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We determine the order ' terms in the closed string effective actions, when the dilaton field is included, by comparison with
the four-point string amplitudes, both in the S-matrix parametrization and in the o-model parametrization. We find that for the
bosonic and heterotic string theories there are terms involving derivatives of the dilaton field which cannot be removed by field
redefinitions and whose coefficients are non-zero. Our result is not in agreement with existing s-model computations.

1. Considerable effort has been devoted to finding the effective action which describes the low-energy dynam-
ics of the massless string modes [1,2]. The effective action is, at tree level, a perturbative expansion in powers
of the string tension o’ and, for the closed string theories, it is a functional of the gravitational, antisymmetric
tensor and dilaton fields.

The structure of these actions to order «' is well known at present [3]. At order «’2, there are recent results
concerning the curvature cubed terms [4]; it is found that while these terms are absent in the case of the heter-
otic and superstring theories, they are indeed present in the bosonic string theory.

In this letter, we derive the dependence of string effective actions on the dilaton field at order «'2, using the
S-matrix approach, i.e., we construct an effective action which reproduces the (four-point) string scattering
amplitudes at this order. We find that, while for the superstring there are no order «’? corrections at all, in the
case of the bosonic and heterotic string theories there are six terms which cannot be removed by field redefini-
tions [2] and whose coefficients are non-zero, four of which involve derivatives of the dilaton field.

Another method to derive the effective action, the -model approach, has received much attention recently.
It is believed that the equations of motion derived from string theory effective actions are equivalent to the
conditions for conformal invariance of two-dimensional non-linear o-models. Different arguments have been
presented to support the general validity of this conjecture [ 5] and several low order explicit verifications have
been performed [3,6,7]. At order «’2, the equivalence has been checked in what concerns the curvature cubed
terms [7]. Regarding the dependence of the action on the dilaton at this order, the authors of ref. [8] derived,
in the torsion-free case, the O(a’?) dilaton S-function from the O(«a’?) metric f-function using the Curci and
Paffuti identity to conclude that the effective action can be expressed in such a way that there are no terms
involving derivatives of the dilaton, a result which is in disagreement with our calculation.

2. The low-energy expansion of the gravitational sector of closed string effective actions has the following
structure, up to order «'2, when the dilaton is included [1-4]:
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S== 2 [ AP JB(R+7(@0)+ o exp(9)Ao (G2 +72[(D—=4)/(D=2)] (B9)")

+ a”?exp(2y9) [A,1, +2,G3 +43(D,3,9)*(8p)>+1,D, 0,9D’3d9D, 8¢
+ A5 Ry, D*0 00020+ A6 R ,aﬁ(6¢)2+l7R”apy S el +0(a®)),
y=—4/(D-2), (1)

where k?=32nG, G, is the curvature-squared Gauss-Bonnet invariant (G,=£,) and G, is related to the cur-
vature-cubed Gauss—-Bonnet invariant £2,:

62 =R/2“’01/}_4R%U’ +R? s 93 =G3 +Ricci terms s G3 =I| —212 .
Il =R‘wapRaﬂ/lpRlpuu s 12 =R#uaﬂR Mﬂleuya . (2)

The order a’ part of the action (1) has been found in ref. [3], with A§® =4, 1§ =1, 1§¥ =0 for the bosonic,
heterotic and type II superstring theories, respectively. The order a'? part of the action has been put in its
simplest form, with the help of local field redefinitions [2,4]. In (1) and throughout this letter, we use euclidean
signature for the metric and the conventions

R*,,,=08,I},—..., R,=R*,,, D, A*=08,4*+T%,4". (3)

The coefficients 4,, ..., 4; can be found by comparing the «'? four-point string theory and field theory ampli-
tudes. The four-point amplitudes for the scattering of massless bosonic string states are given by [9]

Tim=—mgk?a (s, ¢, u)6’1”yezaﬂesﬂenyf}&LaKumy, 4)
with
I'(—ja's)I'(=ta')'(—La'u) _ 64
F(s,tu)= F(+ia's) M1+’ )F(1+ia'u) ~ ~ a’stu BEASAEE
S=—2k1‘k2, t=—2k1'k3, u=—'2k|'k4, s+t+u=0, (5)

where (L, M) = (B, B), (S, B), (S, S) and K® (K®) is the kinematic factor for the corresponding bosonic
(supersymmetric) open string four-point amplitude:

(513 30 ki3k3 ) (Ga— ' kaakyy)

K(B) e, e,%es%e,l =
naas€l €2 €3 1+1

— 25(k1aks2&os thaska &z ks karlos +hagks E14)
+ o' s[kiskas (ks kay +hazkaz) + 5 (kizkaskss —kiskai ksy) (kay —ka2) ])"’tWO permutations,,

K Gser e’ es’e,’ = [ 518384 — 25(Kyakayoa + koskay &3 + ki3 kaalos + k24k3,£14) ] +two permutations , (6)

where {, =& Kum=E k., and e, is the transverse polarization tensor, e,** =¢&,“E ”; the latter can be de-
composed into the graviton and dilaton parts [10]):

uu(k) h/w(k)+[6 /(D 2)1/2]¢(k) ’ 6;1/— ;w_E k k Eu, (7)

where k-k=1,k*=0and 6 5,6*’=D-2.
Coefficients A, and 4, have already been found in ref. [4] by matching the four-graviton amplitudes at order
a'?, with the result

MO=AP =0, AP =k, MO=MM=0, 4=k, (8)
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As for the remaining coefficients A3, ..., 4;, we can extract from eqs. (4)—(7) the order ’? four-point ampli-
tudes which are relevant for their calculation. In the case of the superstring, it is trivial to see that there is no
order o’ and a’? contributions to these amplitudes, implying A{®) =0 (i=1, ..., 7). Regarding the bosonic and
heterotic strings, we have, starting with the two-graviton-two-dilaton amplitudes,

P
(D-2)
+ %(D—Z)(kzh,h2k3)su+%(D—2)(k3h1h2k,)st—%(D—Z)(k3h,h2k3)s2

+ (kah k) [ £ (D—=2) (ki haokyyut/s+3(D—6) (ki hyksy)u+ i (kshaks)su/t]

+ (k2h1k3)[%(D—6)(klh2kl)t—§(D—10)(k,h2k3)s—%(k3h2k3)s2/t]

+ (ksh ks) [3(kohoky)st/u— 4 (kyhoks)s?/u—4 (kohyks) (s2/u+s>/t) 110304, (9a)

2
(D-2)
+ 5 (D—6) (kyh hyks)su+ 75 (D—6) (ksh, hyk,)st—35(D—6) (ksh, hyk3)s?

+ (ko ko) [ & (D—8) (kyhyks)u+ & (kshyks)su/t]
+ (kohi k) [ & (D=8) (kyhoky)t— & (D=10) (ki hoks)s—§ (kshyks)s?/t]
+ (kyh ks) [ & (kyhyky)st/u—§ (ki hoks)s?fu— & (kshaks) (s*/u+52/1) 119304 . (9b)

T B (M1 1203041 = {&(3D—10) (h hy)stu+§ (D—4) (ky by hyky ) tu

T e [hiha9304] = {£(D=T) (h hy)stu+ 35 (D—8) (kph ok ) tu

The one-graviton-three-dilaton amplitudes are given by

3D-10
o-s(t?l)ng[h G20304]=— —_—16(D—2)3/2 a'z[(kzhlkz)uz—Z(k2h1k3)us+ (ksh k3)s* 1020304, (10a)
FH) 3 D-4 ” 2 2
T Sringl M ¢2¢3¢4]——§§—‘_(D_2)3/20‘ [(kohika)u?+ (kshks)s®—2us(kyhiks) 1020304, (10b)

and the four-dilaton amplitudes read:

3D-10)?

T Fhe 010201041 = 2472_;2‘1’2 tug, 929304 , (11a)
3 (D=-3)(D—-

a-s((l;lu)\g[¢ O20:04] = 64(—(,+(2)2'—)0£'2Stu¢1¢2¢3¢4 s (11b)

where we have used momentum conservation, k; +k, + ks +k, =0, to eliminate k, from egs. (9)-(11).

The evaluation of these string amplitudes is far from trivial, especially in the case of the bosonic string where
the kinematical factor K(2); has many terms. Also the substitution of the polarization vector e,,(k) by its
dilaton part § 3, is very complicated. In doing these calculations we have used the algebraic program REDUCE
[11].A check on our results is provided by the fact that the auxiliary vectors £, drop out of the expressions for
the amplitudes as they should on account of Lorentz invariance [10].

3. To evaluate the field theory contributions to the four-point amplitudes, we rescale the dilaton field ¢p—

1. /D —2¢ in order to have the standard normalization of the propagator, thus obtaining for the effective action
in the s-parameterization
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5= 2 [ 4P /5(R=1(30)+ & Lo xp(m9) (G + K[ (D~4)/ (D=2)1(39)°)

+ a?exp(2mo)[A, 1, +A,G3+ ... +A7R 05 R*P¥9F ] +0 ()}, (12)

where m=—1/,/D—2and 4, (i=3, .., 7) include the effect of the ¢ redefinition.

There are essentially two types of contributions to the relevant field theory amplitudes, generated by this
action: the contact and exchange contributions, depicted in the Feynman diagrams of figs. 1 and 2, respectively.

To find the vertices we first expand the metric in the form g, =3J,, + 4, + O(h?), and then impose the dual
gauge condition k*‘h},, =0 (where i is a particle label), and the on-shell conditions, k=0 and A*,=0 for the
external particles. Some of the vertices, especially those involving more than two gravitons, like e.g. the O(43)
contribution from \/ng, have very complicated expressions which were computed with the assistance of
REDUCE [11]. In the cases where the vertices were given in the literature we have checked that our results

agree.
The evaluation of 1 is straightforward since there is only the contact contribution of fig. 1a. We obtain
Feont. [A3] =64 351U, 0,030, . (13)

Comparing with the four-dilaton string amplitude results of eq. (11), we get

-5 _ (3D—10)2  _ . 1 (D=3)(D=6)
’15)_384(0—2)2’ “H)‘lzs (D=-2) (14)

Similarly to find 1, and 4, we calculate the contact contributions of figs. 1b and Ic, respectively. We obtain

Trom [As] =3 A, (s*+ 12+ u?) [ (ko hi ko) + (kahy ks) + (kshy ks ) 1626364

and
zom.[[s]=—%alzis[uz(kzhlkz)+52(k3h1k3)—zus(k2h1k3)]¢2¢3¢4- (15)
Comparing with the corresponding one-graviton-three-dilaton string amplitudes, eq. (10), we get
- - - 3D-10 - 1 (D-4)
B) __ H) _ B) _ _ Hy _ - " 7
AP =0, 1M=0, I =%D_2)"’ A =16 (D_2)"" (16)

Finally, we calculate 1, and 4,. The calculation of these coefficients is more involved since there are many
contributions: the contact contributions of fig. 1d and the graviton-exchange contributions of fig. 2. The contact
terms give

Fron. [/1_6 'H-_7] ={(/1_6 + zlL)a,z[ (hihy)s> +4 (ko bk, )s*+4(kyhiky) (ki hak )s]
— [ 2(h hy)stut+ 4 (kb hok Yut+ 4 (kahy hoks ) su+4(kshy hoky )st— 4 (kb hoks)s?

+ Bu(kahiky) (kihoks)u+8(kahyks) (kyhoki )t —8(kahy ks ) (K, hyk3)s]}bs0s . (17)
‘\\ /' ,/ J/ Y
\;{,{ \A’;‘ \,:): e ,,,
/// “\‘J /s N * ,/ \\\ ° ‘?‘G'X'I 62’ \G2 ""2 g B .)2
,r’ AN ,’/ \\ S \\ AN Vi N N
Es AN // \\ II ‘\ \\ /II \‘
@ ()} ©) o) @ b
Fig. 2. Exchange diagrams contributing to the two-graviton—two-
Fig. 1. Contact diagrams contributing to 45, ..., 4. dilaton amplitude.
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The contribution of the graviton exchange between the exp (m¢) G, vertices (fig. 2a) with the graviton prop-
agator taken in the standard harmonic gauge,

Dpnes= 15 (3 Buadup + 8up800) = (D=2)~ gl
is given by
e [€xD (M) G, —exp(m@) G, ] =A3a*m>{(h, hy) (53— 3stu) +4(kyhy hoky)s?
— 8(kahy hoky Yut—4(kyhy hoks)su—4(ksh hok,)st+4 (kshy hyks)s?
+ (kahy ko) [4 (ki haky)s—16(ky hoks)u+4d(kshaks)su/t]
+ (kphyks) [ — 16 (ki hoky )t +24 (ko hyks)s—8(kshaks)s?/t]
+ (kshiks) [4(k hoky )st/u—8(kyhyks)s?/u—4(kshoks) (s2/u+5%/1)]1}¢30s . (18)
Next, we compute the graviton exchange graphs between the vertices coming from the terms I,, /; and
J2(30)>=/2g°%8,63,0. We find
Tonenl 1y —/8(39)2) = — 32 (Ay +A2){ = (kahy haky Yut+ (o by hykes)su+ (kshy hoky ) st— (ks by hoks)s?
+ (kyhika) [ =2k haky)ut/s+2 (ki hoksYul + (ko ks) [2(kohoky ) E—2(k  haks)s1}6304
Tnl Iz —/8(30)%] = — B A{ (hy ha) (dstu—s°) + (phy hoky ) (161u—ds?)
+ (kphy k) (ky ok, ) (161u/s—45) } 9304 - (19)

Summing up all the contributions, egs. (17)-(19), and comparing with the two-graviton-two-dilaton string
amplitudes, eq. (9), we find the following relations:

Ao+ 42 +A3m*+ 76A, =0 (0).

A7 —8A5m*+ 32, =34, = a%_t% (#_—82))

A —aA3m* =34, -3 =1 (#_—62))’

M=% ©)

—24;—16A3m*=3A, =34, = 8(DD__62) (161()13——82))’

4iim= m (ﬁ) ’

20,4242 2m2 434, + 34, =— 8?5_12) (—1551_02)), (20)

where in the case of the heterotic string the right-hand side of egs. (20) should be replaced by the quantities in
parenthesis. These equations are satisfied for the previously quoted values of o, 1, and 4, and for
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Aém__l_ T4 = 1 (D-6) T® = 1 (5D-2) T = 1 (D-4)

32° 128 (D=2)" T 32 (D-2)° T 32(D-2)"

(21)

The fact that we have six equations to fix the two coefficients 1, and 4, both for the bosonic and heterotic string
and that they are consistent is a very good verification of our results.
In terms of the coupling constants of the action (1), our results are

py_ 2(3D-10) ., , (D=3)(D=6) .5 _ H) _
M=oy MU= gy MP=0, =0
A{B) = 8 3D—-10) [ (D-4) éB>___1__* gH)_l(D 6)
3 (D=-2)3" - (D=2)3’ 2(D=-2)" 8 (D-2)*’
1(5D-2 1 (D-4
e Y T 1ol (22)

Notice that we could have chosen different terms to parametrize the effective action at order «' 2, as pointed
out in ref. [2], e.g. RR,,8*99°¢, R(D,9,04)?, etc. However, none of the other possible terms contributes to the
four-point amplitudes at order «'?, either because they vanish at this order on account of the on shell and dual
gauge conditions as, e.g. with RR,,,0#¢0"¢, or because their contact and exchange contributions cancel each other
as, e.g. with R(D,9,0)>. This observation determined our choice of terms in the action, eq. (1).

Before closing this section we should mention that we have also computed the full three-graviton-one-dilaton
amplitudes both from the string, eq. (4), and from the effective action, egs. (1), (12). As these amplitudes only
depend on the known coefficients A, 4,, 4, and they are very long we will not reproduce them here. We found a
complete agreement for the values of these coefficients given in the literature [ 3,4]. We stress that this is a highly
non-trivial consistency check as those coefficients have been determined by matching only a few structures in
the four-graviton amplitudes [ 3,4] whereas the 2hh¢ full amplitude has 54 independent structures and they all
match. This is another check on our computer programs and expressions for the vertices.

4. Finally, we calculate the O(«a’?) coefficients in the o-model parametrization, where [2]

S=- % j dPx /g exp(—20) [R+4(3p)*+10a'G,
+ a”?(p, 1, +p,G3 +p3(D,8,9)*(3¢9)*+p,D,0,9D’#9D, 89 +ps R (3p)*

+P6Rvap(39)* 41 R, R,2P¥ 93 9) +O(a) ] . (23)

We use the relations between coefficients g, ..., p; and A, ..., 45 derived in ref. [2} (eqs. (18)) together with
eqs. (22), to obtain

. D-3)(D-6 D-3)(D-6
PP =z, piM=0, pP =5, pi¥=0, p§’”=—8%, W=— Lﬁz—l,
2 (5D3-24D?4+76D—128 D3-9D?+40D—68
PSB)=0, PﬁH)=0, P§B)=§( (D_2)6 )’ ng)=( (D_2)6 );
_1(D=6) 1 (D=6) _ AD-4) _ 1(D-4)
éB) 2(D 2)29 éH) 8(D 2)25 ;B) —(D—Z)z’ $H) -2(D—2)2' (24)

We conclude that the coefficients of the O(a’ 2) terms in the gravitational sector of the closed string effective
actions are given by egs. (8), (22), in the S-matrix parameterization and by eqgs. (24) in the o-model parame-
terization. We note that some features of string effective actions up to O(a’) are lost at O(a’?), namely:
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(i) The curvature cubed terms do not appear in the generalized Gauss-Bonnet combination (£,) [4], as
conjectured in ref. [12].

(ii) The effective actions for the bosonic and heterotic string are no longer proportional.

(iii) The inclusion of the dilaton, in the g-model parameterization, does not simply amount, as we have
shown, to the exponential factor, exp( —2¢), in front of the terms involving just curvatures.

According to the equivalence conjecture [5,6] it should be possible to reproduce the above results through a
computation of the O(a’'?) o-model g-functions. The authors of ref. [8] found the dilaton dependence of the
effective action for the bosonic string theory at order a’? using a o~-model analysis; they computed the O(a'?)
(four-loop) dilaton function from the O(a’?) (three-loop) metric f-function using the Curci and Paffuti iden-
tity and concluded that the exp(—2¢) factor in eq. (23) is the only modification necessary to incorporate the
effect of a non-zero dilaton background into the result of ref. [4] for the purely gravitational background. This
result is not in agreement with our calculation since we find that, in order to match the four-point string ampli-
tudes one needs in addition, four terms involving derivatives of the dilaton field, the ones with coefficients ps,

Ps, Ps and p; ineq. (23).
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