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The method of non-linear representations, when applied to the (super) conformat
group, is shown not to be equivalent to the usual (super) conformal gravity theories.
However, the requirement of invariance under the full (super) conformal group transfor-
mations, uniquely leads to the usual theories.

1. Introduction

Girsey and Marchildon [1] and Chang and Mansouri [2] proposed an approach
to gravity and supergravity based on non-linear group and supergroup representa-
tions. Starting from the Poincaré (super Poincaré) group, and choosing O(3,1) as the
linear subgroup, they showed that in a particular gauge, an appropriate linear combi-
nation of their Lagrangian reproduced pure gravity (Poincaré supergravity).

As Giirsey and Marchildon noted for the case of Poincaré supergravity, the choice
of a particular gauge makes the various possible Lagrangians non-invariant under
transformations not contained in the linear subgroup. Requiring that, even in this
gauge, the full Lagrangian be invariant under supersymmetry transformations leads
to the usual Lagrangian for supergravity.

When these ideas are applied to the conformal (SU(2,2)) and superconformal
(SU(2,211)) groups, the number of possible Lagrangians is, as we shall see, very
large. Furthermore, the vanishing of the torsion does not follow from the field equa-
tions but has to be imposed as a constraint [3,4].

In this paper we first show that if we start with the conformal group and take
Lorentz X dilatations as the linear subgroup, then the most general Lagrangian writ-
ten in the Giirsey and Marchildon gauge is the Weyl Lagrangian [5] **. Staying in
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** See also, ref. {5a].

535



536 J. Crispim-Romizo | Conformal and superconformal gravity

this gauge, we require, next, invariance under special conformal transformations. We
obtain then uniquely the Lagrangian of refs. [3,4]. Finally, we show that when the
same procedure is applied to the superconformal group SU(2,2(1), taking Lorentz X
dilatations X chiral U(1) as the linear subgroup, the Lagrangian of ref. [6] is obtain-
ed after requiring invariance under local special conformal transformation, their
supersymmetric square roots, and local Q-supersymmetric transformations (the
square roots of the momenta).

2. Conformal gravity

To each of the 15 generators of the conformal group SU(2,2), we associate a
gauge field and a curvature in the following way:

generator: P, K,, M, , D,
gauge field: e?,, I, Wyap By,

curvature: R;wa(P) > Ruva(K) > R;wab(m > Ruu(D) s

where the latin (greek) indices refer to the tangent space (world) indices. We use the
notation and conventions of ref. [4], but for convenience some of the formulae are
summarized in appendix A.

We also impose the torsion free condition

lea(P) =0 ’

which allows us to solve for the spin connexion in terms of e, and By.

We now write down the Lagrangian that is obtained by the method of non-linear
representations of the group G = SU(2,2), the linear subgroup being H = Lorentz X
dilatations. As we are only interested in the Lagrangian in a particular gauge [1], we
do not have to introduce a parametrization of the coset space G/H. The Lagrangian
is then given by all terms invariant under H and general coordinate transformations,
that are built out of the curvatures and the gauge fields corresponding to G/H. As
we do not want the special conformal gauge field, f°,, to propagate, we will not
consider terms with R,,,(K). If, in addition, we require the Lagrangian to be parity
conserving, we obtain

L=elay (~fRO + 21, RO™) + a5 (f2 — fu, f*¥) + a3 fuw ¥ + a4 o [P

+ 5 fuy RO™ + a6 fu, F¥ + ag Fyuy F* + ag RS, RO¥P] (1)
where the g;’s are arbitrary constants and

fuv=eaufav, f=ngw’ e=det(eaﬂ)’

RD=e?,e”RQ,, R© =gwRO) 9))
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This form for the Lagrangian is the most convenient for our calculations. One can
easily check that other terms that would seem possible, like, for example,
P?e3%e ; fuo Ruvap(M), can be expressed as linear combinations of the terms
already in (1).

Varying the Lagrangian (1) we get the field equation for the non-propagating f,,,

_alguuR(O) + 2alR;(.l?1) + asng) tagFut+2a,fguw

+2(”3_a2)fvu+2a4fuv=0- 3
It is convenient to separate £, in its symmetric and antisymmetric parts
_1 _1
suu‘i(fuv"’fvu), auv‘i(fpu—fw)~ @

Then the solution of (3) is

4w = 30, (RED — RED)

Sy = %ﬁl (Ri(tg) + Rl(lg)) + ﬁ2g/.wR(0) s

£=8"fu=BoR®, )
where

= 2a, —as*ag , By = 2, —as ,

Aay + a4 —a3) 6ay + 2a3 + 2a4
+ _

S wrerw Tt @
When we substitute (5) into (1) we get the Lagrangian

Ly =e[aRD? + bRIDROW + cF, F¥] @)

where a, b and ¢ are arbitrary and the R,ﬂ?,,),b R(OM3P torm was dropped since by the
Bach identity [7] it can be written as a linear combination of (R(®?)? and R{PR(O®
modulo an exact divergence. This Lagrangian is invariant under Lorentz, general
coordinate and local dilatations transformations, but for arbitrary a, b and c it is

not invariant under special conformal transformations. It is equivalent to the Lag-
rangian of Weyl [5].

To have invariance under the fuil conformal group, we require then invariance
under the special conformal transformations. It is easier to do this with the
Lagrangian at the level of eq. (1), that is, before substituting back for fup @8 given in
(5).

Under a transformation with parameters e (the index A runs over 15 values) the
curvatures transform as

8(e) RE =fE4RGe* )
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where &, are the structure constants of the group. Therefore, under a special con-
formal transformation we have (R, (P) = 0)

8% Ruap(M) = X Ry (D) = 0. ©)
From the expressions for the curvatures given in appendix A, we can easily derive

SKRED = (— 28 657~ 46%1,) ,

5KRO) = _128Kf,

8KF,, =+28%f,, — 28%f,, . (10)

By requiring consistence between the conformal transformation properties of the
left- and right-hand sides of eqgs. (5) we find

°‘1=—61=%, 52=71£, Bo=—'1'li- (11)
From eqs. (5), (6) and (11) we get then

fur=—5RED — ¢8wR®), (12a)
and

4a,+ta, =as, aztaq=3as, as—as=as —2ag . (12b)

Now we calculate the variation of £ in eq. (1) under K transformations (special
conformal transformations). We do not have to vary f,,, because the coefficient of
8K fuv is the field equation for f,, and it vanishes identically. We obtain (remember
8Kea,=0)

8%L=e[—a,f6XRO + 24, f,, 6KROW
+a5f 8XROF 1+ g £, 6KF¥ + 20, F,,, 6K F™)

=e[-a;RO6Kf+ (2a; + 4aq + %a(,) R(O)W‘SKf#v

+(as — 4a7 ~ 30¢) RO 85, ] (13)
where use of (10) and (12a) was made. Using the result (see appendix B)
e[-RO8Kr+ 2R(D 5K ] = exact divergence , (14)
we get
as=0, a¢=—8aq, (15a)
and from (12a) and (15a) we obtain finally
a3=—-as=a¢=—8aq, s =—4a, . (15b)

Egs. (12a) and (15b) then imply

a3fuva“+a4fuvfw+asf“pFw +(17FWFW =0,



J. Crispim-Romio | Conformal and superconformal gravity 539

and therefore the L reduces to

L=eay[-fR® + 2f,, ROW — 472 + 4, f¥]
=_e %al(ng)R(Q)vﬂ _ %R(Oﬂ)

= —351 €% € Ry (M) RpocaM) , (16)
which is just the Lagrangian proposed in refs. [3,4].

3. Conformal supergravity

The superconformal group [8] * SU(2,2]1) has 24 generators. We use the nota-
tion and conventions of ref. [6]. For convernience, the formulae for the curvatures
and transformation laws are summarized in appendix A. The correspondence among
generators, gauge fields and curvatures is as follows:

generator: P, , K,, My, Qs Se D, A,
gauge field: e?,, f%,, Wb, Vi, o5 By, A,,
curvatures: RY,(P), R%(K), REEM), RE(Q), R&(S) , Ruw(D), Ruu(4).
As before, we are imposing the constraint

RyaP)=0, a7

which allows to solve for w,p(e,B), but consistency requires also [6], a constraint
on the curvatures associated with the Q-supersymmetry, namely

Ru(Q)v*=0.. (18)

This constraint allows to solve for ¢,,. It also implies [6], a self-duality type of rela-
tion on R,(Q),

Ru(Q)+3Ru(Q) 15 =0, (19)
where
Ru(Q) = e €upo RP(0) -

Now we take as the linear subgroup H = Lorentz X dilatations X chiral U(1), and
the most general Lagrangian invariant under this subgroup of G = SU(2,2/1) and
built out of the RIZ(M), R,(D), Ryy(A), R%,(Q) and RS,(S) curvatures and e?,,,
[, ®u and ¥, gauge fields has the form

L=eay(~fR+ 2 R (M) + ear(f? — fuf"™ + eaz fun f*

* See also, ref. [8a].
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+eaq funf™ + eas fu R (M) + eagfuy R (M) + eas fu R* (D)
+eagfu, R (A) + eag [P0 6, + eaiofu ¥, 0”8
teayy fuw V0" 9, + eary fw V' 0 b, + eay3 fuw Vo0
+eaiafuw Yoo ¢P +eaysfi VPO + ear g fu, VUM
+eayrfUud” + a18fuwe€ PV, Y500 + earo S Rpp(Q) Yu ¥
+ eayoRuw(D) R¥(D) + ea1 R /(D) R*(A) + eary Ry (A) R¥(A)
+ eay3R (D) P + 274"’ Ryup(D) Vo V596
+ eaysR (D) Yp 0P ¢ + 226R (D) V* 0
+ eay7R (D) VP 0™ ¢, + ay56” 9 AR apRpocd
+ ey R oy VP 0H 90 + ea30R yuap Y* 0*° 9
+ eazy Ry (M) UP¢¥ + easy Ry Vo + ea33RV, 0"
+ea3aRVu0" 9, + ea3sRyu(M) V0”9 + eazsRuw (M) Jpo*'¢"
+ eas7R (M) UH 0" 8, + eazgR (M) V' 0" 8, + eazoR (M) Up 0*¢F
+ eagoR u(A) U*9¥ + eass Ru(A) UPy5¢” + aan e Ry(Q) 751%;:0(5)
+ 236" R (S) Y5V oPp + eaasRu(S) T*0" + eassRpu(Q) Yu P VH¢”
+ eaqgRpy(Q) Y VP VP + eagaR o (Q) Yu VP V¥ 6" ¢,
+eaggRpu(Q) 1P VF 0™ ¢y + easoRp(Q) Yu VP ¥p 0P ¥
+eas5oRpu(Q) TP Vp 0P ¥ + easi Rpu(Q) 1wy’ Vo0 ¢P
+ 526 Ry (M) ¥p Y506

+ non-derivative terms . 20

In the last equation, non-derivative terms refer to all possible terms constructed
out of two ¢’s and two ¥’s, e.g., Wy, Y+ ¢”. The terms including f,, were explicit-
ly written in (20). A caret (*) on the curvature, means the curvature with all terms
that contain f, set equal to zero.
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As before, we can solve the algebraic equation for f,,. Requiring this equation
to be consistent with the transformation properties of the various fields, we get the
following relations:

From K-transformations

4a,+ay=as+ag,

az—ag=as—3ag+2a,,

aztay=3(astae),

ag=aj0=ay1=a12~a13=415=0,

ays=dy. (21a)
From S-transformations

2ay —astagtay+diagt4a,0=0, _

a15=a16=a17=a;3=0. (21b)
With these relations we can write

fur = —3Ruu(M) — 38wRM) + 10, R(A) + (01 + 1) Rpu(Q) 7 VP

+ (81 — 01) Rop(Q) % ¥° + a3 (2R (D) + Ry (M) — Ryp(M)) (22)
where
= 219 - 19
“ 2(2a, + 205 — 2a4) b 8(2a, tas+ag)’
ias —a9
e = } 23
%2 %y + 215 — 24 37 22, + 205 — 2a) 23)
From (21b) we can derive
Ttda;— 40, +8a, =0, (24)

so there are only three independent parameters among the oy, §;, but, certainly at
this stage, still more a;’s.

To determine further parameters, we require invariance of £, eq. (20), under spe-
cial conformal transformations. As in the conformal group case, we do not have to
vary fy, (the variation being multiplied by its field equation that vanishes identical-
ly). When this is done we obtain:

a;=-32,g, a;=-4a, , ag =4az;,
ay19+4a4;=0, a4 =ds; , aas=ds6 ,
aa1,d22 undetermined , az=—ag=ar = 8020 ) (25)

all the others vanishing.
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The Lagrangian can therefore be written in the form

L= a286/.wpaeabcdeab(m Rpocd(M) + a42€‘wpaR;w(Q) 75Epa(s)
+ea51 R, (D) R™(A) + eazyRyu(4) R (A) + earoR (D) R (D)
+eas Ru(A) YHys¢” + 424€"vp°RW(D) VoYs5Po

+ a24e“”p°1§“,,(M) wp 75¢0 + ea45Rp,,(Q) 7'4 wP (W“Pv + $V¢“) . (26)

While performing these transformation on the Lagrangian we did not consider the
non-derivative terms (products of two {’s and two ¢’s) because they could not can-
cel the curvature terms. It is not difficult to write down the most general linear com-
bination of such terms. We omit the details, but it is then easy to show that invari-
ance under special conformal transformations alone, requires all these terms to van-
ish.

We now require invariance under S-transformations (the square-roots of the spe-
cia! conformal transformations). We get then

8a28+a42=0’ 1120+2ia21—a42=0,

2iayy — 4a32 + 3a42=0,  @24=a41=a45=0. (27
Thus,
L= azse“””aeadeRwab(M) Rpocd(m - SaZBGuVPUR;w(Q) 'Ysﬁpo(s)

+ eay1 Rw(D) R*(A) + eayyRyun(4) R (A) + eazoR (D) R¥ (D) . (28)
The four coefficients in (28) are not all independent but satisfy the two relations
axot 2i021 + 8‘128 =0, 212121 - 4022 + 24‘128 =0. (29)

The Lagrangian in eq. (28) is invariant under M, D, K, 4, S and general coordi-
nate transformations. To have invariance under the full superconformal group we
still have to require invariance under Q-supersymmetry (the square roots of the mo-
menta). This will give one more relation

a0 = 0 N (30)

and all the coefficients are determined (except for an overall constant). We get then
the final Lagrangian

L= azs‘{ewmI [eabOdR;wab(m Rpacd(M) — 8R.(Q) 'YSR_po(S)
+ 4iR,,,(4) Rpe(D)] - 8R(A) R¥(A}, 3D

which is precisely the Lagrangian proposed in ref. [6].
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4. Conclusions

We have shown that the method of non-linear representations when applied to
the conformal group SU(2,2), the linear subgroup being Lorentz X dilatations gives,
in the Giirsey and Marchildon gauge [1], the Weyl Lagrangian [5]. We had to further
require invariance under special conformal transformations before we were uniquely
led to the Lagrangian proposed in [3] and [4].

When we apply the same method to the superconformal group SU(2,2]1), the
linear subgroup being Lorentz X dilatations X chiral U(1), we obtain a fairly compli-
cated Lagrangian. If we then require invariance under the special conformal transfor-
mations, their square roots (S-transformations) and @-supersymmetry transforma-
tions we are led to the Lagrangian of ref. [6].

We close by noting that the more general non-linear realizations of refs. [1,2] are
not equivalent to the simple conformal and superconformal theories. The precise
content of these much richer “non-linear” theories is yet to be clarified.

Following the completion of this work, we received a preprint by Dr. L. Marchil-
don [9] on the non-linear realizations of the superconformal group. The emphasis
of his paper is very different from ours and there is little overlap in results with us.

I am very grateful to Professor Peter Freund for suggesting this problem to me,
as well as for numerous discussions, suggestions and a critical reading of the manu-
script.

Appendix A
(a) The curvatures

We give below the formulae for the curvatures of the superconformal group:

Ryvas (M) = R — 2[(eapfow — @ & b) — 1 o ¥] — Yu0ap®y + Vo Oapbu
Rup(D) = ~0,By+ Uty + Uy — (o v)

Ruwa(P) = —Byeq + wya"€py + §UuYaVy + €auBy — (o V),

Ruva(K) = —8pufar + @uaFov — §8uYaby — fauBy — (o v) ,

Ru(A) = =0,y — iYuys0y — V),

R&(Q) = Dy Vi + b7 + 3BV — JiAVWYs)* — (u o),

R/a.w(s) = (Duay - wu')'afav - %Buaﬁt + %iAuay'Ys)a —(ueyn), (A.l)
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where

R;(tgz)zb = —0uWygp t wuacwucb —(uev),
Fup=0,B,—9,B,,

Dy = (3, — 30 Wup) Vi - (A2)

To obtain the curvatures for the conformal group, set A, =y, = ¢, = 0 in the previ-
ous formulae.

(b) Transformation laws

K-transformations (parameter £9)
5KR;IW(P) = SKR;W(Q) = aKRuv(A) = 8KR#V(D) = BKRuvab(m =0,

5KR;W(S) = Ruv(Q) v-§,
8Ket, =85y, =8%4,=0,

8kB, = -2¢,, 8K@,=Yuv k. (A3)
S-transformations (parameter A\%)

85R4,(P)=85R,,(Q) =0,
85R(A) = —3iRu(Q) N,

85R,,(D) = 55R 1 (M) = —3Ru(Q)

85e9,=0, 85V, =y, 854, =iVuysh,
85B, = —%wﬁ\’ 8574, = %X‘)‘l% ,
856, = (3 — 2005w ®P) X — 2B N+ 3ivsAA, . (A4)

O-transformations (parameter €%)
6Qanab(M) = —e—oabﬁuv(s) ,

82R (D) = 5€R(S) ,
59R,,,(4) = —i&YsRuw(S) ,

52R,,(Q) = 1eR%, (D) — 3iYs Ruw(A) + 380 Ruap(M) ,
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SQR,“,(S) = —&Y,Ruw(K),
5% = %e’y“\#p . (A.5)

Appendix B

We want to determine the coefficients , b and ¢ such that the quantity
J=aROsKf+ pROWEKE  + cFEKS,, (B.1a)
is an exact divergence
J=VE, . (B.1b)

Notice that we do not consider a term R(9”#8%f,, because that would amount to
redefining b and ¢ above. We need the following relations

R©® =R + 6B, +6B,B*,
R(D =Ry, + 2By + guwB% 0 + 2guwB? — BuB,) ,

5Kfuv = Ey.;v - EvBu - EMBV +guvB -E, (B.2)

where £, is the parameter of the special conformal transformations. Using (B.1),
(B.2) we get

J= V#;u + (—aR(o);“ _ bR(O)“p;p + chn;p) £y
+ (@R g + bROW + cF™ (g, B -£ — £,B, — £,B,) (B.3)

where

VH = @R + pROWEE + cFPE ) (B.4)
We now prove that all the terms in the parentheses either cancel or give an exact '
divergence. We separate them according to the different powers of B, and analyse
each set separately.
Zero B’s

JO= (—aR** — bRP" ) &,
=[(-a~3b)R*] &, (B.5)
where we have used
RPH = IRH .
We get, therefore, the condition

b+2=0. (B.6)
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Linear terms

T = [~6aB%;o# — 2B"H,, — DB oM + (B, — BHP,p)
+(2a +b) RB* — 2bRP*B,] &,

= [-3(2a + b) B®,5’* + (2a + b) RB*

+tc(BH,, —BHP ) 84 =0, mod (exact divergence) ,
which implies
%W+b=0, c=0. (B.7)

Similar calculations for the quadratic and cubic terms give the same relations
(B.6) and (B.7). Therefore,

J = e[aRO$Kf _ 2aROW§KE, 1 = exact divergence , (B.9)

as used in the text.
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