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A detailed analysis of W pair production in e* e~ annihilation at LEP-II energies is presented
by using helicity amplitudes for the process e'e — W* W~ with arbitrary WWy and WWZ
couplings. Expressing the complete angular distribution of W decay products in terms of these
helicity amplitudes, we perform a systematic search for the most sensitive angular distributions or
correlations for anomalous couplings. As a result precise tests of the gauge-theory cancellations
between different diagrams are suggested. Angular distributions sensitive to W* W ™ rescattering
effects and/or CP-violating vector boson couplings are studied as well. Complete helicity
amplitudes for the process e*e” - W*W —(q,3,8)(q;348) with arbitrary quark masses and
finite W width are presented in a form convenient for their direct numerical evaluation.
Amplitudes for the processes e*e™ — ZZ and Zy are also included.

1. Introduction

The prime target of experiments at LEP in its second phase (LEP-II) is the
production of charged weak boson (W) pairs in e*e” annihilation [1-33]. The
production cross section reaches its maximum (~ 20 pb) at ys ~ 200 GeV and one
expects to observe 10 W pairs a year with the design luminosity of 5 X 103!
cm~?sec”!. Detailed quantitative tests of electroweak theories should thus be
possible at LEP-11.

There are two distinctive aspects of W pair production studies in e*e~ annihila-
tion [1]. First, a precise determination of the W boson properties, e.g., its mass,
width, and its couplings to different quark flavors (Cabibbo-Kobayashi-Maskawa
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Fig. 1. Feynman diagrams for the processe ¢ — W'W~.

matrix elements) can be achieved in the clean environment of ¢* e~ annihilation. A
precise measurement of my, is particularly important [1,34] to test the standard
theory of electroweak unification a the loop level. Second, this process provides the
best opportunity to measure directly the three-vector-boson couplings, WWy and
WWZ, via s-channel y and Z exchange contributions (see fig. 1). Indeed, the
requirement of tree unitarity for the process e*e™ — W* W restricts uniquely the
three-vector-boson couplings to the form prescribed by the Yang-Mills self-interac-
tion [35]. In other words, a small deviation of these couplings from their gauge
theory values violates the subtle cancellation among the three contributions shown
in fig. 1 and hence can lead to observable effects. We shall see in the following that
the sensitivity to these couplings in the process e*e™ —» W*W ™ is far greater than
that achievable at SppS or the Tevatron collider by W pair production [11, 36-38],
Wy production [36,39)], and W radiative decay [39] processes* even at the moderate
energies reachable at LEP-II.

A number of authors have made important contributions to the subject. Charged
vector boson pair production in e*e” collision was examined already in 1961 by
Cabibbo and Gatto [2, 3], and these papers were followed by several studies [4, 5, 7].
Dolgov and Solov’ev [6] were the first to include the weak (v exchange) contribution
in 1965.

In contrast to these early results, the amplitude for e"e ™ — W "W in sponta-
neously broken gauge theories was shown [41} to have good high-energy behavior.
The converse was also shown to hold: good high-energy behavior singled out gauge
theories [35]. After the opening of the gauge theory era, the process received more
intensive investigation.

The cross section in the standard SU(2) ® U(1) theory was calculated by many
authors. The total cross section was first calculated by Sushkov, Flambaum, and
Khriplovich [8]. Alles, Boyer, and Buras [9] presented the differential cross section
and displayed the gauge-theory cancellation. Bletzacker and Nieh [10] included
transverse beam polarization and numerically calculated various distributions in-
cluding the final lepton energy and lepton-beam angle distributions, the azimuthal-

* See also ref. [40] for W pair production studies in hadron collisions.
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angle correlation between the two final leptons, and the average dilepton mass. The
analytic form of the lepton energy and angle distributions was obtained by Mery
and Perrottet [15]. Koval’chuk, Rekalo, and Stoletnii [25], studied the energy-angle
distributions of the lepton, while the double energy distributions of the two final
leptons were examined by Dicus and Kallianpur [28]. Duncan, Kane, and Repko
[29] showed that a certain azimuthal-angle correlation of two decay planes is very
small in the standard model.

Meanwhile, the density matrix for single W polarization was derived by Koval’chuk
and Rekalo [14}, and the ratio of the three helicity states was calculated by Bilchak,
Brown, and Stroughair [22]. The one-loop radiative corrections to the process were
evaluated by Lemoine and Veltman [13] and by Philippe [17]. Without explicitly
referring to the “intermediate” W state, the process can be described in terms of the
initial and final fermions. The helicity amplitudes in this approach (which is
different from ours) were calculated by Kleiss [31] and by Gunion and Kunszt [32].

W-pair production in extended nongauge models has also been studied. The
polarization amplitudes with the most general three-vector-boson couplings were
presented by Gaemers and Gounaris [12]. However, most studies of these anoma-
lous couplings restricted themselves to just a few couplings which satisfy C, P, and
T invaniance separately. The effect of these nongauge terms was examined in the
differential and total cross section {21,26, 30], the single W helicity ratios {22], the
lepton-beam angular distribution [26], and in the single and double lepton energy
distributions [28].

The purpose of this paper is to systematize these previous studies. First, we will
present a general expression for the distribution of the decay products of the two
W’s in terms of the e*e™ — W*W™ helicity amplitudes. Then we will study the
effects of various possible anomalous three-vector-boson couplings in detail.

The paper is organized as follows. In sect. 2, we give the most general form of the
WWy and WWZ couplings and show which constraints on these couplings come
from electroweak gauge symmetry, C, P, and electromagnetic U(1) gauge invari-
ance. This section updates the work of Gaemers and Gounaris [12]. In sect. 3, we
present the complete helicity amplitudes for the process e e > W*W™ in a
compact form, making the gauge-theory cancellation between y, Z, and » exchange
graphs manifest. These amplitudes are derived for the most general couplings of the
previous section. Sect. 4 presents all 81 coefficients of the quadri-differential angular
distributions of the W* and W™ decays into massless fermion pairs, expressed in
terms of the helicity amplitudes for W pair production. Sect. 5 gives the main results
of this paper, which are angular distributions and correlations of W decay products
providing tests of the three-vector-boson couplings. In this section the separation of
longitudinally polarized W’s from transversely polarized W’s, polar and azimuthal
angle distributions of W decay products, and also correlations between W* and W
decays are studied systematically. Finally sect. 6 gives a summary and some
conclusions.
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We include four appendices for completeness. In appendix A, we show that only
seven of the nine form factors given by Gaemers and Gounaris are independent. In
appendix B, the twofold solutions for the neutrino momenta in the process ete™ —
W*W~ - (£7v)(¢¥) is explicitly given in terms of the observable charged lepton
momenta, in the zero W width limit. In appendix C, we provide a closed expression
for the helicity amplitudes for W pair production, followed by decays of each W
into massive fermion pairs with or without a single gluon emission. Here we include
finite W width effects since they are necessary for a precise measurement of my,
and for flavor identification [1]. The helicity amplitudes are expressed in a for-
malism developed by two of us [42], which makes their direct numerical evaluation
simple and efficient. Finally, appendix D gives helicity amplitudes for the processes
ete” > ZZ and Zy.

2. Three-vector-boson couplings

The general couplings of two charged vector bosons with a neutral vector boson,
WWy and WWZ, can be derived from the following effective lagrangian*

Lwwv/8wwv = Igl(WfW“V” W:V,W‘“’) + iy WiW e

iAy
+ o WEWEY " — gdWIW,(04V” + 3"V*H)

+glereo (W, G W, )V, + ik Wi W, P

iAy -
+ —- WLWePA, (2.1)
myy

Here V*(= V*!) stands for either the photon or the Z field, corresponding to V =1y
or Z respectlvely, Wt is the W~ field, W, ,=dW,-dW,, V, =4, -9V,
V,=1¢ and(Aa B)=A(d,B)—- (4, A)B

n 2 ;wpa
The seven operators** in (2.1) exhaust all possible Lorentz structure when we

neglect the scalar component of all three-vector-bosons:

3 yr=0, gWr=0. (2.2)

* Throughout the paper, we use the Bjorken-Drell metric with g5, = ~ €912 = + 1.

* * Seven operators are sufficient due to the fact that only seven out of the nine helicity states of the W
pair can be reached by s-channel vector boson exchange (J =1 channel). The other two helicity
combinations have both W spins pointing in the same direction and thus have J > 2.
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Fig. 2. Feynman rule for the general WWV (V = y or Z) vertices.

This condition is automatic for on-shell W’s:
(O+m})wr=0, 9w*=0. (2.3)

It also holds for the virtual photon and is valid for the Z in the process we are
investigating. Terms containing d,Z" are in fact proportional to the electron mass
and negligible.

The lagrangian (2.1) contains 5 operators with dimension four and 2 with
dimension six. All the higher-dimensional operators for on-shell W’s are obtained
from the operators in eq. (2.1) simply by replacing V* by O"V* (O = d?) with an
arbitrary positive integer n. These operators form a complete set* of WWV
couplings under the conditions (2.2) and (2.3). Any other operator can be reduced to
a combination of these**

In momentum space as depicted in fig. 2, the corresponding WWYV vertex can be
expressed as follows

_ _ I
F%"“(q,q,P)=f1"(q—q)“g“"— (q q)"P°P® + f,Y( Pg*f — PPgr)

+if, (Pog*® + PPghe) + ife* P (¢ - 7),

fq
~Js e PP, ~ — (q 7)"'e°P,(¢-7),, (2.4)

for V =1y,Z. Here all the form factors f,¥ are dimensionless functions of P2 The
expression (2.4) agrees with the one adopted by Gaemers and Gounaris [12] apart
from their form factors f,¥ and f,¥ which are actually redundant. This fact is shown
in appendix A.

* If the W’s are off mass-shell, additional derivatives O'W,F,0™W, (/, m integer) complete all possible
operators. The spin-0 part can still be neglected in so far as the W’s couple to massless fermion pairs.
** It should be kept in mind that the choice of the two dimension-6 operators in (2.1) is not unique.
Actually, the operators which correspond to the vertex function (2.4) represent another choice.
However, this nonuniqueness merely amounts to a different P? dependence of the form factors.
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It is straightforward to calculate the contribution of the lowest-dimensional
operators (2.1) to the seven form factors. We find,

s
Y=g+ Ay,
1 1 2m%V v

f2v=>‘v’
f3v=8¥+xv+)\v’

V=g fori=4,5,

f7v= - %xv (2-5)

Contributions from the higher dimensional operators provide the P? dependence of
the form factors. (For instance, if we restrict ourselves to the corresponding
operators of dimension 6 or less, the form factors f, and f, are constants, and the
others are linear functions of P2) Hermiticity requires that the fY’s should be real
for P? <0. However, the form factors may have imaginary parts above threshold,
which we will discuss shortly.

Without losing generality, we can fix the overall coupling constants gywy. We
choose for convenience

Ewwy= "€, gwwz = —ecotl,, (2.6)

where e denotes the positron charge and 6, is the weak mixing angle of the
standard model.

For the photon couplings (V=1v), the first term in eq. (2.1) (with g/ =1
determining the charge of the W) is the so-called “minimal” coupling term, and the
second coefficient k  is conventionally called the “anomalous” magnetic moment of
the W [43]. This term and the third coefficient [3,5,44] A, are related to the
magnetic moment g, and the electric quadrupole moment Qy, of the W* by

e
By = m(1+"7+>\7)’ (2.7a)
e
Ow= —;2\:(':7—)\7). (2.7b)

These first three couplings respect the discrete symmetries P, C, and T separately
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with the following definitions:
EWE =W, Ve =V,
PB,(x,1)P ' =B*(-x,1),
IB,(x,1)T ' =B*(x,~1), (2.8)

for B*= W* V* The symmetry properties are most easily established by applying
the above transformation to the effective lagrangian (2.1).

Two of the parity-violating couplings k, and 7\7 respect charge conjugation
invariance. They are related to the electric dipole moment 4y, and the magnetic
quadrupole moment Qy, of W* by

4 . ~
dy = 2mw(xy+)\y), (2.9a)
~ e .
Ow=— m—%v(x,—)\,). (2.9b)

Finally, the other two couplings gJ and g{ in eq. (2.1) violate charge conjugation
symmetry. However, the former coupling respects parity whereas the latter is CP
invariant. These properties of the form factors fV under discrete transformations
are summarized in table 1.

If the underlying dynamics respects some of the above discrete symmetries, the
corresponding form factors which are odd under these transformations would be
identically zero. To be completely general, however, one should retain all these form
factors in the WWy or WWZ coupling.

For the photon the effective lagrangian (2.1) is not gauge invariant when g} or g?
is nonvanishing. However, this can be cured by considering higher-dimensional
operators. At the level of the vertex function (2.4) we may modify the f; and fJ
terms to

ify(Peg*P + pBgra_ 2 prpeph /p2)

+ifg [exfe(q - 3), — P*e*°P, (- 7)o/ P?], (2.10)

TABLE 1
Properties of the couplings fY (V = y,Z) under discrete transformations

i 1-3 4 S 6,7
P + + - -
CP + - +

C + - - 4




260 K. Hagiwaraetal. / e e > W™ W

without affecting the amplitudes for e*e™ — W* W ™. Now the absence of a pole at
P?= 0 implies that fJ and f;¥ should be proportional to P2 = 5. Another constraint
arises because the W™ charge is fixed (g =1 in eq. (2.5)). We thus obtain the
following constraints on the WWy couplings at s =0

M(s=0)=1, (2.11a)
f(s=0)=0 fori=4,5. (2.11b)

The imaginary parts of the form factors are essentially the absorptive part of the
WWYV vertex function. Such effects are proportional to small coupling constants in
a weakly coupled theory such as the standard model. However, they can be
substantial if the W boson sector is strongly interacting in the relevant region of s.
Actually in such a situation, not only the WWYV vertex we are parametrizing but
also the amplitudes for the whole process e e~ - W™ W ™ may be affected substan-
tially by the strong interaction. In what follows we neglect this possibility and shall
study mainly the case where all the form factors are approximately real. We shall
return to this point in sect. 4 and see that such strong rescattering effects have
distinctive experimental signatures.

In principle, there are some purely phenomenological constraints on the couplings
in eq. (2.4) arising from the anomalous magnetic moment of charged leptons [45],
the electric dipole moment of leptons and neutrons [46], and the so-called p
parameter [47]. However, we shall largely ignore these constraints for the following
reasons. First, the couplings which enter in these calculations have different kine-
matical configurations: p=0 in the first two cases and p7 or p} =0 in the last
case. Second, even if one assumes constant form factors in the relevant regions,
there is always a possibility of cancellation among different contributions which
renders these bounds ineffective. Direct studies of W-pair production at high-energy
experiments are in this sense quite complementary to these precision experiments at
low energies. Although the interplay between high- and low-energy experimental
constraints is important, the latter bounds by no means can replace the role of
high-energy measurements.

Strong constraints on the s dependence of the form factors occur if the size of the
W boson, A}, is much smaller than the scale one can probe, (1/Vs). In such a case
we can expand all the form factors around s =0,

£¥(s) = £¥(0) + O(s/4%), (2.12)

and thus constraints like egs. (2.11) become effective. Furthermore, naive dimen-
sional considerations tell us that all the dimension d > 4 operators should scale as
A*~4, which implies

f(s)=0O(s/A?)  fori=2,4,51,
fZ(s)=0(s/A*) fori=2,7. (2.13)
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It is often argued that the scale of compositeness may be of the order of 1 TeV or
higher*. However, because of the ambiguity in defining A and also because of the
high energies of LEP-II, ys ~ 0.2 TeV, it may not be completely safe to ignore the
O(s/A?) terms**. In any case, in the energy region covered by LEP-II, we may take
the form factors to be approximately constant

S¥(s) ~ £(am,).

Note, however, that these values of the form factors may be different from those at
s=0.

In the standard model, non-abelian gauge symmetry gives very strong constraints
on the couplings of eq. (2.4):

[Y(s)=1+0(a), (2.14a)
£'(s)=0(a), (2.14b)
£'(s)=2+0(a), (2.14c)

for both V = y,Z, while all other form factors which violate either P or C invariance
are either O(a) or higher. (Actually they receive contributions only from fermion
loops.) Notice that the s dependence appears only at order a and hence the
standard-model constraint (2.14a) is much stronger than the condition (2.11a). The
constraints (2.14) can also be written as

ky=1+0(a), (2.15a)

Ay =0(a), (2.15b)
for V=y,Z.

3. Helicity amplitudes fore*e ™ > W *W ~

In this section we give polarization amplitudes for the process
e (k,0)+e*(k,5) > W (g, A)+W*"(g,N), (3.1)
as depicted in fig. 3, with the general three-vector-boson couplings (2.4). (The

* For a recent review on the compositeness scale, see e.g., ref. [48].

** We have chosen the seven operators to give the most general spin structure. From the viewpoint of
dimensional counting, it may be more consistent to choose f, =f, =0 or give extra linear s
dependence to the other five form factors: f;(s) = £,(0) + f/ - s. However, we are not interested in the
cnergy dependence of the form factors (except for threshold behavior) because LEP-II will not cover
a widc cnergy range. If one is to study higher-energy behavior of the reaction, onc should take into
account the effect of unitarity and final state interactions (ref. [49]).
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Fig. 3. Schematical view of the processe e — W' W™, Indices o, 3, A, and X denote helicities.

four-momentum and the helicity of each particle are shown in parenthesis.) We
discuss here only the amplitudes for on-shell W pair production; the more general
case with off-shell W’s is treated in appendix C.

Helicity amplitudes contain more information than the cross section for polarized
W’s. The relative phases of the amplitudes are important for the distribution of the
final fermions because the interference of different W helicity states gives a
nontrivial azimuthal-angle dependence. Furthermore, polarization of the initial
e*e” beams can be taken into account in a straightforward manner

The helicity of a massive particle is not a relativistically invariant quantity. It is
invariant only for rotations or boosts along the particle’s momentum, as long as the
momentum does not change its sign. In this paper we define the helicities of the W
in the e*e™ c.m. frame, which is the natural frame of the problem.

It is well known that a longitudinally polarized vector boson leads to a possible
bad high-energy behavior. If we take the W boson momentum in the positive z
direction

pW=(EW’0*Ova)’ (3.2)

the transverse (helicity- + 1) polarization vectors are given by
e(“)=v’€(0,¢1,—i,0), (3.3a)
whereas the longitudinal (helicity-0) vector is

€0~ mfvl( Pw,0,0, Ew)

=(¥8,0,0,v), (3.3b)

where y=Ey/my, B=(1—m%/E})/2 It is this y factor that leads, with its
extra power of energy, to a possible breakdown of unitarity at high energies. For
example, if we restrict ourselves to dimension-4 interactions, the high-energy behav-
ior of a tree amplitude is given by y", where N is the number of longitudinal W’s in
the final state. (Note that the longitudinal part of the virtual Z does not contribute
because it couples to a conserved electron current.) For dimension-6 interactions
there are two extra factors of y, and so on.
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TABLE 2
Explicit form of the 4 functions needed

di,=-d*, ;=31 +cosf)sinb
dl _,=—-d* ,=—3(1-cosf)sinf
di,=d'; ;=%1+cosf)
di _=d', =31-cosh)

1 1 1
diog=—d_ o= —y;sind

3.1. HELICITY AMPLITUDES

We have calculated the polarization amplitudes by using two different spinor
calculus techniques. One [42] is a very straightforward and general method based on
two-component spinors developed by two of us. The other [49] uses a non-covariant
d-function representation of spinors and vectors, and is convenient for two-body
reactions. Both methods give the same result. Our results also agree with the result
of Gaemers and Gounaris [12] who used a rectangular basis for W’s.

In this section we present the results* in a compact form [49] using the helicity
basis for W’s. For convenience we extract some factors from the amplitude

"”o&;)\X(e) = ‘/iezjoE:AX(e)SdA’g,A)\(e)v (34)

where &= As(—-1)* is a sign factor, Ae = o=-08), AA=A-Q, J,=
max(]Ao|, |JAA|), and O denotes the scattering angle of W™ with respect to the e~
direction in the e*e~ c.m. frame. Finally d;s ,, is the d function in the convention
of Rose [50]. The explicit form of the 4 functions needed here is reproduced in table 2.
Note that .# is not a partial wave amplitude because it can still have a @
dependence. Rather, J; is the minimum angular momentum of the system and the
amplitude includes partial waves of J =J,, J,+ 1,....

Two of the three lowest-order diagrams, namely those with s-channel y and Z
exchange (fig. 1a,b), have only J =1 partial wave because of angular momentum
conservation. On the other hand, the diagram with ¢-channel » exchange (fig. 1¢)
has all the partial waves with J > J;. It is convenient to discuss the cases J, =1 and
2 separately. (Since we are neglecting the electron mass, conservation of the electron
chirality excludes the case J, = 0, because Ao is either 1 or —1.)

The case J, =2 is simple. The above argument shows that only the » exchange
diagram contributes to this final state. Moreover, because |AA| =2, the final W

* Our results can be obtained by evaluating the sum #” +.#Y +.#% presented in cqs. (C.11) and
(C.12) in the e* ¢~ c.m. frame where the electron beam direction is chosen as the z-axis and the W~
transverse momentum as the x-axis. The phase convention thus follows that of ref. [42]. The
amplitudes in Jacob-Wick phase convention in the above frame can be obtained from eq. (3.4) by
dropping the sign factor €. Also, in this paper we normalize the fermion helicitics to +1.
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bosons are both transverse [(AX) = (+ — ) or (= + )]. Thus these amplitudes do not
have a bad high-energy behavior:

M /2 : 8
"~ sin%, 1+ B%2—2Bcos® 2o !

(AA = £2). (3.5)

The other seven final helicity combinations give J, = 1. Five of them have at least
one longitudinal W, which could give a possible divergent behavior at high energies.
We write the amplitude as a sum of three contributions

M=M"+ A2+ M (AN<]), (3.6)
where
M= =B84, AL, (3.7a)
J?Z=B[8|A,,l - —.12—8A0 _1]—37,4%;\, (3.7b)
o 2sinf, T |s—my

1 1
=——39 Bz — 5l
2sin%, 8 “""'[ AR 1+/32—2pcosec“

7V

(3.7¢)

The coefficients A, B, C for the standard model are shown in table 3. For the
general WWYV coupling the A coefficients are tabulated in table 4.

3.2. STANDARD MODEL

Using eq. (3.7) one can readily appreciate the structure of the gauge-theory
cancellation in the standard model, which provides a good high-energy behavior.
First note that the bad high-energy behavior is confined to the J =1 partial wave,
because the second term of the v exchange contribution (3.7c) is regular at high
energies (see the coefficient C in table 3). This is in fact necessary for the

TABLE 3
Coefficients A)5 = A%, Byx. and Cy3 in (3.7) for the standard model

ax (A} A5 Byx G
1 (+0).(0-) 2y 2y 21+ 8)/y
-1 © +),(-0) 2y 2y 21 -8)/y
0 (++)(--) 1 1 1/y?
0 (00) 2y2+1 2y2 2/v?

B=(1-4mi/s)'/? and y =Vs /2my.
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TABLE 4
Coefficients A}x for the general coupling (2.4)

AM (AX) Alx

1 (+0) ‘/(fav—’f-sv+3fsv+iﬁ_lfcv)

1 ©0-) Y(fy +ifd + BfY —iB7 ')
-1 ©0+) Y(fy +if - BfY +if7Y)
-1 (-0) Y —ify = Bf —iB YY)

0 (++) R +iBT Y+ 4ivBf

0 (--) N =BT - 4iviBfY

0 (00) Y-+ B +4yB) +2£]

The last coefficient 4y, can be alternatively written as g\ + 2y2xy.

cancellation, because the y and Z exchange diagrams have J =1 only. So one need
only concentrate on the 4 and B contribution.

Some of the coefficients A and B (table 3) are proportional to y or y2 as
expected from longitudinal W counting. However, all the divergent parts are
common to all three diagrams. At high energies (y — o0, 8 = 1), we have

ALy =435 = Byx, (3.8)

up to an O(1) term. The Z contribution (3.7b) is separated into two terms. The first
term conserves parity (thus “electromagnetic” component), and is canceled by the
v-exchange contribution at high energies. The second term in (3.7b), which exists for
the left-handed electron only (thus weak isovector or “W®” component) is canceled
by the v-exchange B term.

Because the cancellation reduces the power of y by 2, the amplitudes for one
longitudinal and one transverse W pair (AX = +1) go down as y ! at high energies.
From table 3 one also readily sees that the amplitudes for two of the AN = 0 states
(M) =(++) and (— —)) are suppressed by y~2. Thus only three of the nine
helicity combinations, namely (+ — ), (— + ), and (00), survive at high energies for
finite scattering angle 6.

These three amplitudes do not contribute to the cross section equally. The
AA= —2 (— +) amplitude (3.5) dominates over the other two at high energies
because of the r-channel pole factor 1/(1 + 82 — 28 cos ©) which peaks at cos © = 1
with a y* enhancement. (In practice the peak in the (— +) amplitude appears
slightly below cos ® = 1 because the function d2, _, is proportional to sin® and
vanishes at |cos ®@| = 1.) A kinematic zero kills the z-channel pole for the (+ —)
amplitude. For the (00) final state the pole term is suppressed by a dynamical y 2
factor in the C coefficient and further softened by a kinematical sin® factor.
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Fig. 4. Angular distribution do(X, X)/dcos 8 of polarized W~ W™ production in e* e~ annihilation at
(a) Vs = 500 GeV and (b) 190 GeV, averaged over initial lepton polarizations. Shown in parentheses are
W~ and W helicities in the e* e~ c.m. frame.

Moreover, even at large angles, the (00) amplitude happens to be numerically
smaller than the transverse amplitudes. Thus the dominant final state is purely
transverse and there is a strong forward peaking. These characteristics can be seen
from fig. 4a, where the cross section for each final helicity state at Vs = 500 GeV is
shown.

Even at LEP-II energies (Vs <200 GeV), these tendencies already appear. At
Vs = 190 GeV, the ratio of transverse to longitudinal W’s is about 3:1. The cross
section for polarized W’s is plotted in fig. 4b for this energy. The AX = —1 states
have an appreciable contribution to the cross section at this energy, which in fact is
the second largest. However, the dominance of the AX = —2 state already holds.

At threshold, the behavior of the cross section is quite restricted. Since no orbital
angular momentum is allowed between the final W’s, the total spin is equal to total
angular momentum. It can take the values 0,1,2. However, it turns out that only
J =2 is allowed under quite general conditions, as we shall explain below. In this
case all helicity amplitudes at threshold are related by Clebsch-Gordan coefficients
irrespective of detailed dynamics. This fact may provide an interesting opportunity
to uncover exotic interactions. A chirality-nonconserving interaction of electrons
(scalar or heavy lepton exchange [16], for example) gives a J =0 final state, and
CP-violating three-boson interaction can give J = 1. (The latter possibility will be
discussed later in this section.)

The proof of the above assertion is rather straightforward. Among the three
possible angular momenta J=0,1,2, J=0 is forbidden by electron chirality
conservation because the initial state can have only J>1 [up to O(m.)]. CP
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invariance forbids J=1 because the initial e*e” state should have CP= +1
(JP€=1**/1"",2**/277,...) and the final W*W " state should have JP¢=0"",
1*~, or 2**. For J =2 there is no selection rule to forbid the reaction. In fact, in
the standard model, the process receives a contribution from » exchange.

Finally we note that for polarized beams containing eg and/or e[, only the pure
longitudinal final state (00) remains at high energies because » exchange does not
contribute. However, the cross section for this helicity combination is only ~ 1072
of the unpolarized cross section.

3.3. GENERAL THREE-BOSON COUPLINGS

For general couplings (table 4), the cancellation detailed above no longer occurs.
The worst case exhibits a y* behavior. Of course, form factors and /or higher order
contributions should provide the necessary damping in this case to guarantee
eventually that partial-wave unitarity is not violated.

Even for general couplings, however, the cancellation in the “electromagnetic”
part takes place if fY=f7 is satisfied. Numerically, more than 70% of the y
exchange amplitude (3.7a) is canceled by the “electromagnetic” term of the Z
exchange (3.7b) already at Vs = 200 GeV. Violation of this cancellation by f¥ # f.2
can be seen most directly in the As = 1 channel. Separation of this channel from the
dominant Ao = —1 channel can be achieved by measuring the azimuthal-angle
dependence when the beams are transversely polarized, or by using longitudinally
polarized beam(s) (see subsect. 5.4 below).

For the “weak isovector” part, the cancellation between the Z- and »-exchange
contributions (B terms only) is numerically less significant (40% at Vs = 200 GeV)
because of the difference in the threshold behavior. Indeed, the »-exchange ampli-
tude dominates near threshold* (S wave) whereas the s-channel exchange contribu-
tion is suppressed by at least a factor of 8 (P wave). Hence, in the threshold region,
the reaction e e~ = W* W is not very sensitive to the three-vector-boson coupling,

There is an exception to the above conclusion which was already noted in the
preceding subsection. We see from table 4 that if the CP-violating coupling £V is
nonzero, the y- and Z-exchange amplitudes have S-wave behavior. Tests of CP (see
subsect. 5.2) near the threshold can thus constrain f,¥ rather independently of the
other couplings.

Because the standard model prediction is far below the unitarity limit, the cross
section will become very sensitive to anomalous couplings at high energies (y >> 1)
through the violation of the gauge-theory cancellation. Unfortunately, the energy
range available at LEP-II is not high enough (y2=1.5 at ys =200 GeV) and we
need a detailed study to constrain these couplings, as will be discussed in the next
two sections.

* The B! factor in (3.7¢) is spurious and the 8 — 0 limit is finite.
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3.4. SYMMETRY PROPERTIES

Before closing this section, we remark on some general restrictions to the full
amplitudes (3.4). (Corresponding details for the cross section appear in subsect. 4.3.)
It is easy to see that if all the form factors £,V are real the following equation holds:

"I?oi;kx=j*‘ P (39)

-0, —0; —

This is a consequence of CPT invariance and the absence of absorptive parts.
Hence violation of this relation immediately indicates substantial rescattering ef-
fects. This fact can be seen as follows. CPT invariance gives the following relation
between scattering amplitudes (with appropriate phase convention)

T,= Ty, (3.10)

where i(f) denotes the CPT conjugate state of a state i( f). This relation is not
immediately useful for our purpose, because it connects the amplitude for the
reaction e*e” > W*W™ to that for W*W~ — e*e~. However we find

1 — T
I —Tp=T,- Ty

!

=T,~-T]. (3.11)

i

Here we have used CPT invariance for the second equality. If the T matrix is
hermitian, we have

T,=Tf. (3.12)

This is actually the case in the Born approximation. Unitarity tells us that T— T is
the absorptive part which arises from rescattering effects. Thus in a weakly coupled
theory eq. (3.12) holds to a good approximation. When applied to the reaction
ete” > WHW it gives eq. (3.9).

CP invariance leads to the relation

"l?oﬁ;)\x="/?—6.—o: A, -A (313)

which can be directly used as a test of CP conservation. This test does not assume
the absence of absorptive parts*.

* It should be noted that the relations (3.9) and (3.13) are simpler than their appearance. Actually they
connect the same initial state for nonvanishing amplitudes: (06) = (= ¥)=(--d, — ). As for the
final state, they relate states with same AA:

AN = +1: (M) =(+0)o (0-),
0: (++)0 (=),

-1 (0+)e (-0).
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It is also possible to write down similar relations derivable from C or P
invariance. However, they are not very useful since the v-exchange contribution
already violates C and P maximally. It is not easy to obtain simple relationships for
the amplitudes which signal C or P nonconservation in the vector boson sector*.

4. Angular correlations for final state fermions

In this section we present the most general angular distributions of the decay
products in the process

e (k,0) +e*(k,5) > W (q,A\) +W7(q,}),
W (g, A)~f(p,0)+ t:2(1’2,""2)’
W+(t7,X)—>f3(p3,o3)+f4(p4,o4), (4‘1)

with massless fermions. As the material in this section is rather technical, the reader
who is only interested in the results may proceed to sect. 5.

Since we understand the decay interactions well, we can extract explicitly the
dependence of the cross section on final fermion angles. The fact that the W has
spin one restricts the possible form of the angular dependence to a finite but large
number of terms (actually 81). The coefficient of each term can be written in terms
of the production density matrix, which may be obtained from the polarization
amplitudes presented in sect. 3 or appendix C.

4.1. DERIVATION

The full amplitude can be expressed as follows (see fig. 5):

M (k,0,k,5; p;,0)=Dy(q*)Dw(§*) X LM \(k,0;k,559,X; 4, \)
A A

XM ,(q,\; py,0y; Pz’oz)'/ﬂ(‘i’ A; P35, 03; Ps, a,,), (4.2)

* For the three-boson coefficient A}y, we can write down the requirement from P, C, and CP
invariance as follows:

P: AX;\=A\:)“_X.
C: A}\’X=A}\/A»
cP: AL =45 .

The first two equations relate final states with opposite AA, while the last one relates those with the
same AX.
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. (pe.ou)

Fig. 5. Schematical view of the process e*e™ — (W — f,f,) + (W' = f,f,). Shown in parentheses are
four-momentum and helicity of the particles.

with the Breit-Wigner propagator factor for W bosons:
-1

Dy (q?) =(q*~mi +imyTy) (4.3)

Here the summations over intermediate W polarizations can either be done in the
Cartesian basis A, A =1,2,3 or in the helicity basis A, X = +,0. The former basis is
convenient for the numerical evaluation of the amplitude (see appendix C), whereas
the latter, which we take here, is more suited for theoretical considerations.

The production amplitude .#, is a sum of three contributions which are given in
eqs. (C.11) and (C.12). Its explicit form in the e*e ~c.m. frame for on-shell W’s has
been presented in sect. 3.

In the massless fermion limit (see eq. (C.19)), the W~ decay amplitude # ,, as
evaluated in appendix C (see eq. (C.16)), simplifies to give

Iy -
"I{Z = eg‘ffxfzcsal' —802, 4.2\/11?,03 S(pl’ S(q, A), Pz) - (44)

Here g%¥hi!2 is the standard V — A coupling (C.15). The effective color factor C is 1
for leptons and y3 for quarks. The corresponding W~ decay amplitude .#, is
obtained from (4.4) by the replacement (1,2, ¢, A) = (3,4, , ). The spinorial string
S (see eq. (C.7) for its definition) can be explicitly expressed in a given Lorentz
frame.

In the c.m. frame of the colliding beams, we choose the W momentum direction
as the z-axis and the k(e ™) X g(W ™) direction as the y-axis; the scattering e "¢ —
W *W ™ takes place in the x-z plane (see fig. 6). The production amplitude 4, is
then a function of the scattering angle © between e~ and W~ momentum directions
in this frame, as explicitly shown in the previous section. The decay amplitudes .#,
and #, are most simply expressed in the W and W rest frame, respectively. We
define each of these frames by a boost of the above e*e™ c.m. frame along the
Z-axis.

In the W~ rest frame, we parametrize f, and f, four-momenta as

pl= %V'F(l,sinﬂcos ¢,sinf sin¢,cos §),

p5‘=%/c?(l,—sin0cos¢,—sin05in¢,—cos0), (4.5)
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Fig. 6. The coordinate system in the colliding e'¢” c.m. frame. The y-axis is chosen along the
k(e”) X g(W7™) direction and is pointing towards the observer. The coordinate systems in the W~ and
W™ rest frames are obtained from it by boosts along the z-axis.

and in the W* rest frame, we choose the antiparticle (f,) angles as 8 and ¢,

pt= %\/;1'—2(1, —sinfcos$, —sinfsing, —cosh),

ph= g\/g(l,sin0_cos$,sin0_sin$,cos0_). (4.6)
In this convention the angles of the charged lepton or the d-type quark are chosen
as (0, ¢) in W~ decays and (6, ¢) in W* decays.

It is a straightforward exercise to evaluate the spinorial string S in (4.4) in these
two frames. One finds

M= eg¥haCg?8, 8, Ly, (4.72)
M= —eg‘_wa‘C_'\/(iz 803,_604,+1-x, (4.7b)
where
(I_, 1o, 1,)=(d.e”"*, —d,,d_e*), (4.8a)
(I iy i) =(d,e® —dy,d e %), (4.8b)
with
(=) (=) (-) (=)
di=\/§(1icoso), dy =sin 0 . (4.9)

Here C and C denote the effective color factors (1 or v3) for the corresponding W ~
and W* decay processes.
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4.2, CROSS SECTION FORMULAS

It is now straightforward to obtain the polarization-summed squared matrix
elements

YI#)P=Y Y Y Y Y Y| #(k 0k, py0)]

6 & 0 0, 03 0,
— _ v 2 < s
= e*|g¥hlg WOl 2CIC 7 Dy (¢7) Dw ()| PN 2R DR . (4.10)

Here, and in the following, summation over repeated indices (A, X, A, )_\’) =+.0is
implied. The production tensor reads

PR =YY #,(6,6,\,X;0)M4%(5,6,N,X;0), (4.11)

and the decay tensors are
Dy =4LI%, (4.12a)
D% =iz (4.12b)

Eq. (4.10) gives the general structure of the polarization-summed squared matrix
element for the process (4.1) with pure V — A couplings of the W to massless
fermions. After integration over the virtual W mass squared, ¢ and g2, the
differential cross section can be expressed as (in the narrow width approximation)

do 98
dcos®dcosfdpdcosfde 81927

154

B(W - f,f,)B(W - fsf-‘s)‘@))\\';i'@i\'

!

(4.13)

where 8 = (1 — 4mj,/s)'/%. By integrating over W™ decays, we obtain the inclusive
W~ — f,f, decay distribution
do 38

= B(W - {,f,) 2N}, 4.14
doos@doosfds ~ 10247 BV = 1if) 259, (4.12a)

and alternatively we obtain the W* — f,f, decay distribution as

do 38
dcos@dcosfde 102473

B(W - f,f,) 22} . (4.14b)

By further integrating out all the decay fermion angles, we simply get the
differential cross section for the process e e™ - W*W™:

do B
= PN 4.15
dcos®  128ms” M (4.15)
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By comparing eqgs. (4.13)-(4.15), one can appreciate the additional information on
the W*W ™ production amplitudes contained in decay fermion angular distribu-
tions.

It is useful to isolate explicitly the azimuthal-angle dependence in eq. (4.13). One
finds

PWDr Dy =A+ {2Re[Bcos¢+ Beos + Ccos2¢ + Ccos2é
+D, cos(¢p+¢)+ E, cos(2¢p+ ) + E,cos(¢+2¢)
+G,cos(2¢ £ 2¢)] + (Re - Im,cos > sin)},  (4.16)

where a shorthand notation such as D cos(¢ + ¢) for D, cos(¢ + ¢) + D _cos(¢ — ¢)
is used, and

4= PN a7 (4.172)
B=(P3d, +PNd_)(-d,d%;), (4.17b)
B=(Phd + 20 )(-dyd?,), (4.17¢)
C=%.3d,d_d*, (4.17d)
C=P})"d.d d?,, (4.17¢)

f—

= (Potd:+P;%d,)d, +(Pd+20%d,)d_|dod,, (4.17f)

E,=(P4d:+2.%d,)(—dyd d_), (4.17g)
E . =(P5td, +P2:d_)(-dyd,d_), (4.17h)
G,=%;td.d_d d_. (4.171)

There are 25 independent azimuthal-angle distributions (including the constant
piece A), as seen explicitly in (4.16). By taking into account the polar angle
distributions in 6 and @ (see eq. (4.9)), one sees that there are nine independent
distributions in 4, 24 in B and B (counting both the real and imaginary parts), 12
in C and C, 16 in D,,16in E_ and E_, and four in G .» which altogether give the
81 independent angular dlstnbuuons This is of course just the number of compo-
nents of the density matrix 3}

In principle one can imagine measuring all possible combinations of products of
the nine helicity amplitudes, summed over initial polarizations. In practice, this
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requires charge (flavor) identification of both the W~ and W™ decay products.
Although this is easy when both W’s decay leptonically, these rates are rather small
and one has the twofold identification ambiguity discussed in appendix B. Experi-
mentally the most favorable mode is thus “semi-leptonic,” with one W decaying
leptonically, the other hadronically. In view of the difficulty of flavor identification,
for most of the hadronic decays one cannot tell 8 from 7 — 8 (6 from = — ) and ¢
from ¢ + 7 (¢ from ¢+ «). This makes it very difficult to measure any of the
coefficients in D, and one combination of the coefficients in 4. Apart from these,
there is a reasonable chance that one can determine the remaining 64 coefficients.
We remark that the nontrivial azimuthal-angle correlation recently studied by
Duncan, Kane, and Repko [29] is just one of these coefficients, Re G _.

In sect. 5, we will describe in some detail how to project out some of these
coefficients experimentally, as a function of the scattering angle 6. There we shall
also discuss the accuracy with which they may be determined.

4.3, SYMMETRY PROPERTIES AND INCLUSIVE DISTRIBUTIONS

Although each of the 81 coefficients gives independent information on the W pair
production mechanism, some of these coefficients may be related even in the
presence of anomalous couplings. This is the case, for instance, if CP is a good
symmetry or if no strong interactions exist in the W-boson sector. Even in models
where one expects a strongly interacting W sector at high energies, one generally
gets small WW interactions near the threshold, that is, at LEP-II energies. In
contrast, C or P invariance do not lead to a useful classification, because the
neutrino-exchange contribution to the amplitude violates C and P maximally,
thereby hiding C and P invariance of the vector-boson sector.

Let us first examine the consequences of CP invariance. Since the relevant initial
e*e state is CP-invariant, the CP transformation simply reverses all the momenta
of final particles and changes particles to antiparticles. Thus CP invariance leads to
the following relation in the differential cross section

P

rQ

de(6:0,0;0,6)=do(@;7n—0,6+m;m~0,¢+m). (4.18)
In other words, the angular distributions which change sign under the exchange

(0,¢,0_,4;)g(w—§,$+w,w—0,¢+w) (4.19)

are called CP-odd and should have vanishing coefficients if CP is a good symmetry.
The terms which remain unchanged are called CP-even and can be nonzero. It is
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straightforward to organize the 81 coefficients into 45 CP-even combinations and 36
CP-0dd ones™*.

Secondly, we study the implications of having only weak interactions among W’s.
The concomitant smallness of rescattering for the produced W pairs leads to small
absorptive amplitudes. As is discussed in subsect. 3.4, if an amplitude has no
absorptive part, CPT invariance gives the relation (3.9). We will refer to this
symbolically as CPT symmetry**. Thus the observation of a CPT-odd asymmetry
would indicate the existence of rescattering effects. As a consequence of CPT
invariance we find

do(0;0,4;8,¢) C=PTda(6; m—0,m—¢;m—0,71—¢). (4.20)

We can easily separate the angular distributions into CPT-even and CPT-odd parts
according to their behavior under the exchange

(0,6,6,8) S (n—0,m—d,m—8,7m~0). (4.21)

The eighty-one angular coefficients can thus be divided into four categories under
CP and CPT: even-even, even-odd, odd-even, and odd-odd terms. CP-odd coeffi-
cients directly measure CP violation and CPT-odd terms indicate rescattering
effects. Once both CP-odd and CPT-odd terms are found to be small experimen-
tally, it is then safe to ignore odd-odd terms since they should be doubly suppressed.

With regard to these properties, we shall present a detailed study of three kinds of
distributions which are more inclusive than the completely differential cross section
(4.13). These are the azimuthal angle distributions after polar angle (8 and #)
integration, the polar angle correlations alter azimuthal angle integration, and the
inclusive W~ and W™ decay angular distributions (4.14).

After the integration over polar angles  and 8, we can regard the 25 coefficients
appearing in eq. (4.16) as functions of the scattering angle © only. Besides the trivial
constant piece A4, the remaining 24 azimuthal angle distributions are classified in
table 5 according to their CP and CPT properties. We find that all the sine terms
are either CP-odd or CPT-odd whereas certain combinations of cosine terms are
both CP- and CPT-o0dd. The standard model contributes exclusively to the even-even
sector in the lowest (a?) order. CP-even, CPT-0dd terms*** are down by an

* In terms of helicity amplitudes, CP invariance reduces the number of independent amplitudes from
nine to six (see eq. (3.13) and the footnote following thereafter), leading to 6 X 6 = 36 distributions.
The remaining nine CP-cven terms arise from a product of two CP-odd amplitudes, and may be
ignored. Similar remarks also apply to the CPT properties discussed below.

** When the interaction respects T invariance, we can similarly define observables which are propor-
tional to rescattering effects. They are traditionally called T-odd quantities (sce, e.g., ref. [51]). Here
we use the term CPT to avoid confusion with real CPT violation effects.

*** The one-loop Higgs contribution to these terms is calculated in ref. [S2].
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TABLE 5
CP and CPT properties of azimuthal-angle distributions and correlations

CP CPT Azimuthal-angle distributions Number

even even €os ¢ — Ccos 4; cos2¢ + cosZ$,cos(¢ + ), 8
cos(¢ + 2¢) — cos($ + 2¢).cos(2¢ + 28)

even odd sing — sing,sin2¢ + sin2é, sin(¢ + ¢), 6
sin(¢ = 2¢) — sin(¢ = 2¢),sin(2¢é + 2¢)

odd even sing + sin¢,sin2¢ — sin2¢, sin(¢ — &), 6
sin(¢ + 2é) + sin(é + 26),sin(2¢d — 2¢)

odd odd cos ¢ + o5 §, 082 — cOs 2, 4

cos(¢ + 2¢) + cos(¢ + 26)

additional factor of a, and CP-odd coefficients are even further suppressed. This
structure is not changed by the introduction of CP-conserving anomalous couplings
such as « and A.

If, on the other hand, one integrates over the azimuthal angles first, only the term
A in eq. (4.16) remains. The surviving double polar angle distribution is given by
eq. (4.17a). We can define the cross section for producing polarized W’s by the
coefficients £} since they are nothing but the squared polarization amplitudes (see
eq. (4.11)):

do(A,A) B
dcos®  1287s

The nine cross sections can be easily projected out from the polar angle distribution
(4.17a) which can be expressed as follows:

de do()\,X)B
dcos®dcosfdcosd  dcos®

where now the summation over A and A should be performed. Among these nine
cross sections, six combinations satisfy both CP and CPT, the remaining three
violate both. They are listed in table 6.

2N (A, X not summed). (4.22)

(W™ £,f,)B(W* > f,f,)2d2,d?;, (4.23)

TABLE 6
CP and CPT properties of polar angle distributions

CcP CPT Polarized W cross sections Number
cven even o(+,~), 0(—, +),0a(0,0), 6
o(+,0)+a(0, =), 0(—,0) + 0(0, +),
o(+,+)+o0(—,-)

odd odd a(+,0)-0(0,—),e6(—,0) - 0(0, +), 3
o(r,+)—0o(-.-)
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Identification of all nine polarized W cross sections is difficult because of the
necessity of double charge (flavor) identification. It is, however, possible to dis-
tinguish longitudinal W’s from transverse ones without charge identification. Hence
it is useful to define slightly more inclusive distributions

dor Z da(}\ N)
dcos® Ae 4 hmyq dcos®
do; | do(0,0)

dcos®  dcos® ’

doq de(A,0)

dcos® ,5, dcos® ’

do, da(0, Q)
-y 2 4.24
dcos ® ;‘_Zi dcos® (4.24)
and
dor dorp do
= +
dcos® dcos® dcos®’
do, do ¢ do,
= +
dcos® dcos® dcos@®’
doz dorp do,r
= +
dcos® dcos® dcos@’
doy do do
= + . .
dcos® dcos® dcos® (4.25)

Some properties of these distributions have been studied in ref. [1].

Finally, the inclusive W~ or W * distributions (4.14) should be most useful when
we study leptonic decay channels. We can parametrize these distributions as
follows:

do (W™ > ¢7) 9 o ,
dcos©@dcosfde 2. F(cos®)L,(6,4), (4.26a)

i=1

dU(W+—){-p) 9 _ o 0_ _
dcos@dcosfde 2 F(cos®)L,(8,$). (4.26b)

i=1
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Here the L’s are the following nine orthogonal functions which are normalized to
47

L,=1/5(1-3cos%),

Ly=V3cos4,

L,= V3sinfcos o,

L= 1/15sin20cos ¢,

Lg= /15 sin%0cos2¢,

L,= V3sinfsing,

Ly =1/15sin28sin¢,

Ly= /15 sin%0 sin 2. (4.27)

Note that we have used the W~ scattering angle © in both F, and F,. The
coefficients F, and F, are then proportional to the total inclusive angular distribu-
tion (4.15):
B(W-/¢») do

a7 dcos®’

Fy(cos ©) = F,(cos ®) = (4.28)

It is an elementary exercise to express the F,’s and F’s in terms of our production
tensors 97’{‘§ and 23, respectively. The CP and CPT properties of these 18
coefficients are listed in table 7.

TABLE 7
CP and CPT properties of inclusive W~ or W* decay angular distributions

cpP CPT Inclusive angular coefficients Number

R+ R R+ R -, 6
F-F.F+F F+F

cven odd F,-F R+FK R+ 3

odd even F+F.R-FKF-F 3

odd odd FR-R.HE-FKR FE-F 6

F,+E.F F,E-F

Sce text for the definition of the coefficients F, and F.. Note that F, - F, is identically zcro as long as
CP violation in the decay process is neglected.
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5. Observable consequences of anomalous three-vector-boson vertices

From the discussion of sect. 3, and in particular from table 4, it is apparent that
different anomalous three-vector-boson vertices lead to deviations of different
helicity amplitudes from their standard model values. In order to discover and then
distinguish the anomalous couplings from each other, one thus has to separate the
various helicity amplitudes. As has been discussed in the last section, the unique
way of doing this is by studying angular distributions of the W* and W~ decay
products.

Let us estimate the various experimental branching fractions. Consider the decay
of each of the W’s into a fermion-antifermion pair (quark-antiquark q,q, or charged
lepton-neutrino £ *»,) at tree level. Assuming a top quark of 40 GeV, the branching
ratio for W — £y, (£/=e, p, or 1) is about 9% each. We thus expect the following
final state combinations:

(q@)(qq) = 4-jet 53%,
qq(¢v) =dijet+£*+p  40%,

(¢p)(¢v)=¢* ¢ +p 7%, (5.1)

where p stands for the momentum of the escaping neutrino(s). In this paper we
shall mainly concentrate on the lepton + dijet decay mode*, because it is most
amenable to a complete determination of angular distributions. However, to the
extent that flavor and /or charge identification of the dijet subsystem is possible, the
four-jet events can also contribute to the analysis. A very large fraction of all the W
pair events can thus be used. Assuming a luminosity of LEP-II of 500 pb "! /year
and using a(e*e” > W*W) ~ 20 pb at s = 190-200 GeV, one should have several
thousand clean events per year, which is a statistically significant sample.

In the last section we gave a complete expression for the angular distribution of
the two fermion-antifermion pairs arising from the decay of the W* W~ pair. These
angular distributions are particularly simple when measured in the rest frame of the
parent W. Experimentally it is thus necessary to first identify the direction of the W
axis which gives O, the angle of the W~ with respect to the e~ beam. The momenta
of the decay products (the two jets and the charged lepton, say) then have to be
boosted to their parent rest frames, which are moving with known velocities
B(W *)= F(1 — 4m?%,/s)'/? along the axis. From the measurement of the opening
angle between the two jets and the energy of both the charged lepton and the dijet

* In the clean environment of ¢ e~ annihilation, the 7v decay of the W can be used as well as e/p
decays. The decay products of the r are casy to identify. Because the T mass is much smaller than
the W mass, the direction of the final e/u or hadrons from r decay well approximates that of the
parent 7. Although the energy of the 7 cannot be measured directly, it can be calculated from other
observable quantities using the kinematic constraints of the reaction.
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system, it should be possible even to correct for initial radiation and finite width of
both the W’s,
Schematically, the differential cross section has the form (see eq. (4.13))

81
do~ Y 2.(0;5)2,(0,4,6,¢). (5.2)

=1

Here the functions %2, form a linearly independent set consisting of low-order
spherical harmonics, which reflects the known decay dynamics. The dynamics of the
production process is solely contained in the factors #,. These are given essentially
by the density matrix for the W pair, obtained from the helicity amplitudes. The
fact that one can in principle measure 81 functions (instead of one for do/d cos ©)
shows that it is possible to extract an enormous amount of information on the
production mechanism. Even though no polarization measurement is involved here,
the parity-violating W decay provides a complete spin analyzer for the W.

With a few thousand events it is impossible to perform an 81-parameter fit
(corresponding to the 81 angular coefficients in eqs. (4.16) and (4.17)) for each of
several cos © bins. Rather one would like to obtain from the experimental data the
moments of those angular distributions that are most sensitive to new physics, i.e.
the anomalous three-boson vertices for the case at hand.

The most sensitive distribution for any anomalous coupling will in general be
some linear combination of the 81 angular distributions, whose coefficients depend
on the W scattering angle ©. It is in principle straightforward to maximize
sensitivity for each coupling with respect to these 81 coefficients. Rather than
pursuing such maximization, which would require detailed information on both
detectors and actual event topologies, we have performed a systematic scan of all
polar angle as well as azimuthal angle correlations and of all one-W-inclusive
distributions.

In the following we mainly concentrate on the distributions which do not require
double charge identification, because the charge of the parent quark of jets is
difficult to measure. As seen from the discussion following (5.1), at least 40% of the
events can be used to extract these distributions.

5.1. CP-CONSERVING COUPLINGS

A convenient way of organizing our findings is according to the sensitivity of the
angular coefficients to CP violation and rescattering effects. We first discuss
distributions which are even under the transformations (3.9) and (3.13) and thus in
general are nonvanishing in the standard model at tree level. The couplings f,, f,,
f5, and f; are the ones to consider. Setting g, =11in f; =g, + 2y%X (eq. (2.5)), we
shall take the more conventional quantities k and A, and f; as variables.

The simplest distribution of this kind is the differential cross section do/dcos ®
which is given in fig. 7 for the standard model and for an anomalous *magnetic”
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Fig. 7. Angular distribution do/dcos® at s = 190 GeV. Curves are shown for the standard model
(solid line) and anomalous magnetic moments x; = 0.5 (dash-dotted line) and x, = 1.5 (dashed line). All
the other couplings are as in the standard model.
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Fig. 8. Deviation of do/dcos @ from the standard model (SM) value for k, = 1.5 (solid line), A, = 0.5
(dash-dotted line), and fZ = 0.5 (dashed line) at Vs = 190 GeV. The error bars indicate the statistical
error for 4000 W-pair events.

moment x, =0.5 and 1.5 at Vs = 190 GeV*. The effect of the anomalous couplings
is more clearly displayed in fig 8, where the deviation from the standard model is
shown for k, =1.5, A, = 0.5, and £ = 0.5 at the same energy. Comparing with the
expected statistical error of the cross section measurement as shown by the error

* For all the numerical results in this paper we choose my, = 82 GeV, m, = 93 GeV, sin?f, = 0.223,

and e?/4m =a(myy) = .
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bars in fig. 8, we find that a deviation by 0.5 from the standard model value gives a
very clean signal for x, and A, while the effect is considerably smaller for fZ.

The error bars in this and the following figures represent the statistical error for
N = 4000 W-pair events in which one of the W’s decays leptonically, and the other
hadronically, thereby allowing single charge identification and a complete kinemati-
cal reconstruction. This number roughly corresponds to the production of 10*
W-pair events (see the estimate (5.1)), expected with an integrated luminosity of 500
pb~!. When a double charge identification for both W~ and W * decay products is
required, only part of these 4000 events with clean heavy quark signals will be
effective. On the other hand, a part of purely hadronic events can be useful with
flavor identification and also purely leptonic decay channels can be used with the
help of the kinematic reconstruction (appendix B). Since the statistical error scales
as 1/ VN, it is easy to correct for these details as well as for detection inefficiencies.

By measuring the polar angle distribution of the W decay products, one can
directly determine the differential cross section for fixed W helicities. From
eq- (4.23) we obtain for example

de do(A=+) , 5 o(A=0)
= .3(1=cosf) + 36in26
dcos@dcos b dcos® (1~ cos) dcos@ "
do(A=—) ,
—_— .31 4+ 9) . 5.3
dCOS@ 8( cos ) ( )

By projecting the experimental data onto (1 + cos 8)? and sin’6 for each cos @ bin
(this can be achieved by taking the expectation values of 1(—1+ 2cos 8 + 5cos’f)
and 2 — 5cos?8), one will thus obtain the differential cross section for fixed W~
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= 4wz =15
v
5 h ) 08— !
f: E
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Fig. 9. Polar angle distribution for one of the W’s being longitudinally polarized. Deviations from the
standard model (SM) distribution are shown. Couplings and parametrization are chosen as in fig. 8. The
error bars indicate the statistical error cxpected for 4000 W-pair events.
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Fig. 10. W-scattering-angle dependence of (F; — F;)/F,, the “sum” of forward-backward charge asym-

metries (see eqs. (4.26) and (4.27)). Standard model predictions at Vs =190 GeV are shown by the solid

circles with expected error bars based on 2000 W~ — ¢#5 and 2000 W* — £» events. The three curves
denote predictions with x, = 1.5 (solid line), A, = 0.5 (dash-dotted line), and f{* = 0.5 (dashed line).

helicities from the moments. Unfortunately, the cross sections (4.24) and (4.25) are
in general not particularly sensitive to small deviations from the standard model
couplings. The main exception we have found is d(o, + 07)/dcos @ (requiring
either W~ or W™ to be longitudinally polarized) which is reasonably sensitive to a
variation of k. Actually this quantity should make it possible to distinguish an
anomaly in « from others, as is demonstrated in fig. 9.

While the previous distributions only require distinction of W™ from W~ decay
products (to identify cos @), charge (or flavor) identification of the decay products
gives their forward-backward asymmetry in the W rest frame. This asymmetry is,
however, somewhat less sensitive to anomalous couplings than the previous distribu-
tions, as can be seen from fig. 10 where the sensitivity of the coefficient ( F, — F,)/F,
is shown. Incidentally, the strong charge asymmetry implies that the full polariza-
tion information on the W’s is essential to reliably calculate the energy distribution
of the charged leptons.

When the azimuthal angle of, say, the charged lepton is measured, new angular
distributions can be obtained. Fig. 11 shows the sensitivity of (F,— F,)/F, to a
variation of k, A, and f; (F, is the coefficient of sin#f cos ¢, which is essentially the
left-right asymmetry of the lepton; eq. (4.26)). It turns out that F, is only slightly
less sensitive than do/d cos & (fig. 7) to variations of order 0.5 of k or A from their
standard model values. For smaller deviations from the standard model the relative
sensitivity of these two distributions changes in favor of do/dcos @, due to the
effect of terms quadratic in the anomalous couplings.

Additional flavor identification in the £» plus dijet sample will increase the
statistics for the inclusive W-decay distributions, because both W* and W~ decays
can then be counted whereas the number of events contributing to do/dcos®
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Fig. 11. W-scattering-angle dependence of (F; - F,)/F,, the cocfficient of sin8 cos ¢ minus the coeffi-
cient of sind cos ¢ (see eqs. (4.26) and (4.27)). Couplings and parameters are chosen as in fig. 10.

remains unchanged. For all the W* or W~ inclusive distributions, we show statisti-
cal errors on the basis of 2000 W~ — ¢7 and 2000 W* — ¢ events only, neglecting
any improvement from possible quark flavor identification.

It is clear from fig. 11 that the measurement of F, — F, alone cannot distinguish
between anomalies in «k and A. This distinction is provided not only by the
distribution d(o; + 07)/dcos© (see fig. 9), but also by measuring in addition
(Fs + F)/F, (F is the coefficient of sin28 cos ¢, or the quadrant asymmetry in the
x-z plane; see eq. (4.26)), as demonstrated in fig. 12.

In all the distributions shown so far, sensitivity to the C- and P-violating coupling
fs was much smaller than that for k — 1 or A. The reason for this is obvious when
looking at table 4: in the amplitudes f; has a D-wave threshold and is suppressed
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Fig. 12. W-scattering-angle dependence of (F; + F)/F,, the sum of the coefficient of sin28 cos ¢ and
that of sin 28 cos ¢ (see eqs. (4.26) and (4.27)). Couplings and parameters are the same as in fig. 10.
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Fig. 13. W-scattering-angle dependence of (F, + F,)/F,, the sum of the coefficient of sinfsin¢ and

that of sinf sin at ys = 190 GeV, for fZ = 0.5 (dashed line), fZ = 0.5 (dash-dotted lin¢), and /7 =05

(solid line). The solid circles show the standard model expectation (zero), with the error bars indicating
the expected statistical error for 2000 W~ — £7 and 2000 W ~ — /¥ events.

by an extra factor 8 ~ 0.5 at Vs = 190 GeV, my, = 82 GeV. Better sensitivity to the
coupling f; requires higher c.m. energies.

5.2. CP-VIOLATING COUPLINGS

As the next class of anomalous couplings we consider the CP-violating terms
proportional to f,, f, and f,. Without absorptive parts, they contribute imaginary
parts to the helicity amplitudes (see table 4). Provided that they are not so large,
they have very little effect on “real” distributions*, such as do/d cos @, because in
the standard-model amplitudes there is no large imaginary part to interfere with. A
large sensitivity can only be obtained by measuring coefficients of sines of azimuthal
angles, where the dynamical imaginary part from CP violation interferes with the
relative phases between different helicity amplitudes.

The most sensitive measure appears to be the quantity (F, + F,)/F, (F, is the
coefficient of sin @ sin ¢; see eq. (4.26)), which is plotted for f# (i=4,6,7)=0.5 in
fig. 13. It is essentially the up-down asymmetry of the lepton with respect to the
scattering plane. A deviation from the standard model prediction (identically zero)
is clearly visible for all these couplings with 4000 W-pair events with dijet + £»
topology.

While the dependence of the above quantity on the W scattering angle is distinct
for f,, separation of f, and f, may be achievable by studying some of the azimuthal
correlations, namely, the coefficients of sin(¢ — 2¢) — sin(2¢ — ¢) (fig. 14) or sin(¢
— ¢) (fig. 15) in the double decay distributions (see eq. (4.16)). However, the former

* When their absolute value becomes O(1), they do have measurable effects on e.g., do/dcos 8,
however.
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Fig. 14. W-scattering-angle dependence of the coefficient of sin(¢ — 2¢) + sin(¢ — 24), i.e.
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(see egs. (4.16) and (4.17)) at /s = 190 GeV, for fZ = 0.5 (dashed line), fZ = 0.5 (dash-dotted line), and
/72 = (.5 (solid line). The solid circles indicate the standard model value (zero), with statistical errors
expected for 4000 W pairs where either W' or W™ decays leptonically.
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Fig. 15. Same as fig. 13 but for the coefficient of sin(¢ — $), ie.

fdcosﬂfdcosO_Im D_/fdcosOfdcosﬁA

(see eqs. (4.16) and (4.17)). Expected statistical errors are shown for 1000 W-pair events where the

charges of both W-decay products are identified.
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is not very sensitive to anomalous couplings, and the latter requires additional flavor
identification, even when the charged lepton + dijet signal is considered. (This
additional requirement has crudely been taken into account in the error bars of
fig. 15, which are based on a sample of 1000 W pairs only.) Alternatively, a
measurement near the WW threshold could single out f, because it is the only
three-boson coupling that gives an S-wave threshold behavior.

It should be noted that the distributions shown in figs. 13-15 provide a genuine
measure of CP violation in the vector-boson sector. Even with arbitrarily strong
final-state interactions, all of them vanish as long as CP is conserved.

5.3. FINAL-STATE INTERACTIONS

In order to adequately treat rescattering effects, a partial wave analysis of the
WW system is required. However, one can approximately include these effects by
allowing for imaginary parts in the form factors f, (i =1,...,7). Tables 5-7 in sect. 4
give the distributions which are sensitive to rescattering, with and without CP
violation. Here one example should suffice. Fig. 16 shows the effect of a small
imaginary part of k, (k, =1+ 0.2i) on F,— F,. (F, is the coefficient of sin 8 sin ¢
and F, that of sinfsin¢; see eq. (4.26).) It should be noticed that F,— F, does
vanish even in the presence of CP violation, as long as there are no absorptive
parts.

A careful study of the angular distributions of W decay products thus provides a
unique separation of anomalous effects into those due to strong final-state interac-
tions, CP violation in the vector-boson couplings, or real anomalous moments of
the W (such as « or A).
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Fig. 16. Sensitivity of F, — F, (the coefficient of sin# sin¢ minus that of sinfsin¢) to an imaginary

part in x; (kz =1+ 02i) at y's =190 GeV. The solid circles show the standard model expectation,

slightly away from zero due to the finite Z width (which is a part of one-loop electroweak corrections),
with expected statistical errors for 2000 W~ — ¢ and 2000 W* — /v events.
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5.4. PHOTON VERSUS Z COUPLINGS

So far we have only considered anomalous WWZ couplings. The question arises
whether adding anomalous WWy couplings as well may produce new features in
angular distributions. The answer is no in the absence of transverse beam polariza-
tion. Let us explain this statement.

The differential cross section is a sum of contributions from left-handed (40 = — 1)
and right-handed (+1) electrons:

do~ |#, )%+ |#_|%. (5.4)

Adding photon and Z contributions, we deduce from eq. (3.7) that .#, and .#_ are
always proportional to the same linear combination of couplings /¥ and f%:

S

Mo~ 2fz
s—mj
=fR=fr—_132f(7%, (5.5a)
s
~fY - z
AT 2sin%,, l)s—méf
=fl=fr+1.63f%, (5.5b)

where the numerical value holds for Vs = 190 GeV, m, = 93 GeV, and sin4,, = 0.223.
However, only the left-handed contribution (5.5b) can interfere with the neutrino-
exchange graph which contributes the dominant part of the cross section. One thus
finds a much larger sensitivity of almost all angular distributions to the combination
fL than to fR. This effect is clearly demonstrated in fig. 17 for A,=03and A,
adjusted such that either A, or A vanishes. As a result it will be rather difficult to
distinguish anomalous WWy from WWZ couplings.

In principle, experiments with longitudinally polarized beams can measure fR
and f separately. However, since |.#, |? is much smaller than |.#_}? (the former
is typically 102 of the latter at Vs = 190 GeV after integration), the accuracy of the
f® measurements will be severely limited by statistics.

The best way out is provided by transverse beam polarization. When the e !
beams have natural transverse polarizations P, the differential distribution
eq. (5.4) changes to

do ~ |#,|*+ | #_|*+ P{P;{2Re(M2M Ycos2® + 2Im( M 24 _)sin20 )},
(5.6)

where @ denotes the azimuthal angle of the W ~ momentum about the e~ beam axis,
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Fig. 17. Deviation of da/dcos @ from the standard model value at Vs = 190 GeV. For A, =03, A, 1is

chosen such that either Ay (the combination of A, and A; entering the amplitude for right-handed

electrons, solid line) or A (dashed line) vanishes. The error bars show statistical errors expected for 4000
W-pair events with either W~ or W ~ decaying leptonically.

measured from the e~ polarization direction in the e*e~ c.m. frame*. The ®-depen-
dent terms contain the interference of the large neutrino-exchange amplitude with
the right-handed amplitude (5.5a). One will thus obtain a much better measurement
of fR®, which allows separation of f” from fZ.

5.5. ENERGY DEPENDENCE

So far we have discussed various angular distributions only at a fixed beam
energy 2E,=Vs =190 GeV. Actually their sensitivity to anomalous couplings
strongly depends on Vs /my,, in particular near threshold. At low beam energies the
photon and Z amplitudes are down by an extra factor of 8 compared to the
neutrino exchange graph (see eq. (3.4)). Thus a small deviation of these amplitudes
from their standard model values will be difficult to detect, with a notable exception
of the CP-violating couplings f,' as mentioned earlier. When the beam energy and
therefore y = E, /m, becomes large, the anomalous couplings will enhance the W
pair amplitude because the subtle gauge-theory cancellation is switched off. How-
ever, y2 is only = 1.5 even at Vs = 200 GeV, the highest energy that LEP-II will be
able to reach. Hence this enhancement effect will not be observable at LEP-II for
the small (O(5;5)) deviations from the standard model couplings that we are
interested in.

* The distribution (5.6) can easily be obtained from the general expression in ref. [42] (see eq. (7.15)
therein) by choosing the x-z plane to be the W pair production plane, as was done in sect. 3 to
present explicit forms of the helicity amplitudes. It also can be directly read off from eq. (3.8) in ref.
[53] with the replacement P? — P! P;. The difference in the sign comes from the different phase
convention used.
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We have made a rough estimate of the accuracy with which anomalous couplings
can be determined as the c.m. energy varies. For an integrated luminosity of 500
pb~! and assuming that 40% of all the W pairs can be used to determine angular
distributions, we have plotted the deviations Ak, (fig. 18) and AA, (fig. 19) needed
to produce a 1o effect in the most sensitive angular distributions. As is clearly seen
from these figures, going beyond 200 GeV with Vs does not lead to a large increase
of sensitivity. In the case of CP-conserving real anomalous couplings such as k, and
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Fig. 19. Same as fig. 18 but for Az. The curves give the sensitivities of do/dcos@ (solid line),
(F, — F,)/F (dashed line), the coefficient of cos(¢ — ¢) (das_lg-dotted line), and the forward-backward
charge asymmetry of W decay products (F; — Fy)/F, (short-dashed line).
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A, the total angular distribution de/dcos @ (solid lines) is found to give the most
sensitive measure. Other distributions are still useful to distinguish among effects
from different anomalous couplings as discussed earlier in this section. If one uses
only do/dcos®, we find almost no improvement beyond Vs =190 GeV. More
generally, we find that a factor of 4 increase of luminosity at Vs =190 GeV is more
valuable for measuring anomalous couplings than an increase of Vs to 200 GeV.

Figs. 18 and 19 show that A or « can be determined with an accuracy of +0.1
within one year of running at Vs = 190 GeV. Thus a measurement of the “magnetic”
moment of the W at the 5% level seems to be possible up to the yZ ambiguity
addressed in subsect. 5.4. Similar results hold for the other couplings f, (i =4,...,7).
After one year of running one is sensitive to variations Af; of roughly +0.1 except
for f; which can be determined with an error of +0.2.

6. Conclusion

In this paper we have made a systematic study of observable experimental
distributions connected with the process e "¢~ = W™ W ~, which could serve as tests
of possible anomalous three-vector-boson couplings. Since the W’s decay into
fermion-antifermion pairs, one may make use of the decay distributions as polari-
meters to efficiently analyze the produced W helicities. Because the W decay
properties are well known, a careful study of the reaction e e > W*W ™ - f f,f,f,
therefore reveals information on the W-pair production process and the associated
three-vector-boson couplings, through the particular correlations produced for the
final fermions.

More specifically, we have shown that at LEP-II it is feasible to search for
anomalous moments k — 1 or A connected with the WWZ (or WWy) vertex. For
these couplings, whose presence does not violate any conservation laws, the most
sensitive experimental measure turns out to be the differential angular distribution
of the produced W’s. For a sample of 10* W pairs at Vs = 190 GeV at LEP-II one
should be able to measure deviations in x — 1 and A at the 10% level. More specific
angular correlations involving the final fermions are not as sensitive to those
deviations. However, these distributions get affected differently by k — 1 and A (see,
e.g., fig. 9) and supply information complementary to that provided by the W
differential cross section.

The situation is radically different when one considers the effect of CP-violating
anomalous three-boson couplings or imaginary parts of the form factors indicating
strong WW rescattering effects. In these circumstances, even for sizable couplings,
these effects are not particularly visible in the W angular distributions. However a
careful study of the polar and azimuthal distributions of leptons and antileptons
produced in W decays can be used to isolate these phenomena. If 6, ¢ and 0, ¢ are
the polar and azimuthal angles of the produced leptons and antileptons in W™ or
W * decay, respectively, we have found that the terms proportional to sin8sin¢ +
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sin @ sin$ (lepton asymmetry with respect to the scattering plane) provide the most
sensitive distributions for CP violation (+ sign) or rescattering effects ( — sign).

Our detailed calculations considered the relevant processes e*e > W*W |
W — ff only in the lowest order in the electroweak interactions. Obviously, a
detailed study of possible anomalous contributions must include electroweak radia-
tive corrections to be really significant. Because in our considerations we have
treated the production process separate from the decay and mostly studied kine-
matical effects, it should be relatively straightforward to perform radiative correc-
tions separately for the W*W ~ production and the decay. These corrections should
modify our amplitudes in detail but not in overall structure. As an example, in
appendix C, we have already indicated what modification arises if the hadronic W
decay is not into qq but qJg. At any rate, we believe that our calculations do
indicate the approximate size of measurable effects at LEP-II.

We are grateful for many useful suggestions on these matters by the members of
the LEP study group on high energies: G. Barbiellini, M. Davier, H.U. Martyn, B.
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grateful to members of the DESY Theory Group for their hospitality. His work was
supported in part by the University of Wisconsin Research Committee with funds
granted by the Wisconsin Alumni Research Foundation, and in part by the US
Department of Energy under contract DE-AC02-76ER00881.

Appendix A

CONSTRAINTS ON THE FORM FACTORS PARAMETRIZED BY GAEMERS AND GOUNARIS

The most general WWZ coupling for on-shell W’s parametrized by Gaemers and
Gounaris [12] (GG) contains nine form factors whereas we keep only seven in
eq. (2.4). Explicitly, we find

ffs

/9 fs
FG'BHG(;:F{.}BHQ.A)*’ 2 pP* [PQ]“B+
w

——PF[PQ]*. (A1)

where Q*= (¢ - )", and [PQ]*“ is a shorthand notation for e***°P Q.

Spin counting and rotational invariance tell us that there are only seven indepen-
dent helicity combinations, which are given explicitly in table 4. It is then clear that
our seven form factors are enough to make all the helicity amplitudes arbitrary*.
The nine form factors in eq. (A.1) should therefore be redundant.

* Note added in proof. The same observation was made by M. Gourdin, as communicated to us by
K.J.F. Gaemers.
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This can easily be seen as follows. Since no rank-5 completely antisymmetric
tensor exists in four dimensions,

8ruCaips — Brafupo T BABEuaps ~ 8rpCuapo T Bro€uago = 0- (A2)

By multiplying the above equation by P*P?Q° and Q*P*Q°, we find
—P,[PQlus + Pol POl = 5,05,0" (A3)
PPQla+ Po[PQ) o = 5B7,05,P* — Q[ POl . (a4)
Here we used P2=s5, P-Q =0, and Q%= —5sB% Terms proportional to P,, q,, or
gp have been set to zero, because they correspond to the scalar component of the

vector bosons and do not contribute to the process e"e” - W*W ™. Using the
above equations in eq. (A.1) and recalling that

;7

Tiflaa= - +ifse*PQ, — fFeF, - —- 0! [PO]™,  (AS)
Y
we immediately find
AR VAR TSNS PO (A.6a)
1= = 4B Vo » (A.6b)
=0+ e (A.6¢)

With the above replacements, all the amplitudes presented in ref. [12] agree with
ours.

Appendix B

KINEMATICS OF e ¢~ —» W* W™ — (£»)(£5)

Purely leptonic decay modes of a W pair, although small in rate, give the cleanest
signal of the W-pair production process in e* e~ collisions:

e (k)+e*(k)-W~ + w*
l-'6’(1)+t7(p;)\—'/(1')+V(p,)- (B.1)
This is observed experimentally as

e~ +e* - /+ /+ missing energy-momentum, (B.2)
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where the final lepton pair can be either one of ee, ejt, pé, or pi. The four-momenta
of the particles are given in parentheses. The observable dilepton distributions were
studied rather extensively by Dicus and Kallianpur [28].

Because of the cleanliness of the signal, this process deserves close attention. A
simple kinematical analysis, presented below, shows that the two unobserved
neutrino momenta can be determined from the observed lepton momenta up to a
twofold discrete ambiguity, in the hmit where the W width and photon radiation are
neglected. Under certain circumstances, e.g., when the contribution from one of the
two kinematically possible configurations is negligible compared to the other, this
makes it possible to perform the full angular correlation studies, as presented in
sect. 5, even with this purely leptonic signal. Such an approach has been shown to
be useful [39] in the Wy production studies at hadron colliders, where the use of the
W leptonic decay signal is inevitable to avoid large backgrounds and the neutrino
longitudinal momentum can be determined up to a twofold discrete ambiguity.

The kinematics of the process (B.1) is determined by six angles, two for the
scattering, and two each for the W decays. Since we observe the two three-momenta
of the leptons, generically we have sufficient observables to fix the whole configura-
tion. A twofold ambiguity occurs, however, because the solution involves a quadratic
equation. Here we present an explicit solution for the two unobserved neutrino
momenta p; and p, in terms of the observed lepton momenta / and /. We work in
the e*e~ c.m. frame and assume massless neutrinos.

It suffices to solve for the three-momentum p; because p? = |p;| and p, is given
by momentum conservation. As the W~ energy is equal to the beam energy E,, we
have

p=Ey—1, (B.3)
or

P§=(Eb_lo)2- (B.4)

A similar equation holds for the W* — ¢» decay:

pi=(E,~1o)". (B.5)

Using momentum conservation p, = —(p, +1+ 1) and eq. (B.4), this last equation
can be rewritten in terms of p;:

(1+1)-p,=E (I;— 1)) =13 —1-1+ L(m2+ m3). (B.6)

The third constraint comes from the condition that the lepton-antineutrino system
should have the mass of the W:

(1+p;)’ = miy, (B.7)
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which gives
2 2
1:p;=Eylo— 5= miy + im; . (B.8)

Egs. (B.6) and (B.8) lead to
1-p;= —Eplg—1-1+im + im%. (B.9)

The three conditions (B.4), (B.8), and (B.9) provide the solution for p,. We rewrite
the right-hand sides of these equations for the sake of clarity:

p:=1L, (B.4)
1-p,= M, (B.8")
1-p,=N. (B.9")

Let us assume, for the moment, that the two three-momenta 1 and 1 are not
parallel. Then we can expand p; in terms of the lepton momenta

p;=al+bl+cl1x1. (B.10)

The two linear equations (B.8’) and (B.9’) constrain p, to lie on a line in
three-dimensional space. They give

al>’+b1-1=M,
al-1+b12=N, (B.11)

which can be explicitly solved:

1 72 7
ay _ 1 -1-1 (M) B.12
(b) 12‘12—(1-1)2(—1-i 12 ) NI (B.12)
The remaining variable c¢ is determined using (B.4’):

12-b%12-2ab1-1]. B.13
|1><1|2[ ab1-1] (B.13)

The sign of ¢ cannot be determined. This explicitly exhibits the twofold discrete
ambiguity we mentioned earlier. The inequality ¢ > 0 is expected to be violated
only by finite W-width effects and by radiative corrections, and hence may serve as
a test of the W-pair signal.

In the exceptional case where the two lepton momenta are parallel, one obtains a

one-parameter family of solution for which the azimuthal angle of p, with respect to
the lepton momentum is left undetermined.
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Appendix C

HELICITY AMPLITUDES FOR EVENT SIMULATION

The angular correlation formulas presented in sect. 4 are quite useful for obtain-
ing theoretical insight into the problem, and correctly take into account the
correlations caused by W boson spins. However, they are still far from satisfactory
if they are to be used as a basis for a realistic event generator*. In order to achieve
the goal of precision tests of the standard model at LEP-II such as an accurate
measurement of my,, a test of electroweak radiative corrections in W pair produc-
tion, and a direct measurement of the Cabibbo-Kobayashi-Maskawa matrix ele-
ments, it is essential to understand the event topology of each W decay mode as
much as possible.

First of all, it is important to include final quark mass effects for the W~ — bt
mode. At least one hard gluon emission should also be incorporated exactly in
addition to the leading logarithmic multigluon emission which can easily be simu-
lated at the classical level by using a QCD shower Monte Carlo program [54].
Although it is possible to present a complete polarization-summed cross section
with the above effects included in the usual density matrix technique, the results
turn out to be quite cumbersome since we need the double density matrix for W~
and W* decays. We find it most convenient to present our results for helicity
amplitudes in the formalism [42] recently developed by two of us, where the final
expression allows efficient and straightforward numerical evaluation in an arbitrary
Lorentz frame. In this approach, it becomes trivial to incorporate an arbitrary
polarization of the colliding beams (in particular the natural transverse polarization
in storage rings), and it is easy to add new contributions such as a r-channel
exchange of an excited neutrino {55] or a contact eeWW interaction. It is also
straightforward to include final state polarization effects, e.g. of top quarks [56].

In order to render this paper self-contained we first briefly review the basic
ingredients of the helicity basis calculus. Further details can be found in ref. {42].

For fermions we use the chiral representation of Dirac matrices and go to
two-component notation. Spinors (= u( p, A) or v( p, X)) are given by

¢=(i:); v=(vt ¥t), (C.1)

with
u(p A)=w. \(P)xa(p),
v(p,A)e= Az (p)x-A(P). (C2)

Here A denotes the helicity of the on-shell fermion with four-momentum p*=

* An cvent generator based on the formulas of this appendix is available from one of the authors
(D.Z.).
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(E, p,» Py» P;)» Xa(p) is a normalized helicity eigenspinor, explicitly given by

x+(p)=[21pI(p +£.)] l;i':;;), (C.3a)
x-(p) =[21p1(Ip| + p,)] _m( -l;:)lx:;l)y , (C.3b)

and
w (p)=[ExpI]"~ (C.4)

Given the explicit form of y-matrices

pmar-(, %) ()

with

( a’Fa’ ?(al—iaz)), (C6)

F(a' +ia?) a’+ta’

$.=

an arbitrary product of y-matrices with spinors at both ends can be expressed by
the basic quantity

S(pisars--van ) p = X5 (P41 o(#2) —a(d3)a- - (#0) X () (C.T)

for a = + [here e = (—1)""!]. Arbitrary polarization amplitudes are then expressed
in terms of the basic quantity S, which is easily evaluated by 2 X2 matrix
multiplication*.

Analogous to eq. (C.2) for spin-  fermions, polarization vectors for vector bosons
are defined such that they depend only on the vector boson four-momentum
9 =40 9x 4, 4,)- We define the rectangular polarization basis by

1
(g, A=1)= (0,9,4:.9,4,. —43), (C.8a)
l91gr
1
(g, A=2)=—(0,-g¢,,9,.,9), (C.8b)
qr
9o ‘I2
8"’(q,A=3)= W|q| (q_o’qx’qy’qz)’ (Cgc)
1
(g, A=4)= F(qo,qx,qy,q,), (C.84d)

* A simple FORTRAN program to evaluate the complex number S as a function of an arbitrary
number of four momenta and three indices (a, A;, A ) is available from the authors of ref. [42].
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with g1 =(g2+ ¢?)"/% In the usual helicity basis, the polarization vector (C.8c)
describes longitudinally polarized vector bosons with helicity A =0, and helicity
eigenvectors for A = + are given by

s"(q,)\=;t)=@[?e"(q,k=l)—ie"(q,)\=2)]. (C.9)

The A = 4 component, which is proportional to ¢*, corresponds to the scalar part of
a virtual vector boson. Its coupling to fermions is proportional to fermion masses
and hence will be important only in the bt decay of virtual W’s. We find no
advantage of using the helicity basis for intermediate W’s in numerical simulation
and will choose the cartesian basis (C.8). One can, of course, obtain identical final
cross sections using the helicity basis (A = 1,0,4) in summations.

In terms of the fermion strings S and the polarization vectors (C.8) or (C.9), we
can now give the polarization amplitudes for the production process

e (k,o6)+e*(k,6) > W (g, A\)+W*(g,\), (C.10)

which in contrast to egs. (3.2)-(3.6) are Lorentz covariant. For the neutrino
exchange graph depicted in fig. 1¢ we obtain

M(0,5,\,0) = 5(2—(}:))22 8, _&; +2fk°—l—<35(7<, e*(A), k—q,e*(X), k)__.
(C.11)
The analogous expression for s-channel vector exchange is
J{V(o,&;A,X)=efj%a,‘_izms(iFV(A,X),k);’a, (C.12)
v

for V =y and Z. The four-vector I'{; is obtained from the tensor I'§** of eq. (2.4) by
contraction with the W polarization vectors

T4(A, X)) =T{(q,q, P)ex(q, \)ep (4, N). (C.13)

The WWy and WWZ couplings gwwy are given in eq. (2.6). The left- and
right-handed fermion couplings to vector bosons are defined by the interaction
lagrangian

Ly, = € ) gxflfzﬁilequ‘l’/zV“» (C14)

A=z

where e denotes the positron charge and P, = 3(1 + Ays) is the chiral projection.
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f1 f1 f1

w~ W~ g . w~
g
(7 £ f,

(a) (b) (c)

Fig. 20. Feynman diagrams for the decay processes (a) W~ — f, f, and (b), (c) W~ — f, {, g at tree level.

The couplings we need are

re=-1,
. 1
gt = —m +tan@,,
gZ*=tand,,
1
gVre=gWer= Tent.
Wu,d Wd, u, \* Ul/
ghudi=(ghm)* = g, (C.15)

where (uy, u,y, u3) = (u, ¢, t), (dy, d,,d;)=(d, s, b), and U,, denotes the Cabibbo-
Kobayashi-Maskawa matrix elements for three generations.

Using the same notation as before, the decay matrix elements for W * — f,f, or
f,f,g depicted in fig. 20 can easily be written down. Denoting the fermion momenta
and helicities by ( p,, 0,) and ( p,, 0,) one finds for the W~ decays

AN 20X 0, 0,) = egyr‘fzcw—al(h)‘*’az( P2)028(p1,€(4, 1), p2)ay. o, »
(C.16)
and
MHV ~RED(\: g, 0,, k)
w

= eg—flfzgsclw—al(pl)woz( p2)02

x{[e*(pgyx)-pl (P k) ps

pg'pl pg'pZ

]S(pl, C(Qy A)9 pZ)U_l-_UZ

1 ]
+ S > * ’ s ’ ,A *
2Pg‘P1 (P1 € (pg K) pg G(q ) pz)"x""z
— * -
2pg'pzs(pl’£(qvx)$ pg7£ (ng"), Pz)ol‘_oz}. (C17)



300 K. Hagiwaraetal. / e*e” > W™ W~

Here we employ the gluon polarization vector &*( p,,x) with k=1, 2 or + for
massless gluons. g, = J47a, is the QCD coupling constant, and the effective color
factors are

oo VN =V3 for quarks, (C.18a)
1 for leptons,

C’'=CgN =2 for quarks. (C.18b)

These factors automatically take care of color summations in the final states. For
W™ decay one merely needs to substitute &(gq, A) = (4, A) in both egs. (C.16) and
(C.17). Formulas (C.16) and (C.17) are valid for arbitrary masses of the fermions f,
and f,. When fermion masses can be neglected, the w-factors simplify to

=0 —
w,o(p) = y2p°8, . . (C.19)

We should note that the simple formulas (C.11) and (C.12) contain all the
information regarding the process e*e” — W*W™ in lowest order, and that the
formulas (C.16) and (C.17) alone include the complete description of polarized W
decay into a quark pair of arbitrary masses and an additional hard gluon. In sect. 3,
we have shown explicit analytic expressions of the production amplitudes in the
e*e” c.m. frame, whereas in sect. 4 we evaluated (C.16) in the W rest frame for
massless fermions. The implicit expressions given in this appendix allow, however, a
direct numerical evaluation of all the amplitudes in an arbitrary Lorentz frame.
Since the individual amplitudes transform nontrivially under boosts, the Lorentz
invariance of the polarization-summed squared amplitudes gives an excellent test of
a numerical program [42].

The procedure to evaluate cross sections from these amplitudes is essentially the
same as that explained in sect. 4. .#, is just the sum of #* (C.11), #" and #*
(C.12), A, and #, are either (C.16) or (C.17) depending on whether one wants to
include the possibility of hard gluon emission. Only one further complexity appears
when one deals with the decay mode W — bt. In this case the scalar (A =4)
component of the W polarization cannot be neglected for off-mass-shell W’s and the
W polarization sum should be extended to

¥y - ¥ +zq—'#s>;”, (C.20)

A=1,2,3  A=1,2,3 A=d4 Mw

which arises from the Proca (or unitary gauge) spin projector —g,, + q,4,/m 4
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As an example, we give the exclusive cross section for the case
e (k,o)+e*(k,6) > W (q,A)+W*(g,7),
W7(q,A) = b(py,00) + i(1’2""2) +8(p3,03),

W+(‘i’x)_’f(l’4v°4)+”(Ps’os)‘ (C21)
The full amplitude can be written

./(=./((0, o, 0y, 05,03, 04, 05)

=DW(QZ)DW(‘72)ZUZ

A A

XM\ (0,8 X, X) M 5(X;0,,0,,0,)#4(X; 04, 05), (C.22)

where we show only particle polarization indices to denote each amplitude. For a
given set of four-momenta of particles and their polarizations, all #; and hence the
total amplitude .# is just a complex number.

The polarization-averaged cross section for the process (C.21) is then obtained
simply by the following formula:

1 1 2
do = e 1Y | #\2dd,, (C.23a)

with d®, being the invariant five-body phase space

5
do, = (2w)“34(k+12— Y p (C.23b)

i=]

5 d’p,
)i=1 (2"7)32E1 ’

and

=5 £ T T e (C.230)

o=+ oj=1% 0,= =% 03-1

Here we used the fact that #, is proportional to 8, _; (see (C.11) and (C.12)), and
that #; is proportional to §, _8, . ((C.16) and (C.19)). If we can neglect the b
quark mass, summation on the b spin is reduced to a single value ¢, = — for the
standard V — A interactions. In the Monte Carlo event generation, one can perform
not only the phase space integration but also the polarization sum on a statistical
basis.
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e-. Y4 e~ 4

e+ Zy e+ Zy

Fig. 21. Feynman diagrams for the processes e*e™ — ZZ and e*e™ — Zy in the standard model.

Appendix D
HELICITY AMPLITUDES FOR e*e” »ZZ ANDec'e™ —Zy

Unlike W*W ~ production, ZZ and Zy production proceed only by well known
fermion-vector-boson couplings in the leading order of the standard model (see fig.
21). Effects of the WWYV coupling (2.1) appear only at the O(a) level [57,58].
Anomalous interactions of three neutral bosons [59], however, may contribute to the
reactions. Zy production can be studied already at LEP-I/SLC at energies above
the Z resonance, and ZZ production is within the reach of LEP-II. The latter
reaction contributes [1] as a background to the Higgs boson search using the ZH
final state when my ~ m;.

In this appendix we present helicity amplitudes for these processes

e_(k’o)+e+(lz’5)—’Vl(‘h’}‘l)*'vz(qz’}‘z)» (D.1)

where V,V, denote ZZ or Zy. We include the most general ZZZ, ZZvy, and Zyy
couplings in the same spirit as that of our WWYV coupling studies. We also give the
Z — ff and Z — ffg decay amplitudes with arbitrary fermion masses. By combining
these amplitudes, it is straightforward to make numerical simulations for processes
such as e*e™ — (Z - £/) + (Z - ttg), with full polarization correlations included.

In the standard model, only #- and u-channel electron exchange contribute to the
processes. The corresponding production matrix element is

M(0,5,A,A;)= ezgyl“g“,’ze"&‘ _s2Vk%°

S(lza 8*((12, A2)7 k - ql’ 6*(ql’ Al)’ k):u

(k“ql)z

S(k,e*(g, M), k—q,, e%(q5, A,) . k) oy

+ ( (‘]1 1) ‘122 (‘12 2) ) .(D.2)
(k—q,)

As before (see egs. (C.14) and (C.15)) g‘é“ denote the left- and right-handed
couplings of electrons to the vector boson V,.
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The explicit form of the helicity amplitudes for e*e™ = ZZ in the e*e™ c.m.
frame reads

5 2,(6) ,
|Aa|,ilm;,—_48dAoa,Ak(8)v (D.3)

‘//((He' e~ A 4‘/592(8}?)28
where y = Vs /2m,, B=(1—-4m%/s)'/%, AX=X, —X,, and & = As(—~ 1)*2. Other-
wise the notation is the same as that for e*e” > W*W ™ (see subsect. 3.1). The
coefficients &7 are listed in table 8. Note that the divergent B terms which exist in
W*W ™ production (see eq. (3.7c)) are absent here because of cancellations between
the two diagrams.

Similarly for the amplitudes for e*e™ — Zy we find

B2, (©)

HEET I = 2‘/2—e2g§:c8|Au|, o me

d/'llg,A}\(e)$ (D4)

where 7 = m,/ Vs . The coefficients @ are shown in table 8. The apparent singular-
ity at cos® = £ 1 in (D.4) is cut off by the electron mass, which leads to a finite
total cross section.

In general, one may expect nonvanishing interaction of three neutral vector
bosons, which contribute to V,V, production via a photon or Z in the s channel
However, due to Bose symmetry and electromagnetic gauge invariance, the form of
such interactions is restricted to a smaller number of couplings than in the WWV
case.

For ZZ production, i.e. for two Z’s on-mass-shell, Bose symmetry allows only two
couplings. The most general ZZV vertex (V =Z or y) for on-shell Z’s is given by
(see fig. 22)

—m?
s—my

I58(a1. 92, P) = —7— [ifF2(Pg*? + PPgre) + if#e*#(g, - q,),] . (D:5)
z

TaBLE 8
Coefficients for the helicity amplitudes for the processes
e'e »ZZande*e o Zy

AX (MAy) i, B,

+2 (%) -V2(1+B%) V2

1 (+0) v YAg-AX(1 + 82) - 2c0s B)

+1 0=) vy MAe-ANQ + B?) - 2cos 8] 2r(cos €@ + Aa-A,)
0 (£+) —v %05 @ r2(cos @ + Aa - A,)
0 (00) -2y %0s®
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V‘Ia
V 2N
b = 1 Gy vy 191.G2.P)
P \92
Vap

Fig. 22. Feynman rule for anomalous V,V,V vertices.

As in sect. 2 any terms proportional to P* have been neglected, since they do not
contribute in e*e” anmnihilation (for m, — 0). For V =1y such terms can restore
gauge invariance, however (cf. eq. (2.10)). The vertex functions vanish at s =m?
because of gauge invariance for V =y, and Bose symmetry for V= Z. The interac-
tions thus should come from dimension-six operators. CP invariance forbids fZ%¥
and parity conservation requires fZ?Y=0. If at least one of the final Z’s are
off-shell, five other couplings are possible, as in the WWYV vertex. They are,
however, proportional to g2 — m3.

Zy production may have a contribution from anomalous ZyV couplings, where
V = v or Z is the virtual boson in the s channel. The most general anomalous ZyV
coupling (for on-shell Z and v) is given by

2 v
X, s_mv a, [+3 h2 a
3% (41,42, P) = — {h‘l’(qﬁg k- q5g"f) + —5P (P-q,8*f — g4PF)
ra Z

hV
+hYeroeq, + —m—;P"‘e“B""quz‘,}, (D.6)
z

where terms proportional to P* or g{ are omitted because they do not contribute to
the reaction. The above expression is manifestly gauge invariant for the final
on-shell photon. The couplings 4} and 4} are P-even, Y and h) are CP-even; all
couplings are C-odd.

The overall factor s — m? in (D.6) comes from gauge invariance for V =y, Bose
symmetry for V = Z. Because of this factor, there are no corresponding operators of
dimension four. If we restrict ourselves to dimension < 6 operators, only 4Y and AY
remain; the other two receive a contribution from operators with dimension 8 and
higher.

The consequences of the two dimension-six interactions in the radiative decay
Z — ¢/y have been studied by several authors [60]. LEP-I/SLC is actually best
suited to limit these couplings using radiative Z decay events. The reaction e" e~ —
Zy in the presence of these couplings was discussed by Renard [59].
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It is interesting to note that the four ZyZ* interactions in (D.6) and the two
ZZvy* interactions in (D.5) are completely independent. If we keep all the three
bosons off-mass-shell, there are seven couplings altogether. Four of them survive for
e*e” — Zy, while two different ones contribute to e*e™ — ZZ.

The contribution of the anomalous ZZV vertex (D.5) to ZZ production can be
read off from eq. (C.12) by an appropriate change of the couplings:

Vee
_ eg, =5 o o
MV (0,0, A, N,) = _%80_-62Vk°k°s(k,rv(>\l, Ay, k), (D.7)

s — v oc*
with
F{‘I(Au >‘2) = F;%(‘thzs P)E:(‘h’ >‘1)53(‘12’ Aj). (D-S)

Similar results with an obvious change of Z to y apply for the process e*e — Zy.
Without loss of generality, we may choose

87222= 822y = 8zyz= 8zyy ™ €- (D.9)

Note that the s-channel pole in (D.7) is cancelled by the zero in the couplings (D.5)
and (D.6).

With all the contributing amplitudes given in egs. (D.2) and (D.7), it is straight-

forward to calculate arbitrary polarized cross sections for the processes e*e™ — ZZ

and Zy. In order to study the angular distributions and correlations of the Z decay
products, one further needs the Z decay amplitudes for

Z(g,A\)~>f(p,o)+1f(p,5), (D.10)
Z(g,\) ~>f(p,o) +{(P,5) +8(p,.x). (D.11)
The Z — ff decay amplitude reads (see fig. 20a)
HEZD(N,0,6) = —e ¥ gZ"Cu,e(p)w_os( P)adS(p,e(q, 1), §); s (D.12)

a= 1t
and the amplitude with gluon radiation reads (see fig. 20b, ¢)
HEO(N,0,6,k) = —e ¥ 82"8.C'0,,(p)w_,o( p)ad

a=+

e*(pg,k)-p  e*(p,x)-p e
X{[ £ - £ - S(P’S(Q»)\)ap)o,—a
Pe P 27

+

S s * ’ b k4 ’A ’_ * ~
2.7 (P e*(pg ), pee(q,0), B),

1 ;
- S Py 1A £ ) * s ’— gl *
.7 (p.e(g. 1), by, e*( oy, ) P)o,_u}

(D.13)
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The color factors C and C’ are given by (C.18). The above two formulas are
applicable to any value of the fermion mass. For massless fermions, the expressions
simplify significantly by the condition (C.19). The angular distribution of the final
lepton for the process e"e™ — Zvy in the standard model was calculated by Hayashi
and Katsuura {61] and by one of us [58].
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