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We discuss field redefinition ambiguities in string effective actions at order a '2, in the parameterization which is most suitable 
for comparison with the string amplitudes and the a-model parameterization. We find that, when the dilaton field is included, the 
effective action can be most  simply described by seven terms, whose coefficients can be fixed from the string S-matrix. We derive 
relations among the coefficients that appear in each of the above mentioned parameterizations. 

1. Many attempts to understand string low-energy physics start from a low-energy effective action for the 
massless modes of the string [ 1-13 ]. In this letter, we investigate the gravitational sector of  the effective action 
of closed string theories i.e. bosonic, heterotic and type II superstring. 

The effective action is non-unique since local field redefinitions do not affect the S-matrix [ 8,10,13,14]. 
Hence a proper understanding of the structure of the effective action at any order requires necessarily a system- 
atic study of the ambiguities generated by local redefinitions. This is already apparent at order a ' ;  in particular, 
the coefficients of the R 2 and R 2 terms are ambiguous and the fact that they are usually written in the Gauss-  
Bonnet combination is just a choice which renders the theory manifestly ghost-free. Actually, it has been shown 
in ref. [ 13 ] that the terms which lead to ghosts in the graviton propagator can always be removed by appropriate 
field redefinitions, to all orders in o~'. This result has recently been extended to the case of  general backgrounds 
(g,,~, Hump, ~b ) [15]. 

The study of ambiguities at order o~', when the antisymmetric tensor and dilaton fields are included, has been 
done in refs. [ 14,16 ]. At order o~ 'z, the structure of the curvature cubed terms has already been discussed in ref. 
[ 17 ], with the result that there are only two independent R 3-invariants whose coefficients can be unambigu- 
ously fixed from the string S-matrix: I~ = R ~pRaP~R ~".p and the "Gauss-Bonnet" combination G3 ~ I~ - 2•2, 

w i t h  12 = R ~'~,pR ~;'a~'Ra~e ~. 
In this letter, we extend the analysis of the structure of  the effective action at order oe '2 by including the dilaton 

field. The dependence of the action on the dilaton is non-unique; there is, in particular, a class of effective 
actions which have the following dependence on ¢~: 

S= f d ° x x ~ e - 2 O  ~(g, , . ,  ~" R p~., Dr, ~q)) . ( 1 ) 

Here and throughout this paper, we use euclidean signature and the conventions 

R~,,,,,=0,FL-..., nu~=Ra.a., D,,Aa=OuAa+F~A ". (2) 

The above form for S is most suitable for comparison with the a-model and, following ref. [ 16 ], we call it 
hereafter the "a-parameterization" of the effective action. This form is, however, not convenient for comparison 
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with the string S-matrix since g.~ and 0 mix in the propagator. That does not occur in the "s-parameterization" 
of  the action 

S= f dDxx /ge  - ~  L~(e-~°gu~ , Ra~,,p, D~,, 0~0), 2)= - 4 / ( D - 2 )  , (3) 

which is obtained from the a-parameterization by making a Weyl transformation: g~.--, e-~gu~. 
We seek the simplest form of  the action, after field redefinition ambiguities have been taken into account, in 

both these parameterizations. We find that in either case, the action can be written with a min imum of  seven 
terms at order c~'*-, whose coefficients can be fixed from the string amplitudes. Furthermore, these terms can be 
chosen such that the resulting theory is manifestly ghost-free. Finally, we find the relation between the two sets 
of  coefficients i.e. the ones in the a-parameterization and the ones in the s-parameterization. 

2. Consider the most general action containing all possible independent dimension-six invariants involving 
curvatures and derivatives of  the dilaton field. In the s-parameterization, this can be written as 

2 f d D x x / ~ { R + y ( 0 0 ) 2 + a ,  yo 2 2 2 - - e 2o{Rau,p-4Ru~+R + [ 7 2 ( D - 4 ) / ( D - 2 )  ] (00) 4} 

+ O~ ,2 e2~,o [ al 11 + 02 G3 + a3 Ru.a.,,R.•arR ~'" + a4 R..pa R "2R u/, + a5 Ru~R "aR "a 

2 jzp 2 2 3 2 +a6RI,.D R +a7R~,.p,~R+asRu.R+a9R + a l o R D  R + b ~ ( D 2 0 )  3 

+b2(D20)2( 00)2 + b3 (D20)  (00)4 + b4( 00)6+ b5 D 2 (De0)D20+b6D2(D20) (0(/))2+ b7 (D~,0.0) 2 D20 

+ b8 (D , ,0v0)  2 ( 0(/))2"t - b9 (Dv0v0D*'0P0D/,0 v0) -t-cIR(O0)4+c2R(O0)2D20-l-c3R(D20) 2 

+ c 4 RD2 ( D2 0 ) + cs R ( D ,,OvO ) 2 + c6 RD uOvO;3 u O O v O + c 7RD2 ( O vO ) O U ~ + csRo~ Oa OO"a OD2 0 

+ c9Ra,aO°~ 00"a 0( oO )2 + CloRo~#D°:O'a 0D2 0 + cl l Ro~pD°:O'u 0 ( O0 )2 + c12Ro~,aD uO°~ 0D"O# 0 

+c13R~sI~Da~0~#0~0+cl4R2(  ~0)~ +cl5R2D20+cl6R2~( ~0)2 +c]7R~D20+c l8RR~u( ' )0v  0 

"I-c19RRuv Dl'O vO+c20Ruc~RavOuOc3 vO+ c21R,zaRav DuO V0+c22Ruc~/~vRa#Ou00 vO 

_t_c23Rl,a#vRO_,lq-)l, O v 0 +  2 2 2 2 oefl7 ,u v c24Rl ,  v a l l ( 0 0 )  - t - c 2 5 R , , v a f l D  O-bc26Rlmtf l~,R v 0 (/)0 0 ]+O(c~ '3 )}  , (4) 

where 12 and G3 have been defined in section 1 and t¢ 2 = 32riG. 
The order a '  part of  the action has been found in ref. [ 16 ] by comparison with the string amplitudes and 

2 o ( u ) = ¼, 2 o ( H ) = I, 20 (S) = 0, where the subscripts (B),  ( H ) and ( S ) refer to the bosonic, heterotic and super- 
symmetric string, respectively. 

The most general local field redefinitions are 

8g,,. = oe'(...) + oe '2 e zro{A I RI,a~,R S,~;, + A2 Ruc~RCaJ + A3Rua R ). + Aa D2R~. + A 5guvR x;,,~ 

2 2 2 + A6gl,vRal~ + A7 g~,vR +Asg~..D R + AgRR~, v + B  1D~,O,,0D20+B2DaO~,0DaOv0 

+ B3DI,0vO(OO )Z + B4 og~OOv0D20+ B50u00vO(OO )2 + B6gl, vD2(D20 ) + B7guvD2(Oo,.O )O°:O 

+ Bgg~,.(D20 )2 + B9gu~(D,~OpO ) 2 + Bmg..D20(O0 )2 + B~1g~,.D~O~OO'~00~(0+ B~2gu~( O0 ) 4 

+ C~ R,,ca~v oc~ oo/~ O + C2Ruc~vDaO# O + C3 [ R~,o~DaOvO + (,u*---, v ) ] + C4[ R,,o~ oa OOvO-t - (,!A~--~ p ) ] 

+ CsR,,.D20 + C6R. . (  00)2+ CTD,~R.. 8'~0 + Csgv.R.aD"O/~(O + Cggv.R.v 0"00~0 

+ C, og~,,,RD20 + Cll gm, R (0(/))2+ C12g~,v 0,~R0'~0 + C~3RD~,0.0+ C , 4 R O u O O v O }  " 1 - 0 ( 0  ~'3 ) ( 5 )  

and 
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(~¢)=Og' (... ) "]-0{. '2 e2yO[AloR ~,~p.~ + Al I R ~ + AI2 R 2"F AI3D2R W B13D2 (D2 ~ ) +BI4D2(0,C))0u~ 

+Bxs(D2~)2+BI6(DuOvO) 2 + BI7(D2~) (0¢~)2 +Bl8D~0u~01'~0 v~WBl9 ( 0~Z))4-[ - C~sR~wDZ'0 v¢~ 

+ Ci6R/~v c]u(~O v~+ C17RD2~+ C18R(0~)2+ C19 0 ,R0,~]  ..~ O (OLt3) . (6) 

We have not included terms like D2(D,0~)  in (5) because 8gu~=2BD2(Du0~), 8fb=BDZ(Ou~)Ou~ would 
correspond to a general coordinate transformation, with parameter ~u = BD2(0u~) in this particular case, under 
which (4) is, of course, invariant. Other terms of this type are D 2 (0u~) 0~, DuD~Op~0°O, DuR~,Ù'*~ + ( / t~  v), 
etc ... 

In order to find the change in the action (4), at order a '2, under the field redefinitions (5) and (6), we use 

8S2 = (6So/Sgu~) ~"~2)~st,~ + (8So/8(b)8(~2) , (7) 

where So and $2 are, respectively, the order a '° and a,2 parts of the action (4) and 8g,,~2), 8q~(2) the order a '2 
parts of the field variations. Notice that we do not include in (7) the (SS~/Sgu,)fg~) + (8S~/80)6~ ~) varia- 
tion; this is because we consider that the freedom contained in a,,t~) and 8~ t~) has already been used to put the ~O/tP 
action S~ in the form exhibited in (4). 

Using (7), and after integrations by parts, we find that, under the transformations (5) and (6), all the coef- 
ficients that appear in (4) at order a '2 change, except al and a2. All coefficients but a~ and a2 are therefore 
ambiguous. This does not mean that they can all be set to zero by a proper choice of the parameters in (5), (6) 
since there are five combinations of the ambiguous coefficients that remain invariant under the field redefini- 
tions; these are 

- -  YSa3 q- ~C26 = 0 , 

- -  y~a7 + ~C24 = 0 , 

-8b9  + ~C13 - -  ~)~C23 = 0  , 

8b8 q- 2~)5b9 -y5c5 q- ½Y5C12 +2y28a~o --y2~a6 = 0  , 

--y3~)a 5 -t- y3 (y - 1 )8a6 -- ~3~a8 -- ~'3 ~a9 -- 2~)3~3a10 + ~b4 _ y2 (yq_ 3 )8b9 -y~c~ q- ½~2~C 6 "~- ~)2 ~C 7 - - ~ C  9 

+ IT28c~ - ly2( 1 +?)~c~2 "1-~)2(~Cl4 "[-y2~Ci6 -~ ~226C18 - -  I~38C19 -[- ~2~C20 - -  2~3~C21 = 0 ,  ( 8 )  

where 8a~=a'~-az, 8bj=b'j-bj, 8c~ =c'~ -c~ are the variations ofa~, bj, G under the transformations (5), (6). 
Hence, only 38 of the 43 ambiguous coefficients in (4) can be transformed away by a proper choice of the 50 
parameters in (5), (6). We choose the five coefficients that parameterize the effective action together with a~ 
and a2, to be b8, b9, C~ 3, C24 and c26. We can then give arbitrary values to the remaining coefficients; in particular, 
we can set them to zero, thus getting the simplest representation of the effective action, which we call hereafter 
the "minimal scheme". Notice that there is a class of actions in the minimal scheme, depending on which coef- 
ficients in ( 8 ) we choose to parameterize the action. The choice we have made is based on the criterion that one 
may be able to calculate these coefficients by comparison with the four-point string amplitudes [ 18 ]. 

Hence, the effective action in the s-parameterization, at order a '2, can be written, in the minimal scheme, as 

2 dDxN/~0~'2 e2:'~[,~ ~ I 1 +~.2G3 +Jt3(Du0v~)2(0~)2+j.4O~0v~D~0P~Dp0V~ 

+ 25Ro~/t, vDaO"~)OI~ ~Ov O+ 26RZ, vez/~( Oq) )2 + 2 7Rva.a~,R~'~v#~u # ] (9) 

where 2~ = a ] ,  22=a~, 23=b~, 24=b~, 2~=c]3, ,~.6 = C~4,/~7=¢~6 can be uniquely fixed by comparison with the 
string S-matrix; 2 ~ and 22 have already been found to be [ 17 ] 

/]" I ~B) --48,1 ,~. I(H) = .~  I~S) = 0 ,  22(B)  - -  14, 22 (H)  =/~2(S)  "~-- 0 . ( 1 0 )  
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3. The above analysis can be repeated in the a-parameterization, where 

- -  - -  I 2 q_R 2 ) S(,, ) = 2 dDxx/~e_2~[R+4(Ofb)2+2oO!,(R2 o~e_4R,,, 
t¢ 2 

+oL'Z(allL +a2G3 +...+c26R1,oe,&/Rva'avO~'f~Ov~) +O(0~ '3) ] . ( 1 1 ) 

The order c~' part of  the action, S,, has been found in ref. [ 16] (notice that there is no (0~) 4 term in this 
parameterization) and $2 has the same structure as in (4).  

Taking the field redefinitions ( 5 ), (6) and substituting in (7),  we find that once again only ~ and a2 remain 
invariant and all other coefficients change; furthermore, there are also five combinations of  the ambiguous 
coefficients that remain invariant: 

-- 48a7 -at 5624 -~ 28C25 = 0 , 

28a4 -- 48a 6 q- 8C23 + 5026 ~- O ,  

- 8 8 d s  + 8/59 -28612 - 8~13 + 48621 -28~22 = 0 ,  

648d9 - 8851 - 4552 - 28/~ 3 - 8~ 4 + 486j + 8862 + 16503 - 165614 - 328~ 5 = 0 ,  

8 8 a  6 - -  168d8 + 328dm + 88/~s + 4556 -+- 2557 q- 558 - 168c4 - 48(s - 486~o - 286~ 

q-48cl6 k- 88~'17 q- 88c19 -25620 = 0  . (12) 

We choose/~8, i59, ~ ,  ~24 and ~26 to parameterize the effective action and set the remaining coefficients to zero. 
Except for ~ ,  this is the very choice that we have made in the previous section for the s-parameterization; On is 
replacing c~ 3, which does not appear in ( 12 ) and therefore cannot be chosen. 

Hence, the effective action at order ~,2, in the a-parameterization, can be written, in the minimal scheme, as 

S ~ ) = _  2 f d~xx~°~ '2  ~¢~ e -  2~ [p~ I~ +P2 G3 q-P3 (D/,cqv ~) 2 ( 0~ )2 k-P4 Du Ov~D/'c~PODpO "~ 

+psR(OgP)a"}-p6R2,vpa( O~ )2 +pvR,,c~/~a, Rvc~rOSbOuO] , ( 13 ) 

where p~ = d'~, P2 = a 2, P3 =/5~, P4 = 15~, P5 = c'1, P6 = C24, P7 = C26. 

4. To find the relation between the coefficients (2~, ..., 2 7 ) and (p~, ..., P7 ), we perform a Weyl transformation 
[19] 

g(S)  __ ~--2r¢, O.(er) 

Fac~ _ F ~  _ 2 ~  o,~,) +gl,,'~ a JtP - -  - - l i p  

~,,=r~,,O, a , , , = D , , g , + 4 , ~ ,  , ~ = 2 / ( D - 2 ) ,  (14) 

in order to change the parameterization and then the scheme to finally obtain from the results of  section 3, the 
minimal scheme of  eq. ( 13 ). 

Performing the Weyl transformation on (9) and integrating by parts, we find, after a considerable amount  of  
algebra, that the action can indeed be written in the form ( 11 ), with the corresponding coefficients given by 
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& = 2 , ,  

a2 =/],2 , 

d3 =gt4 =(is =a6 =(17 =(t8 =gt9 =gtlo =0,  

/~, = - 42322, 

t52 = - 48z42, + 6z 4 ( 5 D -  22)22 - ½22 s + 4l:226 - 22-227 , 

/~3 = 3~'4 [ 102-(D- 2) + 2 2 - D ] 2 1  +32-4[ -- 5"c(D2- 7D - 10) - - ~ D +  53]22 -3"c23 + ~ r ( 4 z -  1 )24 

+ ~ [ 2 z ( D - 6 )  + 11 ]zRs + 102-3(2-D)26 + 12-2(22--D)27, 

/~4 = 42-4 ['c2 ( - D 2  + 3 D -  2) - 3 z ( D -  2) + 3 ( D - 6 )  ]2~ 

+ 2-4 [2z2(D3 - 8 D 2 +  1 7 D -  10) + 6 z ( D 2 -  7 D +  10) + 3 ( 7 D -  26) ])-2 +z(zD+2)23 

-z[22(D-2)--3]2 4 

+ I z [ - 2 r ( D - 2 ) - 3 1 2 5  +2T 3 [ z ( D 2 - 3 D + 2 ) + 2 ( D - 2 ) ] 2 6 + ~ 2 2 ( D - 6 ) 2 7 ,  

6~ =0, 
& = 3 2 - 4 ( 2 - D ) 2 ,  - 92-4(D-2)22 - 32-24 + ~2-25 + ~ 2 - 2 ( 2 - D ) 2 7 ,  

t57 = 32-312-(2 - D )  + 8 ]2, + 32-3[ _ 32-(D- 2) - 8 ( D -  5 ) ]22 - ] 2-24 + ~ 2-25 - 12- 2 ( D -  2)27 ,  

/58 =242-4(4--D)21 + 62-4(D 2 -  14D+ 36)22 +23 -32"24 +32-25 + 4 2 - 2 ( D - 2 ) 2 6  +42-227, 

59 =22-3132(D-2) + 4 ( D - 4 )  ]2l +2-3 [92-(D-  2) + 4 ( 5 0 -  16) ]22 + ( 1 + 32-)24 - I225 + ½2-2(D-2)27,  

(, = -32-212-2(D-6) +82-+ 16121 + 322[22(26-7D) - 322-+ 8 ( D -  8) ]22 - 32-24 + ~2-25 

-42-226 + ¼ 2 [ z ( - D + 2 ) - 8 1 2 7 ,  

(2 = 32-2[ (D_2)2 -2+  82-+ 32]2, + ] r 2 [ 6 C ( D -  2) +962- + 3 2 ( 8 - D ) ] 2 2  + ]2-24 - ~2-25 + ~2-[2-(D- 2) + 8 ] 2 7 ,  

(3 = - 12z22, + 32- 2 ( D -  8)22,  

(4 = 0  , 

(5 = 122-221 +32-2(6- -3)22  , 

~6=32-212-2(D-2)+82-+812, +~2-213(D-2)2-2+ 242-+4(8-D) ]22 +32-24-~Z25 +I2-[2-(D-2)+8127 , 

(7 = 0 ,  

(8 = -482-221-  122-2(2--D+ 8)22,  

C9 =482-2(z+2)21 +24r2(42--D+8)22- ½T25 + 82-226+2"c(2-+ 2)27,  

('Jo = 48"t'221 + 12"t'2(7--D)22 , 

(,, =32-2[-22(D-2)--242-3212, +322[-3r2(D-2)+82-(D-13)+16(D-8)]22-32-24 

+ IT25 + 8.[.26 + 1.([ ( 2 - D ) 2 - -  8 ]27 ,  

c,2 = -24z22 ,  + 1 2 z 2 ( D - 4 ) 2 2 ,  

(,3 =6r2  [r2( D - 2  ) +8(2-+  1 ) ]2~ + 3 z  2 [ 32-2 ( D -  2) - 4 z ( D -  8) - 4 ( D -  8) ]22 + 32-24 + ( 1 - -  12 - )2  5 

+½2-[2-(D-2)+8127, (15) 

16 February 1989 
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(14 = --6"r21 -- 9"t'22 , 

615 = 3Z'21 + 9~22, 

616 =24T21 +62-(2-+6)22 , 

Cj7 =--12Z21 --182-22, 

6,8 = 12r(2-+ 2)2~ + 32-[ -- 2-(D- 8) + 12 ]22,  

619 = - 122-21 - 182-22, 

620 = - 242-(r+2)21 +62-[2-(D- 8) - 12122, 

621 =24r21 + 36T22, 

622 = 242-(2-+ 2)2~ +62-[ - 2-(D- 10) + 12122, 

623 =-242- (21  +22)  , 

624 = - 62-(z+ 1 )21 - 92-(2-+ 1 )2  2 + 2 6 ,  

625 = 32-2 j +~r22 , 

626 =242-(r+ 1 )2~ + [ ( 4 2 -  3D)r2 + 362-]22 -t-27 • (15cont 'd)  

Finally, we change to the minimal scheme ofeq.  (13).  To fix their variations we use the fact that, in this scheme, 
all coefficients (except those appearing in ( 13 ) ) are transformed away by field redefinitions: 

& i g = f i ; - f i , = - i i  ( i = 3  ..... 10), 8 ~ j = S j - / ~ j = - B j  ( j = l  ..... 7), 

86k=62- -6k=--6k  ( k = 2 , . . . , 2 3 , 2 5 )  (16) 

with the fii,/~j, 6k given by eqs. ( 15 ). 
Regarding the coefficients which appear in ( 13 ), p~ and P2 can immediately be found using ( 15 ) and the fact 

that fi~ and fi2 remain invariant under the field redefinitions 

t91 = ~ i l - b i l l  = 2 1 ,  p 2 = ~ a 2 l - a 2 = 2 2  • (17) 

AS tO the remaining coefficients, their variation is fixed by (12) and ( 16 ) and they can be found with the help 
of  ( 15 ). We get: 

P3 = 12r312-( 1 0 -  3D) + 1612~ +6~ 2 [2-2(D2- 17D+ 42) + 8 r ( 9 - D )  + 16122 +23 - 62-24 + 22-25 

+42 - [~ (D-  2) - 4 ] 2 6  + 2-[2-(6-D) + 4 ] 2 7 ,  

P4 = 8 r2 [ r ( D -  10) - 6 ]21 + 82- 2 [42-(D- 5 ) - 15 ]22 +24  - 2  s - 42-27, 

/9~ =2-4[z2(D2- 3D+ 2 ) -  1 2 r ( D - 2 )  +3612~ 

+½z312-3(_D3+8D 2_ 17D+ 1 0 ) +  122-2(D 2 - 7 D +  1 0 ) -  122-(4D- 17)+64122 

_ ¼ . r ( . c D _ 4 ) 2 3 + I . r 2 1 2 - ( D _ 2 ) _ 6 1 2 4 + I  2 1 2 2 ~'r 25+~'t" ['r (-D2+3D-2)+8"r(D-2)-16126, 

/96 = - 62"221 --  92-222 31-26 , 

P7 =242-22, + [ ( 4 2 -  3D) ' r2+ 12~]22 +27 • (18) 

5. Hence, we have shown that, in both the s- and a-parameterizations, the effective action, at order a '2, can be 
described with a min imum of  seven terms, when the dilaton field is included. Furthermore, it is possible to 
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choose  these t e rms  such that  there  are no cor rec t ions  to the  s tandard  p ropaga tors  and there fore  the theory  is 

mani fes t ly  uni tary,  in ag reemen t  wi th  the general  result  o f  ref. [ 15 ]. We have  de r i ved  the  re la t ions  be tween  the  

coeff ic ients  o f  these t e rms  in bo th  pa r ame te r i z a t i ons  so that ,  once  the  s -pa rame te r i za t ion  coeff ic ients  are found  

by c o m p a r i s o n  o f  the ampl i t udes  genera ted  by (9 )  wi th  the str ing ampl i t udes  [ 18 ], it is s t ra igh t forward  to get 

the  a -pa r ame te r i z a t i on  coeff ic ients  using eq. ( 18 ). Th is  result  wou ld  a l low a di rect  c o m p a r i s o n  wi th  the corre-  

spond ing  a -mode l  c o m p u t a t i o n s  [20]  and  the reby  e x a m i n e  the  equ iva l ence  o f  the str ing equa t ions  o f  m o t i o n  
and  the  a -mode l  Weyl  i nva r i ance  cond i t i ons  at o rde r  a '2 [ 21 ]. 
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