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The requirement of integrability 1n all light-like superplanes yields the proper constraints for
ordinary (N =1) and extended (N =2, 4) supersymmetric Yang-Mills theories (SSYM) and for
ordinary (N =1) supergravity. It 1s suggested that this geometrical principle yields the proper
constraints for all ordinary and extended SSYM and supergravity theories in all space-time
dimensions where such theories exist.

1. Introduction

When supergravity [1] is formulated in superspace [2-5], the need arises to impose
constraints on the geometrical objects of the theory. Recently there has been some
work [6, 19], on the origin of these so-called ‘‘kinematical” constraints.

The idea of superplane integrability [6] is to identify the kinematical constraints
with integrability conditions on light-like superplanes. This idea is closely related
with previous work by Witten [7] who derived the supersymmetric Yang—Mills—
Dirac field equations from similar integrability conditions. It is mainly a geometrical
idea and differs from the approach of ref. [19].

In this paper we will strengthen the relation by showing that the kinematical
constraints needed to formulate the supersymmetric Yang—Mills (SSYM) theories in
superspace can also be obtained from superplane integrability. We will also show
that for supergravity theories the constraints obtained from superplane integrability,
are those corresponding to the Breitenlohner set of auxiliary fields. We must,
however, remark that both for SSYM and for supergravity, superplane integrability
only give us the kinematical constraints. A lagrangian is still needed to obtain the
dynamics.

The paper is organized as follows. In sect. 2 superplane integrability is explained.
Insect. 3 we apply it to SSYM theories and in sect. 4 to supergravity theories. Finally
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in sect. 5 we discuss our results and briefly comment on other approaches to the
problem.

2. Superplane integrability

Here we review the superplane integrability proposed in [6]. We begin with some
notation. As usual, we collect the four Bose coordinates x™ and the four Fermi
coordinates #* (Majorana spinor) into a set of eight superspace coordinates Z™
(M=0,1,...7). Lower case letters from the latin (greek) alphabet will describe
vector (spinor) indices. Letters from the beginning (end) of both alphabets will be
used for tangent space (world) indices. Capital letters will be used to describe both
vector and spinor indices [A =(a,a),a=0,...,3,a=1,...,4;M=(m,u),m=
0,...3,u=1,...,4]

The geometry of superspace is described [1] by the vielbein Ey™, and the Lie
algebra valued connection ¢4". The local tangent space group is chosen [1]to be a
Lorentz group operating in the usual way on the vector and spinor tangent space
indices. Therefore the infinitesimal generators of the tangent space Lie algebra X5
will have the form

XAB=()—2"—I" ___ 9 ) 2.1)

The inverse of the vielbein, EA™, gives the covariant derivatives Di=E. "Dy,
Mathematically they correspond to the basic horizonatal vector fields of the super-
bundle and they obey the well-known relation [10]

[Da, Dgl= —TagDc+ RAB,CDXDC (2.2)

where we introduced the torsion coeflicients TABC and the curvature coefficients,
Rag.cp- Ineq. (2.2), and in the following, the bracket is to be understood as a graded
bracket, which is equal to a commutator in all cases except when both bracketed
quantities are fermionic, in which case it is an anticommutator. Our notation is given
in the appendix.

Given any c-number Majorana spinor p“, we can form a light-like vector r*:

ri=p“(vy")aps,  rra=0. (2.3)
Corresponding to the null directions p®, r*, we have a pair of tangent space directions
D=r°D,, Q=p°D,, (2.4)

D being Bose and Q Fermi (D, and D,, are the components of D). Every Majorana
spinor p” determines, through (2.4), a tangent ‘“‘superplane”. Integrability in each
superplane requires the algebra of D and Q, to be the same as in the absence of gauge
fields, i.e. for flat superspace,

[0, Q]=D, (2.5a)
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(D, Q]=0, (2.5b)
[D,D]=0. (2.5¢)

Eq. (2.5¢) is an identity, and eq. (2.5b) follows from (2.5a) and the Jacobi identity
[Q, [Q, Q1= 0. Having to hold for arbitrary p*, eq. (2.5a) implies

[Dm DB]=_(7a)aBDa- (26)

This simple result can be generalized first to accommodate a cosmological term
and then to extended supersymmetries when the superspace has 4N fermionic
coordinates 8™ (u =1,...,4;i=1,...,N).

To include a cosmological term, we note that starting from the Majorana spinor p*
we can construct not only a null vector, r%, but also a null antisymmetric tensor

1 =p* () ps,  ttp=0. 2.7

Now replace the tangent direction D by

_ 1 e
D=r'D,+—t"X_, .
r 2/\ b (2 8)

where X,, are the Lorentz generator directions in tangent space and A a cosmologi-
cal radius. Now we use the algebra of (2.5) for D and instead of (2.6) we get
1

[De, Ds1=~(v*)esDa =5 () upXas - (2.6

There are several ways to generalize the idea to extended supersymmetries,
depending on how one defines r” in this case. Our definition is chosen to provide the
correct supersymmetric extended Yang-Mills results, as will be shown in sect. 3. Itis
more transparent to use the two-component spinor notations. We will follow the
conventions of [11]. Then

ZM=(x" 8!,6"), Da=(Ds,Di D.,)
@ & =0 a o« a =B a (2'9)
p =%p"), 1r"=—p"(0")asp . r'ra=0;
the tangent space null directions will then be
D=r’D,, Q'=p°D,, Q.=4"Dy, (2.10)

Integrability in each superplane requires the algebra of D, Q' and Q, to be the same
as in the absence of gauge fields, that is

[Q,Q']1=[0, 0]=0, (2.11a)
[Q,Q]1=6,D, (2.11b)
[Q,D]=[Q,D]=0, (2.11¢)

[D,D]=0. (2.11d)
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Having to hold for arbitrary p*, 5% eqs. (2.11a) and (2.11b) imply
[ D.,, Dg,1+[Dg, D.y]=0,
[D., Ds]+[Dg, D,]1=0, (2.12)
(D2 Dg1==8}(0")ag D

In the following sections, we will apply these results both to supersymmetric
Yang-Mills and supergravity theories and show that the kinematic constraints can be
obtained from (2.6), (2.6") or (2.12).

3. Supersymmetric Yang-Mills theories

Consider a n-parameter Lie Group G with generators Y; (f=1,..., n). Then the
bracket of two covariant derivatives is given by
[Da, Dgl=~TasDc~Fas'Y:, (3.1)

where Tz is the flat superspace torsion and Fag' are the (super) field strengths or
curvatures. We will treat the N =1 and N >1 cases separately.

3.1 N=1SSYM
Superplane integrability (SI) gives for this case [eq. (2.6)]
Tag"=(¥)ap,  Tag" =0, (3.2a)
Fog'=0; (3.2b)

therefore, we obtain torsion constraints which are consistent with the superspace
being flat and a constraint on the spinorial components of the superfield strengths.
Eq. (3.2b) is precisely the ‘kinematic’’ constraint necessary to formulate the
N =1SSYM theory in superspace [12].

3.2 N=2 SSYM

Superplane integrability, egs. (2.12) and (3.1) give

Top =6,(0)as (3.3a)

as =M%, (3.3b)
Fug = Niap11 > (3.3¢)
Fig =0. (3.3d)

Eq. (3.3a) gives correctly the non-vanishing component of the flat supertorsion. Eqgs.
(3.3b)—(3.3d) are a set of constraints on the Fermi-Fermi components of the
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superfield strengths. These are precisely the constraints needed to formulate the
N =2{[11]and N =4[13] SSYM theories in superspace. Egs. (3.3b)-(3.3d) are not,
however, the full content of the N >1 theories. They are simply ‘‘kinematical”
constraints that express geometrical quantities in terms of the propagating and
auxiliary fields of the theory. We still need a lagrangian to get the field equations for
these fields [11, 13]. We believe the same results hold for N = 3 (there are no N >4
SSYM in 4 space-time dimensions).

4. Superspace supergravity theories

4.1. SUPERGRAVITY (N=1)

Superplane integrability, eq. (2.6), and the definition of the bracket of two
covariant derivatives, eq. (2.2), imply

Tch = (‘yc)aB > TaB‘Y = 0 » (4'1)
R.pcp=0. 4.2)

These constraints are weaker than those of Wess and Zumino [1], even those for the
minimal auxiliary set of fields. Therefore, we expect to obtain an SG formulation
with more than the minimal set. It was shown by Gates and Shapiro [14] and by
Taylor et al. [15] that constraints (4.1), (4.2) imply a formulation of SG with the
Breitenlohner set of auxiliary fields. Just as for SSYM theories, one still needs a
lagrangian to get the equations of motion.

This result can also be obtained in a different way. It is straightforward to show that
the Bianchi identities, plus the above constraints imply

Tead = (YeXd)a s (433)
T..' = (y.M).’, (4.3b)
Rea,Cd = ('YeXCd)a ’ (4.3C)

where x4, M.? and x§ are arbitrary superfields. Now if we compare eqs. (4.3) with
table 7 of Brink et al. [3], we see that they are precisely the superspace equations of
motion for supergravity with the Breitenlohner set of auxiliary fields. The inclusion
of a cosmological term (finite de Sitter radius) presents no problem. As said above,
eq. (2.6) should be replaced by (2.6') and therefore we get instead of eq. (4.2), the
new result

1
RaB,cd = X (ch)aB ’ (4'2')

in agreement with the results of Brink et al. [3].
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4.2 EXTENDED SUPERGRAVITY (N>1)

The generalization to N > 1 can be made along two different lines. We can use an
extended superspace [Z™ =(x™, 8*')], as we did for SSYM theories, or we can begin
with the N =1 theory in a higher dimensionality superspace, that is, with Bose
dimension dg>4. One would then compactify the extra Bose dimensions, and end
up with an N > 1 theory for dg =4, [16]. Specially interesting would be the dg =11
case, [17].

An obvious difficulty from the outset, is that we do not expect to get minimal
theories; that is, theories will the minimal set of auxiliary fields. One will have to find,
in both approaches, the corresponding ‘“Breitenlohner” sets and then compare the
results with what one gets from superplane integrability. Work along these lines is in
progress. Here we note that one of us (J.C.-R.) has derived from SI the constraints
corresponding to Breitenlohner auxiliary fields for N =1 supergravity in three-
dimensional space-time (dg = 3).

5. Conclusions

We have shown how superplane integrability, a simple geometrical idea, can be
used to derive the kinematical constraints needed to formulate supersymmetric
theories in superspace. SI works equally well for SSYM theories and for supergravity
theories. We emphasize, however, that neither SSYM nor supergravity can be
“derived” from SI. In both cases one still needs a lagrangian to obtain the dynamics.
Nevertheless, a simple geometrical idea provides us with all the kinematical con-
straints for all these theories. It is interesting that in all the cases studied above, the
constraints with the Breitenlohner [9] rather than the minimal set of auxiliary fields
appear. It is an interesting open question why this is the case. Moreover, it would be
interesting to know whether the constraints with other sets of auxiliary fields can also
be derived from geometrical ideas. As our idea is mainly geometrical it differs quite
substantially from the interesting approach proposed in ref. [19].

Appendix
Our metric convention is
Nap = diag (—+++), Ya¥p+ V6Ya =2Mas 1. (A.1)
We use the definitions
Zab E%[‘Ya’ ‘Yb] ’ 50123 = +1 . (A'2)

The charge conjugation matrix is

c=+4", cCc'=Cc"=-cC. (A.3)
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Spinor indices are raised and lowered by the spinorial metric nag:

0 -1 «
Nap = CaB = (U 0 ) s n f = NaB > (A4)
w10 ’
nABE(nO—b—:_;;) ,  map=(-1)"npa. (A.5)

Chang’s sum convention [18] is used throughout.
The torsion coefficients are given by

Tap® =—Cas" —bran’, (A.6)
where
Cas =0aEp"En©, da=Ea™or; (A7)
the curvature coefficients are given by
Rup” =0adp1c” — Cas duc” +biac dple" - (A.8)
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