specially if realistic cuts are taken
into account. The fact that for \/E < 140 GeV the EPA
is reasonably good for Ak 20 can be misleading. It
does not mean that diagrams 5+ 7 are much more
important than all the others. In fact, we have verified,
that even for 100GeV < ./s<140GeV diagrams
14+2+3 are not negligible (for 5°=£6=<175°
diagrams 1 -+ 2 + 3 are 209, of diagrams 5 + 7 at \/ =
100 GeV and 359 at \/§= 140 GeV). But when we
include all diagrams the interferences are negative and
the final result is, by accident, close to the EPA. The
introduction of a finite width for the W only affects
the results close to the thresholds as it could be

expected. The effect is bigger close to f ~2My and
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Fig. 4. Total cross section for two different cuts. The solid line is the

exact result, the dashed line the exact result with the W width
included and the dot-dashed line the EPA
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Fig. 5. Relative error of EPA as a function of Ak for several energies
(in GeV)

it should be considered for a careful study at these
energies.

In Fig. 5 we show the relative error of the EPA
o= Oexact — OEPA (20)

Gexact

as a function of Ak for several energies, for two different
cuts. As it is to be expected the error is much bigger
if we consider realistic cuts. In fact for some values of
Ak this error can be even larger than the deviation of
the exact result from the standard model (4k = 0).
Notice also that the error is not a flat function of Ak,
being larger for Ak < 0. This has to do with a change
of sign in the interferences we mentioned above.

This can be seen in Fig. 6 where we show the varia-
tion of the cross section with Ak for several energies
and for the same cuts considered before. We see that
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Fig. 6. Variation of the cross section with Ak for two different cuts
and for several energies.

if LEP operates, at it is scheduled [4], for a sufficient
amount of time below the two W threshold, it will be
possible to put limits on Ak much better than exist
now. Of course after LEP is raised to its maximum
energy the process ete”™ > W™ W™ will provide a
better way to look at Ak [5].

We did not attempt to turn our results into an upper
limit for |Ak|. This will depend on the luminosity of
the machine, the time of the running at those energies
and the details of the experimental apparatus (cuts are
very important). Instead, we give the detailed expres-
sions that the experimentalists can use in their simula-
tions. To the interested reader we can provide a
FORTRAN program that evaluates the helicity
amplitudes and the cross section.

After we had completed these calculations, we
learned about the model of Kuroda, Maalampi,
Schildknecht and Schwarzer [10] (KMSS for short).
In this model there is a global SU(2)y,; (weak isospin)
symmetry broken by electromagnetism. As a conse-
quence the trilinear couplings YyW'W~ and
Z°W*W~™ are given by [10] (see Fig2 for conven-
tions),

I = igywwlg™(p — kY + gP*(k — K xq)*

+9"(kxq — pY'] 21
where X stands for y or Z° For yW* W~ they have
gyww= —e and k,=k =1+ Ak, which is just the
vertex we considered above (4). For the Z°W* W~

coupling, corrections to the p-parameter [11] imply
that g,y and x, are uniquely determined in terms
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Table 1. Total cross section (in pb) for the cut 0° < 6 < 180° as a function of the C.M. Energy and of the anomalous
magnetic moment of the W. The upper value corresponds to the KMSS model. (22-24) and the lower value to the

model described in Sect. 2

K

S

(GeV) 0 0.6 038 1 12 14 20

100 21x1073  25x107® 33x107° 45x1073 58x1073 7.6x107> 1.5x 1072
20x1073  27x107% 34x1073 45x1073 57x1073 72x1073 13 x1072

130 21x1072  29x1072 37x1072 49x1072 64x10"2 82x10"% 15x1071
18x1072 29x1072 38x1072 49x1072 63x1072 80x1072 1L5x10"*

160 19x1071  19x107! 21x107! 24x10"! 28x10"! 34x10"! 56x107!
16x1070 19x107% 21x107! 24x10"! 28x107! 33x10"! 52x10°!

200 2.6 1.7 16 16 1.7 20 33
16 1.6 1.6 16 17 18 23

of x = 1 + Ak, the magnetic moment of the W-boson,
by the relations

ek —sin®Oy) o, A
=0 = 1+ 22
Gz (<) sin Oy cos Oy Gaww{ L+ cos? By, @2)

and

i) = Kcos’ Oy ) sin? Al

k—sin20, cos?Oy + Ak 23)

The standard model values are obtained for x =1
(Ak=0), that is k=k;=1, gty =gcoshy. As
everything depends only on one parameter, x, the
KMSS model is very predictive.

It is very easy to incorporate the KMSS model in
our calculations. We only have to change diagrams 3
and 8. The necessary modifications are, in an obvious
notation,

Ak
CEMSS = C3,8(1 + ———)

cos? Oy

-~ Ak
5% (—,+)= CE%%q., |:A2,12 + (1 + 5 Z>A3,13]a

~ Ak
o, = [ (18]

o Ak
TIS(MSS(— [ ) = CIS(MSSQ—[AIO + <1 + %)All}a
(24d)

where g, , C; and A4, are given in the Appendix.

We have evaluated the cross section for e*e™ —
W~ etv in the framework of this model. The results
are presented in Table 1 where they are compared with
the situation that we have studied above, in which the
yW* W~ vertex is allowed to be non-standard but the
Z°W* W~ couplings are chosen as in the standard

model. We can see that below the two W’s threshold,
for which most of the above discussion applies, the
differences between the two models are, at most, 15—
20%. As for k=1 (Ak =0) the two models coincide
with the standard model, the differences grow with
Ak. If we go above the two W’s threshold, then we
will be able to distinguish among the various possi-
bilities, at least for not too small values of Ak. We
should also note that the KMSS model gives in most
cases higher values for the cross section than the modi-
fication of the standard model we have considered in
Sect. 2.

In conclusion we have shown that just below the
threshold for two W production, the process e*e™ —
W~ e*v can provide the first opportunity to test the
WWYy coupling. This will be specially important if, as
planned, the LEP machine will stay at those energies
for a reasonable amount of time, before it goes to its
maximum energy.

In this energy region, and for reasonable experi-
mental cuts, the equivalent photon approximation
used before [1, 2] for this process is very bad. If one
wants to calculate are upper limit to the value |Ak|
one must use the exact results presented here. Also
the effects of the finite width of the W must be included.

Finally one should mention, that if \/E >2My so
that the process ete™ > W* W™ is allowed, the cal-
culations presented here should be useful to determine
one of the backgrounds to that process. Also, in this
energy region this process could serve as a test of the
KMSS model.

Appendix
The helicity amplitudes can be written in the form
T,(—, +)=C4,

T,(—, +)=C2[A2+<1+A2—k>A3]



T,(+, —)=C2[A4+<1+%)A5:|

(=, +)=C3g:[4; + 45]
Ts("‘a —)=Csg-[A4+ 45]
T4(—: +)=C,g9. 46

T4(+’ —)=Cug_A4,

Ts(—, —)=C5As

TS(_s +)=Cs4,

Ts(—a —)=Ceg-4s

To(—, +)=Csg4+ 4,

~ Ak
T(—,—)= C7|:A10 +<1 +7>A11]

~ Ak
(-, +)=C7|:A12+(1 +7>A13:|

TS(_’ —)=Csg-[A10+ 4;,]
TB(‘: +)=Cgg.[A;,+ A4;5]
219(_>")=C99—A14
~T9(—> +)=—Cog, 4,
Tm(—: +)=—Cods

Tu(“: +)=-C1 4,

T11(+= —)=Cy A5

Ti(—, +)=—C29+ 49

Tyo(+, —)=Ci9_A;s, (A1)
where

g_ =2sin?0,

gy =2sin20y —1, (A2)
and

Ci=—2[((p, +p,)*
— My +iMy Ty )(p- — py)*1 ™"
C,=—4sin’ 0y [(p, +p-)°
((ps +P2)2 _M%V +iMyI'y)] ™!
C3=2[((p1 +py)* — My +iMy I'y)
((ps +p- Y = MZ+iM,I,)]}
Cy=—sec’Op[((p+ +p-) —M;+iM,TI7)
((py +pw)? —md)]™!
Cs=4sin® 0y [(p; — p)*((p1 + pw)* —m2)]1 ™!
Cs=g+sec’ Oy [((p+ — p2)* —MD)
((p1 +pw)? —m3)]™}
C;=4sin’ 0 [(p, — P+ ) (P —p-) — M3)] ™!
Ce=—2[((p; —p- Y — Mp)((p, —p )P —MH]*
Co=sec’ Oy [(p- — pw)*((p, —p+ ) —MZ] !
Cio=20(p, +pw)((p1 —p-)* — M3)]1 "
Ciy=—4sin? 0y [(ps +p ) (o1 + pw)* —m)]*
Ciy=—g.sec’ Oy [((py + pw)* — m2)
(s +p-)? = MZ+iM 7)1 (A3)
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The expressions for 4, (i=1,...,15) are written in
terms of the spinor products:

Ay =5(p_,12)s*(P+,P1)
Ls(p—, p2)s™ (-, 71) — s(p2, 72)5*(r 1, 72)]
Ay =5(p2,12)s*(p1:71)
[, 71)s*(P 4, 11) + s(p-, 12)s* (P4, 72) ]
Az =s(p—,p2)s*(P+,p1)
[s(p—, r)s*(p—,11) + 80+, 72)s* (P4, 71)]
_{7"1‘_’171}
¥ Ds
Ay =5(p2,72)5¥(P1s71)
[+, 7)s* (-5 r1) + 5P, F2)s* (-, 72)]
As=s(p+,p2)s*(p-,p1)
[s@-,r2)s* (-, r1) + 5P+, 7)™ (4, 71)]
_{71“”’171}
LA )
A= 5(p2,72)5* (P +, 1)
[s(@—s12)s™(r1,72) — s(p -, P2)s*(P2s 71) ]
A7=35(p3,12)s*(P-, 1)
[+, 72)s*(r1,72) — s(P+, P2)s* (P2, 1) ]
Ag=s(p_,p+)s*(p1,71) _
[ 1, 72)*(p 4, 2) + s(p -, 72)5*(p -, P2)]
Ag=5(p_,p2)s*(p1,71)
“[8(p2 7)™ (P o+, p2) + s(p—, r2)s*(p—, P+ )]
Ao =5(p-,r)s*(py, 1)
[8-, P+ )s* (P, P2) + 5(p+, P1)s* (1, P2)]
Ay =50 +,72)5*(p2s Fy)
[8(p-, P+)s P+, 1) + 50—, D2)s* (1, P2)]
D1,
_{P1‘_’r1 }
Ay =5(p-,12)s*(py,74)
L0 p2)s*(p-,p+) + 5(P1, P2)S™ (P45 P1)]
A3 =5(p2, 12)s*(P +,71)
[5(0-, P+)s*(P+, 1) + s, p2)s*(p1 P2)]
g
P11y
Ars= —s(p-,13)s*(p1, P2)
[0 15 P2)s™ (P2, 71) + 8P+, P)s*(P1, 71)]
Ays =50 +,02)s*P1,71)
[s(ry, r2)s*(p—, 1) + 51 72)s* (-, P01, (A4)

The spinor product s(p, ¢) as a function of the compo-
nents of the four-vectors p and ¢ is [4]

s, 9) = (0* + ip>)[(¢° — 4)/(p° — p)]1* — (p—>g)
(AS)
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