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A systematic search is made for all renormalizable theories of heavy vector bosons. It is argued that
in any renormalizable Lagrangian theory high-energy unitarity bounds should not be violated in
perturbation theory (apart from logarithmic factors in the energy). This leads to the specific
requirement of “tree unitarity”: the N -particle S-matrix elements in the tree approximation must grow
no more rapidly than E*~¥ in the limit of high energy (E) at fixed, nonzero angles (i.e., at angles
such that all invariants p, - p;, i #j, grow like E?). We have imposed this tree-unitarity criterion on
the most general scalar, spinor, and vector Lagrangian with terms of mass dimension less than or equal
to four; a certain class of nonpolynomial Lagrangians is also considered. It is proved that any such
theory is tree-unitary if and only if it is equivalent under a point transformation to a spontaneously
broken gauge theory, possibly modified by the addition of mass terms for vectors associated with
invariant Abelian subgroups. Our result suggests that gauge theories are the only renormalizable theories
of massive vector particles and that the existence of Lie groups of internal symmetries in particle

physics can be traced to the requirement of renormalizability.

1. INTRODUCTION

The only systems of heavy vector bosons which
are known to be renormalizable are spontaneously
broken gauge theories' (SBGT’s) and “conserved
current” models. In an SBGT the field variables
can always be chosen so that the Lagrangian is
locally gauge-invariant. The vector bosons ac-
quire mass through the mechanism of spontaneous
symmetry breaking. Massless vector bosons
have conserved source currents. On the other
hand, “conserved current” models always contain
at least one massive vector boson whose source
current is conserved. Massive quantum electro-
dynamics (QED) is the simplest system of this
type. The general prescription for constructing

conserved-current models can be stated as follows:

(1) Begin with a Lagrangian which is invariant
under a nonsemisimple group of local gauge trans-
formations (i.e., a group of transformations con-

taining an invariant Abelian subgroup). (2) Arrange
for spontaneous symmetry breaking (if any) such
that the vacuum expectation values of the scalar
fields are invariant under at least one invariant
(single-parameter) Abelian subgroup (thus, at
this stage the corresponding Abelian vector is
massless and coupled to a conserved current).

(3) Add an arbitrary mass term for the same Abe-
lian vector. Notice that the Lagrangian is invari-
ant under the entire group of global gauge trans-
formations and under the semisimple subgroup

of local gauge transformations.

Most massive vector Lagrangians are not re-
normalizable because the k %, term in the vector
propagator induces ‘“bad” high-energy behavior
in the scattering amplitudes. Conserved-current
and SBGT models are renormalizable because
this “bad” high-energy behavior is vitiated by the
symmetry of the vector couplings which multiply
the “bad” k,k, factors. For example, in conserved-
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current models the k,k, factor is multiplied by
and “eliminated” by the conserved source current
of the massive Abelian vector. In the SBGT case
massive vectors couple to source currents whose
conservation is violated by spontaneous symmetry
breaking. However, this nonconservation is sys-
tematically implemented so that the “bad” effects
of k,k, cancel out among the various diagrams
contributing to any one S-matrix element. To
summarize: In all heavy-vector-boson theories
which are known to be renormalizable, the vector
fields are coupled gauge invariantly; this gauge
invariance seems to expedite the proof of renor-
malizability by removing “bad” high-energy be-
havior.

This leads to the following conjecture: Perhaps
gauge invariance is a necessary property of any
renormalizable theory of heavy vector particles.
Such a connection would suggest that the origin of
Lie groups of internal transformations in particle
physics can be traced to the criterion of renor-
malizability. This paper describes a systematic
search for renormalizable theories of heavy vector
bosons; the results indicate that the above conjec-
ture is true. First, we define a theory to be “tree-
unitary” if the N-particle S-matrix elements in
the tree approximation diverge no more rapidly
than E*™¥ in the high-energy limit (i.e., in the
limit in which all angles are fixed and the over-all
energy scale E increases to infinity). This means
that S-matrix elements in the tree approximation
“scale” at high energy; alternatively, tree uni-
tarity can be considered to be a generalization of
the usual “unitarity boundedness” criterion.>? A
dimensional argument makes it plausible that any
perturbatively renormalizable theory must be
tree-unitary. This connection is consistent with
the fact that all known renormalizable models
have been proved to be tree-unitary.> Roughly
speaking, tree-unitary behavior is the most di-
vergent high-energy behavior which is likely to be
reproduced when trees are combined to form loop
diagrams. If the tree approximation diverges
more rapidly than E**  the n-loop diagrams,
which are higher and higher iterations of the
trees, will diverge more and more rapidly and
cannot be renormalized (with a finite number of
counterterms). For this reason we believe that
all theories which might be perturbatively renor-
malizable can be found by making a systematic
search for all tree-unitary theories. Such a
search was initiated but not completed in earlier
publications by the present authors* and by
others.®*® This paper’ describes the first com-
plete derivation of all tree-unitary models.

We have studied a class of Lagrangians con-
structed from arbitrary numbers of scalar, spinor,

and massive vector fields. This class includes
the most general scalar, spinor, and vector field
interaction with mass dimension less than or equal
to four. A wide range of nonpolynomial Lagran-
gians is also considered. Imposing tree unitarity
on all multiparticle amplitudes results in an in-
finite set of relations between the coupling con-
stants and masses of the theory. The problem
then is to find all solutions of this infinite set of
conditions. This task is simplified by exploiting
the great freedom which is associated with the
possibility of changing field variables. It is known®
that two Lagrangians which are related by a point
transformation of field variables have the same

S matrix; in particular, the S matrix in the tree
approximation is independent of the field coordi-
nates in terms of which the Lagrangian is ex-
pressed. This suggests that constraints on the

S matrix, like tree unitarity, can be written as
constraints on the Lagrangian, which are inde-
pendent of the choice of field coordinates. In order
to construct such field-coordinate-independent
statements, we define a Riemannian geometry on
the manifold of fields which represent scalar par-
ticles and longitudinal modes of vectors. It turns
out that the infinite set of tree-unitarity conditions
is equivalent to a finite set of covariant (in the
Riemann sense) differential equations to be obeyed
by certain tensor quantities of the Riemannian
manifold associated with the Lagrangian. We have
found all solutions of these covariant tree-unitarity
conditions. The results are as follows: If a La-
grangian describes a tree-unitary S matrix, then
there must be a choice of field variables which
puts the Lagrangian into the form of an SBGT,
possibly modified by the addition of mass terms
for vectors associated with invariant Abelian sub-
groups. We also prove the converse, namely, the
covariant equations are sufficient so that all of the
above theories are, in fact, fully tree-unitary.
Hence, our central conclusion: Any Lagrangian
of our class describes a tree-unitary $ matrix

if and only if the Lagrangian can be transformed
into a gauge theory (modulo Abelian vector mass
terms). Notice that all of the resulting models
are invariant under global (and, possibly, local)
groups of internal transformations. The gauge-
invariant Lagrangians can be viewed as a set of
“standard” forms into which any tree-unitary
Lagrangian can be transformed. In this sense the
criterion of unitarily bounded high-energy behavior
imposes internal symmetry on heavy-vector-boson
interactions.

The set of all tree-unitary Lagrangians can be
divided into SBGT, conserved-current, and “hy-
brid”® categories. The conserved-current and
hybrid models correspond to SBGT’s for nonsemi-



simple groups, modified by the addition of mass
terms for vectors associated with invariant Abe-
lian subgroups. For example, suppose the gauge
group contains just one invariant Abelian subgroup,
and the Lagrangian contains a mass term for the
corresponding vector boson. In the conserved-
current case that Abelian subgroup is not spon-
taneously broken; the corresponding massive
Abelian vector couples to a conserved current.
In a hybrid model the Abelian subgroup is spon-
taneously broken; then the Abelian vector can mix
with other vectors and need not couple to a con-
served current. These hybrid theories have not
received much attention. Since they are unitarily
bounded, they may represent a new class of re-
normalizable theories of heavy vector bosons.
This paper is organized as follows. Section II
is a discussion of the connection between renor-
malizability and the specific constraint of tree
unitarity. InSec. III we introduce the general
class of Lagrangians to be studied and record the
Feynman rules. In Sec. IV we discuss the con-
sequences of tree-unitary behavior for the four-
point scattering amplitudes of vector and spinor
particles in the theory. These are relations among
coupling constants showing that the purely vector
terms in the Lagrangian must have a Yang-Mills
structure associated with some compact Lie group
and that the vector-spinor terms must have a
gauge-invariant (minimal) form under the same
group. In Sec. V we perform a generalized
Stiickelberg-type decomposition of the massive
vector fields; this amounts to an ordinary Stiickel-
berg decomposition followed by an unspecified
point transformation. The net effect is to replace
the massive vector fields with “Stiickelberg vec-
tors” (having “good” propagators of the Feynman
type) and an equal number of “Stiickelberg sca-
lars.” The proof that the tree approximation for
the S matrix is unaffected by such changes of vari-
ables is relegated to Appendix A. Next, the entire
Lagrangian is shown to be invariant under a group
of nonlinear gauge transformations; this gauge
invariance is a direct consequence of the form of
the Stiickelberg decomposition. Point transforma-
tions of the (physical and Stlickelberg) scalar fields
are conveniently treated in terms of an invariant
geometry of the Riemann type which is naturally

(71 7)) =33 (2 )4-3"f—¢

The summation is understood to run over all pos-
sible sets of intermediate particles and their he-
licities.

Let Ty, , denote a T matrix for » incoming

515;? 6“<Z}k - ><k,
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induced on the manifold of all scalar fields. In
particular, the nonlinear gauge invariance of the
Lagrangian is translated into a set of covariant
(i.e., field-coordinate-independent) differential
constraints on the Lagrangian. In Sec. VI a second
set of covariant equations is derived by imposing
tree unitarity on multiparticle amplitudes with
scalar particles in the in and out states. In Sec.
VII we show that the full set of covariant equations,
which we have derived from tree unitarity, implies
that the Lagrangian is equivalent under a point
transformation to an SBGT, conserved-current,

or hybrid Lagrangian. These results are sum-
marized and discussed in Sec. VIII. Some of

the lengthier derivations are carried out in ap-
pendixes. In Appendix A we prove the equivalence
theorem stating that the S matrix is invariant under
a generalized Stiickelberg decomposition and a
point transformation of the scalar fields. Appendix
B contains the proof of a lemma used in Sec. VI

to obtain covariant equations from the tree uni-
tarity of scalar interactions: The necessary and
sufficient condition that a purely scalar Lagran-
gian of the form 3 g,,(n) 8, 7?6 7¢ have a vanishing
T matrix is that the metric g,,(n) is flat.

II. TREE UNITARITY AND RENORMALIZABILITY

The criterion of tree unitarity is central to our
work. In this section we give a precise definition
of this criterion. We also discuss the reasons
why we believe that a quantum field theory based
on a classical Lagrangian (i.e., a “conventional”
perturbative quantum field theory) is meaningful
only if it is tree-unitary. In particular, tree uni-
tarity may be a necessary condition for renormal-
izability.

The S matrix can be expressed in terms of a T
matrix'® by

(FIS]) =1+i(2n)* 6*(P’ = P) N, N, f | T i) -

Here, P, P’ are the initial and final four-momenta,
and N;, N; are products of the normalization fac-
tors for the initial and final particles [(2E;)™"/2
for each particle]. These “invariant” T-matrix
elements satisfy the unitarity relation

k| T Clye o Ry | T|E)

r

particles with four-momenta p, ..., p, and helic-

ities A, ..., A, and N - » outgoing particles with
four-momenta -p,, , ..., - py and helicities
Aps1s - - -y Ay. In the center-of-momentum frame
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choose fixed values for the incoming variables

(* B; Iﬁgl (
==, , Ay for 1<4,j<
}pl A lﬁ,l or 1,] n‘

and for the analogous outgoing variables. For
given values of these “fixed variables” each four-
momentum p; grows as E as the total center-of-
momentum energy (E) approaches infinity. A field
theory will be called tree-unitary if in the tree
approximation all amplitudes Ty_, , grow at most
like E*™¥ as E - ; in this limit the “fixed vari-
ables” are taken to have values such that all kine-
matical invariants of the type

(v [ thi, e

e p Y, 2STSN-2 (1)

grow like E2. Roughly speaking, we are consider-
ing the limit in which all squared momentum trans-
fers and subenergies grow like E 2.

The origin of this simple asymptotic boundedness
condition is essentially the notion that high-energy
unitarity bounds should not be grossly violated in
perturbation theory. To see this, consider an am-
plitude Ty_, , for two particles going into N -2
particles. For any Lagrangian theory a tree graph
for this process has the asymptotic form

(Ty-2,2) e 32, E 8 X (function of “fixed
variables”),

the exponent 3 being independent of the values of
the “fixed variables” unless these values are
“exceptional,” i.e., such that some invariant of

the type (1) does not grow like E2. This is because
then the squared four-momentum of some prop-
agator may not grow like E%. Now the partial -wave
amplitudes T,{,_z' . are obtained from Ty_, , by an
angular integration over the {p,;}; therefore, in

the limit E - we have

(TI‘VI-Z,Z)trecmEB

apart from factors of InE which may arise from
integration over a neighborhood of “exceptional”
values of the “fixed variables.” [The deviations
from the power behavior are at most logarithmic
because the singularities in the variables of Eq.
(1) are simple poles.] Unitarity, however, de-
mands that the exact T;,'_zl2 satisfies the inequality

fdQN_ZI Ty-2,.|°<ImT; ,<constant.

Notice that the phase space ., grows like E?¥ 2,

Consequently, if we require that the tree approxi-
mation does not violate this bound except by fac-
tors of InE, we must have ‘“tree unitarity”: 2N
-8+2B<0o0r Bs4-N. Observe that for N=4
this is just the Kinoshita-Loeffel-Martin bound,**
T,,»< (InE)*/2, applied to trees.

It is important to bear in mind that in non-tree-
unitary theories the violations of unitarity at high
energy must become worse in the one-loop ap-
proximation. This is because the imaginary part
of an amplitude in the one-loop approximation is
completely determined by the tree approximation.
Thus, for example, if (T] ,),. <E®, with >0,
then except for factors of InE

Im(T;,,),-00p < (2-particle phase space) |[(T5,),..|°

ocEzB.

Evidently, non-tree-unitary theories increasingly
violate unitarity in higher-loop approximations.
Our basic objection to non-tree-unitary theories
is their lack of perturbative unitarity at high en-
ergy. Tree unitarity is a property of the S matrix,
and we have not been able to relate it to renormal-
izability in a rigorous way. But we can at least
make it plausible that tree unitarity is necessary
for a renormalizable theory by constructing an
off-mass-shell version of the above argument.
Suppose, for example, that we are dealing with a
non-tree-unitary theory, and (7,,,)ue <E2. Then
the corresponding amputated off-shell Green’s
function in the tree approximation grows at least
like p? as the external four -momenta p; approach
infinity according to p; =pp{, p—=, p{=fixed.
This behavior leads to a quartic divergence in the
one-loop expression and requires a new counter-
term growing like p*. Continuation of this (ad-
mittedly superficial) argument to higher-loop
approximations shows that there must be an ever-
increasing number of new counterterms which can-
not be multiplicatively absorbed by the terms of
the original Lagrangian. Therefore, it seems that
non-tree-unitary models are not renormalizable.
No such difficulty is forced on us by a tree-unitary
theory: On the mass shell (T, ,)ye ~O(1), and one
can envisage a choice of field variables such that
the off-shell amplitude behaves like p° in the tree
approximation. As a consequence, the one-loop
integral can diverge only logarithmically, and a
counterterm behaving like p° is sufficient. Nothing
a priovi prevents such a counterterm from being
multiplicatively absorbed in the original Lagran-
gian. Thus, it may not be a coincidence that all
known renormalizable theories are tree-unitary
since tree unitarity may be a necessary property
of any renormalizable model.
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III. INTERACTION LAGRANGIAN AND FEYNMAN RULES

In this section we define the class of Lagrangian
field theories to be subjected to the criterion of
tree unitarity. These theories involve any number
of Hermitian scalar fields ¢, (mass p,), spinor
fields y; (mass m;), and Hermitian vector fields
W, (mass M, >0). The associated propagators in
momentum space are'?

i i .
(T(on 6 )= s » <T(¢m¢,ﬂ)>=(_u¢_>m ,

Eomiles” o)
(T(Wapwbu» ="i5ab<£%fﬁ§j’2—/1}4_ﬂ_> .

J

External spinor and vector particles are associ-
ated with the usual wave functions, «,,(k) and

€4, (R); note that the longitudinal vector wave func-
tion has the form

1 k
e#(k)=E(IEI,|—ﬁE> . (3)

We consider all interactions whose vertices are
described by the cubic and higher terms in the
following Lagrangian:

L(W, Yy Yp, #) =1 (uWay =2, Wau)z - 5““p(Aubc 3y WayWoy Wex +Bapeg Way Woy Wer Wap)

= Cane 0y Way W WY = Dypog Way Wi W, W + P il +iWo RV Vg + 3 i +iW, L)y,

+33, 040" &4 Pyy (0) + Wau Wi Foy (9) =Wy 0" ¢ Ga(9) = V(@) = T H(9) ¥p — P H' (@) 4. (4)

Here, Ay, Bapcas Capes and Dy,o4 are real con-
stants such that

Aabc = _Aacb ’

By,.q =totally antisymmetric,
Dypea = Dyaca = Deaay -

R and L® are any constant Hermitian matrices

on the space of (suppressed) internal spin indices.

Py(d), Fap(d), Gax(9), and V(o) denote real power

series in ¢ and satisfy
Fo(0) = M0, Fop(9) = Fyo(9)

V(9) =32 1’9 +0(9%) , (5a)

P(0)=06,; , Pu(¢) =Pu(9) .

Ga(0)=0,

Gl alk)) -+ ~tialksy): + - Waylks)e =] (2m)* 6%k, +hy +hg + -+ )

H(¢) is a complex matrix in the space of internal
spinor indices and obeys

H;(0)=m;b;; .

It should be emphasized that £ is nothing more
than a summary of the vertices in the Feynman
rules; it is not necessarily meant to describe a
canonically quantized operator field theory. The
functions P, (¢), Fu(9), Gal9), V(¢), and H(¢)
denote (possibly infinite) series of powers of ¢,
which need not converge at any point. In other
words, each term in these series (but not the sum
of terms) has a well-defined meaning as a vertex
part.

These Feynman rules can be used to construct
the Green’s functions

E] dx,dx,dx, - -exp(—i(k,x, +ky X, +hy X%y ++ )]

x( OLT*{(klz - l-‘-kz) Oulx,)- - [(k/z =m) Yi(x)] o ¢ '(kaz -M,?) Wuu(xs)' . } [0) . (6)

We shall use the symbol M (¢, * * 9o * * Wy - *) to
denote the above Green’s function when all external
lines are on the mass shell. Every T-matrix ele-
ment of Sec. II is given (up to a multiplicative con-
stant) by an amplitude of the form M (¢, * -&;y;- -+
X €z Wy ++). Our problem is to characterize all
tree-unitary S matrices constructed from the above
prescription. Notice that tree unitarity is a purely
on-mass-shell property which bounds the high-en-

ergy behavior of the N amplitudes only; no explicit
constraints are placed on the off-shell Green’s
functions. Since the mass dimension of the N-
field N amplitude is 4 = N, M is tree-unitary if
and only if it scales at high energy. However, only
the sum of all diagrams (not individual diagrams)
in M needs to display this scaling behavior.

Our class of Lagrangians is quite general. As
a special case [P,,(¢) is constant in ¢, F,, =quad-
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ratic, G,, =linear, V=quartic, H =linear] it in-
cludes the most general Hermitian, Lorentz-in-
variant interaction with mass dimension less than
or equal to four. By allowing the quantities P,,,
Fu, Gapy V, and H to be arbitrary power series
in the scalar fields we have a priori included a
wide class of nonpolynomial interactions. In fact,
it turns out that tree unitarity excludes all terms
of dimension higher than four within our class of
Lagrangians; more precisely, tree unitarity im-
plies that high-dimension terms can be trans-
formed away by a change of variables.

Our class of interactions could be enlarged in
two ways. First, it is possible to include inter-
actions which contain higher powers of W, 8, W,
or 9, ¢. Such couplings must have dimension
greater than four. It may be that high powers of
W,, 8,W,, and 8, ¢ (like high powers of ¢) either
violate tree unitarity or can be transformed away.
On the other hand, there is a small possibility of
genuinely new tree-unitary models of this type,
in which the bad high-energy behavior of the high-
dimension interactions cancels out in any S-matrix
element. A second way of broadening the scope
of this work is to include massless vectors in the
particle spectrum. There is some reason to be-
lieve that this will not lead to the discovery of
any new tree-unitary interactions. For example,
in an earlier publication* we found all tree-unitary
models with a particle spectrum of one massless
vector, three massive vectors, and one scalar.
The result is that the only tree-unitary interactions
of this type are equivalent to the well-known®' Wein-
berg [SU(2) ® U(1)], Georgi-Glashow [SO(3)], or
Higgs [U(1)] SBGT’s.

It is useful to discuss the high-energy behavior
of the Feynman rules. In general, we shall say
that a propagator, wave function, or vertex is
“good” if that diagram part “scales” at high energy
For instance, a propagator is good in the limit
E - if it behaves like E™2 for bosons (scalar or
vector) and like E~! for spinors. A wave function
is good if it behaves like E° for bosons of any spin
and like EY2 for spinors. Good vertices are those
with dimension less than or equal to four. It is
clear that any single diagram, constructed from
good (i.e., individually scaling) parts, must also
scale and, therefore, be tree-unitary. Now, all
of the (W, ¢, ¢) Feynman rules are good except
for bad vector propagators (—k,k,/k* < E°), bad
longitudinal vector wave functions (—~k,« E), and
bad vertices from the higher-order terms in B, (¢),
Fao(9), Gap(9), V(9), and H(¢). Even if the bad
vertices are ignored, a single diagram, containing
longitudinal vector modes, will usually display
bad high-energy behavior (i.e., nonscaling behavior,
behavior more divergent than E*~¥). Thus, a

massive vector theory will be tree-unitary only

if the bad k, factors are “eliminated” in individual
diagrams or cancel out in the sum of all diagrams
for each scattering process. This can happen only
if the vector-boson source current, which multi-
plies each &, factor, is conserved or at least con-
strained in some way. Indeed, it turns out that
the vector-boson source currents satisfy the tree-
unitarity constraints if and only if the vector bo-
sons are coupled according to a gauge-invariant
prescription.

1V. TREE UNITARITY OF VECTOR AND VECTOR -
SPINOR FOUR - POINT AMPLITUDES

We hegin our search for tree-unitary Lagran-
gians by considering, in this section, the four-
point trees with only vector and spinor external
particles. A straightforward but tedious calcula-
tion**® shows that the scattering amplitudes for
W, W,—-W.W, and W,¢; = W, ¢, are unitarily
bounded (by E°) only if

Ay =0, (7a)
By =0, (o)
Cape =totally antisymmetric, (Te)
Cave Ccae = Cace Coae = Cage Cepe =0 (7d)
8 Dypea = Cace Coae + Cade Chee 5 (Te)
[R, R =iC,y, R, (8a)
[, L] =iC,,, L9 . (8b)

Equation (7d), the Jacobi identity, implies that the
Casc are the structure constants of a Lie algebra.
Equation (7c) shows that the Lie algebra corre-
sponds to a Lie group (G) with the form G =U(1)
®---9U(1)®S, where S is a compact, semisimple
subgroup. Thus, the purely vectorial vertices are
determined in terms of C,,. by Egs. (7a), (7b),
and (7e); as a result the corresponding terms of
the Lagrangian must have the gauge-invariant
Yang-Mills'? form, corresponding to the group G.
Equations (8a) and (8b) show that the matrices
R™ and L‘® form representations of the Lie al-
gebra on the spaces of internal indices of y; and
¥, respectively. This means that the purely vec-
tor-spinor interactions must have the (minimal)
gauge-invariant form. So far, tree unitarity im-
plies that the Lagrangian of Eq. (4) looks like
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LW, Yrs Vrs )=~ _;_ (ap Way =9,y Wap- Case Wbu Wcu)2 +ip i +i Wq R(a))lpg +$L iy +iW¢ L(a)) YL
+20, 020" 0y Pyi(9) + Wo, Wi Fop(9) = W 48" ¢, Ga(0) = V() = §L H(9) ¥ = T HT(6) ¥ - (9)

Notice that the gauge-invariant structure of the
purely vector and vector-spinor couplings lies
very near the surface; it is a direct consequence
of unitarily bounded high-energy behavior at the
four-point level. In principle one could go on to
derive an infinite string of relations between cou-
pling constants and masses by setting equal to
zero the coefficients of all powers of E higher
than E47¥ for all N-particle amplitudes (N
=5,6,...). This straightforward procedure is
forbiddingly laborious.*'5 Instead we have been
able to derive the complete set of relations by a
more elegant method, to be described in Sec. VI.
The structure of the underlying group G is most
apparent in a “Cartesian” basis, which separates
the generators of the semisimple component from
those of the invariant Abelian subgroups. First,
define y,, =C,q, Cpy.- Since y,, is real, symmetric,
and non-negative, it is diagonalized by an orthog-

onal matrix O,,; i.e., (0 'y0),, =7, 0, Where v, = 0.

If y,=0, the index a is called Abelian; if y,>0,

a is called semisimple. Let f,,. denote the struc-
ture constants in the Cartesian basis: fg,.
=Car'¢'04140570,7.. 1t follows that v, Oap = f ade S vae-
Therefore, if a is Abelian, then f,,.=0 for all b
and ¢, and a labels the generator of an invariant
Abelian subgroup. On the other hand, when a, b,
and ¢ are semisimple indices, the f,,. are the
structure constants of the semisimple subgroup S.
Let ¢, denote the imaginary, antisymmetric ma-
trices defined by (f,),. == if4p.. It follows from the
properties of f,,, that Tr{t,t,} =7, 6,, and that

[ts 8] =if ape ;- Thus, the ¢, generate the adjoint
representation of G in a Cartesian basis. Notice
that if a is Abelian, then {,=0. On the other hand,
for semisimple a the matrices ¢, are linearly in-
dependent.

V. STUCKELBERG VARIABLES
A. Stiickelberg rules

Tree unitarity led directly to the gauge invari-
ance of the purely vector and vector-spinor cou-
plings. It was easy to recognize this gauge invari-
ance because tree unitarity implies that the physi-
cal vector and spinor fields (W,,, yg;, ¥;) form
basis states for representations of the gauge
group G. It turns out that tree unitarity does not
imply that the physical scalar fields (¢,) couple
in any simple way or form a complete basis for a
representation of the gauge group.*'® Rather, as
might be expected from experience with SBGT’s,
tree unitarity will impose a simple form on £ only

when £ is expressed in terms of new field vari-
ables, which represent the physical scalar and
longitudinal vector degrees of freedom. Specif-
ically, tree unitarity will require that these new
scalar field variables form a complete basis for a
linear representation of G and couple via gauge-
invariant vertices of dimension less than or equal
to four. In other words, the entire Lagrangian
has a “hidden” symmetry which is unveiled only
when the longitudinal modes of vectors are ex-
plicitly described by the vector field formalism.
Stiickelberg'® has given such a prescription for
describing a heavy vector particle, which is
equivalent in every way to the spin-1 formalism
used in Sec. IIl. Each massive vector field (W,,)
is replaced by a combination of a “Stiickelberg vec-
tor field” (A,,) and a Stiickelberg scalar field (o,);
the latter explicitly describes the longitudinal
mode of the massive vector. In this section we
adopt the Stiickelberg representation for vector
fields. No new physics is introduced; the new
Jormalism is simply a different kinematical rep -
resentation (a change in Feynman rules), which
does not change the S matrix. The Stiickelberg
prescription provides a convenient language, in
which the tree-unitarity constraints on scattering
amplitudes are expressed as simple statements.

Define an orthogonal matrix function U(c) and
another matrix function Q(o) by

U(O’) Ee-io't

U-1
—iost

)

(10)

Qo) =
After transforming to the Cartesian basis, the
exact decomposition rule is

O-lae WeuEU(o)aeAeu+Q(o)aeauoe . (11)
Define a new set of spinor fields, gy and gq;, by

Z»DR 5e—ic.RqR ’

IpL Ee_io.ZqL )

where R® and Z‘® generate the spinor representa-
tions in the Cartesian basis:

(12)

R =071, R |
s Eo‘—lae L@ ,
(R, )= B
[Z(a), Z(b)] =ifnbc Z(c) .

The Stlickelberg Lagrangian is defined by
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£s(A, qR’ qu ¢’ U)
= £(O(U(0)A + Q(0)30), e Ry, e70 Tq,, ¢) .
(13)

Because of the gauge invariance of the purely
vectorial piece of £, no second derivatives of o
appear in £5. The “Stlickelberg rules” for con-
structing diagrams include the propagators

R —iguy b
Oaar Onp AT(AaryApn ) = 75780
a

i Oy
B -M,?

(14)
MaOu'Mb Obb' (T(Ual Ob'» =

The propagators of gz, q;, and ¢ have the usual
form. The vertices of the Stlickelberg rules are
taken from the cubic and higher terms of £ In
Appendix A it is proved that the Feynman rules
of £ and the Stiickelberg rules of £ lead to the
same S matrix in the following sense: The on-
mass-shell scattering amplitudes of W,, modes,
calculated from the £ Feynman rules, are equal
to the on-mass-shell scattering amplitudes of
Oua'(Aqgry +9,0,/) modes, calculated from the £
Stiickelberg rules. In other words, in terms of
the rotated fields, A,, =044 Ayr, and &, =M, Ogqr 047,
we have

m(Wﬂﬂ'. "picf RO )

= 1 -
:m((AaM+-M-— auoa> ..'qia'..¢k”') .
a /

(15)

Thus, the Feynman rules of Sec. III and the
Stiickelberg rules of this section are physically
equivalent since they describe the same on-mass-
shell Green’s functions and the same S matrix.

The next step is to translate the statement of
tree unitarity into the Stickelberg language. Since
€-k =0, we have

;m(ga.Aa...g‘ gi* Pt )
=M (€g Wy " Bilhi* == by * <) . (16)

Equation (2) shows that each external W, line in
I (W, - ) carries a factor of

kyk
<g‘“’_M2u>
a

Since this factor is eliminated by dotting it with
kY. it follows that

ﬂK(k§‘<A~a“+—l— auaa>...€b.f{b...,7iqi...¢~...):0 .

M,
(1M
Equations (16)-(17) imply that

q A 1 A P —
J]'l(ea-Aa_.Ma ka.Aa-Loa'”uiqi.“¢k'.')

=3n(€a.Wa. A RN R <) . (18)
Let all the vector wave functions ¢, be longitu-
dinally polarized; then Eq. (3) gives
u

k
o= g
a

1

“whoig
a

korA, —iG,=—i(0, +ik,0Ay)
where & is some function of kf such that & 2 E™
Equation (18) can now be rewritten as

IM(- i(5a+i§a’x‘ia)' T gt P t)
=3‘|‘((€a.wa. . .lj‘d)i. . '¢Iz' . ) X (19)

Therefore, in the Stiickelberg language tree uni-
tarity implies the high-energy bound

WM (G +2Eg Agr e T gy -+ e+ +) SEUTN. (20)

It is worth discussing the high-energy behavior
of the Stiickelberg rules. All of the propagators
and “wave functions” (&,, #;) in Eq. (20) are good.
However, £ contains many bad vertices associated
with the exponential and nonpolynomial functions:
U©), Q©), e %, e7oT, P,(9), Ful0), Gan(9),
V(¢), and H(¢). A big advantage of the Stilckelberg
formulation is that all bad behavior is now isolated
in the vertices. Therefore, if all the bad vertices
can be transformed away by a point transformation
of the Stlickelberg and physical scalar fields, then
the S matrix will be tree-unitary. In Sec. VI we
will prove the inverse relation: If the S matrix is
tree-unitary, then there exists a special set of
field coordinates in terms of which £ has no bad
vertices. Furthermore, in the language of these
special field variables, the physical scalars and
longitudinal vectors combine to form the complete
basis of a linear representation (of G) which cou-
ples in a gauge-invariant way.

B. Stiickelberg gauge invariance

At this stage we have no information on the cou-
plings of the physical scalars (¢,) in the original
Lagrangian £, and this arbitrariness is reflected
in the Stiickelberg Lagrangian £. At the same
time, £ depends on the longitudinal modes (o)
in a very systematic way. This is because £
was derived by replacing the fields of £ by gauge-
transformed expressions, in which ¢ plays the role
of a local gauge parameter. In this subsection we
deduce from these facts that £ is automatically
invariant under a group G of local gauge trans-
formations, realized nonlinearly on the o fields.

First, we review the group property of the usual
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local gauge transformations. Let A{®(x) be any
real function. The transformation of A,, under the
element of G, which corresponds to U(A,), is de-
fined to be
U(A )

Aau —"’U(Ax)abAbu + Q(Al)ab auA(lb) . (21)
Now, consider the effect of applying U(A,) and then
U(A):

Ay = U(A Doy [U(Ag)pe Acy + Q(A5)se 0, A57)
+Q(A ey 8, A . (22)
The transformations of Eq. (21) obey the group

multiplication law of G in the sense that Eq. (22)
is the same as

U(A3)
Aau _3’ U(Aa)abAbu + Q(As)ub auAgb) ’ (23)
where A, is defined by U(A,) =U(A,) U(A,).
Let A/(x) be any real function; then, define

G,[0(x), A(x)] to be the following function of g,(x)
and A®(x):

U@©) =U(@)U(a),

(24a)

G,=0,+A, (a=Abelian index).

Take Ay(A, A, 9A), Gr(dr, A), 1(qz,A) to be de-
fined by

Aau = U(" A)abAbu - Q(_ A)ab auA(b) ’
I =¢'"Pag (24b)
G =e'N1q, .
The equivalence of Egs. (22) and (23) implies the
identity
U(U)abAbp +Q(0),, 0 uT = U(U)abAbu"'Q(U)ab u
(25)

In a similar way the group properties of the ma-
trices ¢'A'® and ¢*A'L lead to the identities

£S(AaqR’ /§7) 17) E£S(A, qRrs 57 ¢’ 0’)

-icR = -i8°R »
q e qR ’

-io*L, _ _-i38°L

et g =e qr

From Eqgs. (13), (25), and (26) we have

(26)

‘BS(A, drs 491, ¢, 0)
= LO(U(G)A +Q(6)08), ™% Rip,e™ 17" g, )
= £S(A(A9 A; 31\), aﬂ(qR, A),EIL(qL, A)’ ¢! 6(09 A)) .
(27

Therefore, £ is invariant under a group (G) of
local gauge transformations, which are realized
nonlinearly on the o fields':

U(A) -
0g —=0, ,

U(A)
Aau '—"Aap ’

U(A) o
qr —*d4r (28)

U(A) ~
qr — 4.,

U(A)
¢ —9.

The differential statement of this “Stiickelberg
gauge invariance” is

oL (A G)
S 541{““41.) 4’7 =0 R (29&)

354, 25,y 9,9) _
WLL_O_ (29b)

The last two equations can be translated into
constraints on various terms in £5. It is conve-
nient to put the physical and Stiickelberg scalars
into one array =, '

nhE‘pk, Ma an-

Then, Eqs. (13) and (4) imply that £ has the form

== % (auAau - auAaM "fabcAbuAcu)z + qR l(a +iAa R(a)) qR + q—L l(d +iAa Z(a))ql.

+58,7,0% 1, g o(M) +Ag, 8" T, KSV(1) + 3 A0, ALS) (1) = V(m) = T, Y(Mag - G Y(MTq, . (30)

Here, g,,(m, K{(m), S (x), V(n), and ¥(n) de-
scribe complicated exponential and nonpolynomial
vertices [containing factors of U(0), Q(0), P,(¢),
Fup(9), Gu(®), V(9), and H(¢)]. The explicit
forms of these functions will not be needed in this
paper. Define 7,(7, A) to be the gauge-transformed
17,:

M =M = ¢k9 ﬁaEGa . (31)

Let J**(7) denote the generator of gauge trans-
formations:

Or(a)= Do (32)

A=3A=0

In the above and in the following equations, 6/6A
and é/éauA are evaluated at A=98,A =0. The dif-
ferential forms of Eqs. (24a) and (24b) are
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6(d, 7i,) a

(SAt"g =J(-a)’8u"a:
5(0,7,) _ (a)p
5o,A) vl

6Apy .
E{%&) =z(ta)bcAcu ’

) (33)
8A -

54 —
5_1\% =iR"qp ,

LY, .
5_1\%7 =iL®q, .

Equations (29a), (30), and (33) yield

800" 4380, I+ (0 — @) =0,

Ky I+ J DKW 4 i(1,) o K =0,

3800 L 14(2)4q S +(a—0) =0, (34a)

V,J =0,

LYY -iYR® - ¥ ,J 9 =0.
Equation (29b) gives

Kga) =gqu(a)q s

S(ad) =J(6)ﬁKl(’b) i

(34b)

These identities are consequences of the invariance
of £ under the nonlinear local gauge transforma-
tions of Eq. (28); this invariance followed auto-
matically from the fact that £ was defined by
making gauge-type substitutions in £ [see Eq.(13)].
Essentially, Eqs. (34a) and (34b) are expressions
of the fact that the o, fields are longitudinal modes

of vectors and appear in £ in a systematic pattern.

When the above gauge-invariance identities are
combined with the constraints of tree unitarity,

it will be possible to prove that £¢ can be put into
a linearly gauge-invariant form, containing good
vertices only.

C. Geometry of field coordinate manifold

In this subsection we introduce a geometric
language for describing the transformation of field
variables. This step is necessary for the follow-
ing reasons. So far, the only restrictions on the
scalar couplings in £ are given by the Stilickelberg
gauge identities [Eqs. (34a) and (34b)]. This infor-
mation is expressed in terms of the 7 (or ¢, 0)
field variables. In Sec. VI it is proved that the
tree unitarity of scattering amplitudes with scalar
external particles implies the possibility of chang-
ing to a new set of field variables, 7’=7'(m), in

terms of which £ has no bad vertices. It should
be emphasized that tree unitarity gives the ex-
istence (but not the explicit form) of the trans-
formation of variables, 7—n(n’). The problem is
to combine the Stlickelberg gauge identities, which
constrain the scalar couplings in the 7 system,
with the tree-unitarity constraints, which prohibit
bad vertices in the 7’ system. This must be done
without knowing the explicit form of the trans-
formation: 7—w(w’). The transfer of the Stiickel-
berg gauge identities from the 7 system to the 7’
system can be accomplished if these identities can
be expressed in a “generally covariant” form (a
form independent of the choice of field variables).
In order to construct such “generally covariant”
statements, it is convenient to use a geometric
notation for handling transformations of field co-
ordinates.

At each point in space-time the scalar field co-
ordinates m, can be taken to describe a Riemannian
manifold.'® In Eq. (30) define g,,(7) to be a gen-
erally covariant tensor, K\” () to be a vector, and
S(a®) (), V(m), Y(w) to be scalars. Now consider
the effect of a transformation of field variables
m—m(n'). The new Lagrangian, £4(A4, gz, g, (7)),
is obtained from the old Lagrangian, £(4, gz, 4,7,
by substituting 8,7, -3, 7, and by replacing each '
covariant object with its transformed representa-
tive:

, o Om, 0w
gpq(n)"gpa(ﬂ )’3}? Sﬁgrs("(”,)) )

om
K$9(m) ~K$' (1) = —E}KE,“ (") ,
P

S () =8 (71 =8 (a(7")) ,
V(m) = v'(a")=W(a(a") ,
Y(m) = Y(n") = X(n(n')).

Thus, in the geometric language'” a change of
field variables is the same as a change of coordi-
nates on the field manifold. Generally covariant
(coordinate-independent) statements about £
express properties of £¢ which are independent
of the choice of scalar field variables. The sym-
metric tensor g,, can be taken to define a metric
on the field coordinate manifold. Equations (30),
(13), and (4) show that g,,(0) has the following
positive-definite form:

8ri(0) = &,
81a(0) =£4,(0) =0, (35)
8ap(0) = Oca échc .

Therefore, g,,m) is positive-definite in a neighbor-
hood of the origin. In the same neighborhood of the
origin it is possible to define an inverse matrix
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g%%(m) such that g*" g, =06,,. Then, the affine con-
nection I'J,, and the curvature tensor R?, ,, have

the usual forms

ry, Eig”(gas.l’ *t8sp,q 'gn.s) ’

b » » 4 t 4 t
Rws"'— rw,s+rqs.r +rtr rqs" rts rqr .

(36)

Covariant differentiation with respect to field co-
ordinates is denoted by a subscript preceded by
a semicolon; for example, if A,(m) is a covariant
vector, then

Apia=A4y, = ThA,.

With these definitions it is possible to put the
Stiickelberg gauge-invariance identities [Egs. (34a)
and (34Db)] into a generally covariant form:

KK =0, (57
KK KK [ KO =0, (37)
Stab) :K(ﬂ)ﬁbi)’ (87¢)
V;,K(a)' =0, (37d)
i Y -iYR® - Y,KD?=0 . (37e)

Since the above expressions are generally covari-
ant, they constrain £ when £ is written in terms
of any field variables. In other words, the
“Stlickelberg gauge invariance” of £, which was
derived in the 7 coordinate system, persists for
any choice of scalar field variables. This is not
too surprising for the following reason. The orig-
inal gauge-invariance identities [Eqs. (34a) and
(34b)] express the invariance of £ under gauge
transformations of A, ¢z, q,, and m e.g.,

7, AL 5 (7, A). Suppose that some new scalar
variable, n’=f(7), is used to rewrite £5. Interms
of the new 7’ variable, £ should be invariant
under the corresponding gauge transformations of
A) qdr, 41s and ",; €.g.,

o =f{af (), A} .

In other words, the gauge invariance of £ in the
7 system guarantees the invariance of £ under
the corresponding realization of the gauge group
in the 7’ system. Thus, the Stiickelberg gauge
invariance is a coordinate-independent property
of £, and the gauge-invariance identities should
be expressible in a generally covariant (coordi-
nate-independent) way.

Equations (37a) and (3'7b) can be given a more
specialized mathematical meaning. The Stiickel-
berg gauge invariance of £¢ implies that g,,(n) is
form -invariant under the group of global, nonlinear
coordinate transformations: , ZA% 7 (7, A),
where A® is constant in space-time. The gen-
erator of such a transformation (in this case,
J@? =g(9?)  known as a “Killing vector,” *® must

satisfy Eq. (37a) (Killing’s equation). Equation
(37b) expresses the fact that the K(*)* generate a
group G of transformations under which the
Riemannian manifold is form-invariant.

VI. TREE UNITARITY OF SCALAR AND LONGITUDINAL
VECTOR PROCESSES

In Sec. III we noted the result: A set of Feynman
rules with good propagators, wave functions, and
vertices will automatically lead to a tree-unitary
S matrix. In Sec. VA it was observed that the
“Stiickelberg rules” prescribe good propagators
and wave functions; however, the vertices of the
Stiickelberg rules are very badly behaved since
&£ ¢ contains exponential and nonpolynomial func-
tions of 7. It is clear that, if there is a change
of field variables which transforms away all these
bad vertices, then the S matrix will be tree-uni-
tary. In this section the inverse relation is proved:
If the S matrix is tree-unitary, then there exists
a change of field variables, 7—a(n’), which trans-
forms away all bad vertices. In other words, tree
unitarity requires the existence of a special 7’
coordinate system in which g, is constant in 7/,
Kf,“)' is linear, S‘®®’ is quadratic, V’ is quartic,
and Y’ is linear; stated in the equivalent geometric
language, we shall show that tree unitarity implies
the following generally covariant conditions on £:

R (m=0, (38a)
K9 (m)=0, (38b)
S0 (m=0, (38c)
V;D:q:r:s;t(ﬂ):o ’ (38d)
Y, (m=0, (38e)

where 7 ranges over a neighborhood of the origin.

A. Flatness condition

In order to prove Eq. (38a), it is necessary to
discuss the high-energy behavior of individual
graphs which are constructed from the Stiickelberg
rules. Consider any tree diagram contributing to
(A Gyt Py o +). Let the diagram contain
@, A’-type vertices, @, A*-type vertices, $&-
type vertices, X K\” -type vertices, 8 S(*-type
vertices, and U V-type vertices. In any tree dia-
gram the total number of vertices must be one
more than the total number (I) of internal lines;
therefore

I+1=@,+@,+S+%X+8+7V .

On the other hand, adding up the energy depen-
dence from propagators and vertex parts [see
Egs. (14) and (30)], we find that any graph in
M@A--G-+p--+) <E?, where P=—-21+@, +2§ +X.
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Eliminating 7 from the last two formulas gives
P=2-@,-2@,-%X~-28-20.

This means that P <1 for all graphs except those
which are constructed with g,,-type vertices only
(“pure-g” graphs). For pure-g graphs, P=2; at
high energy the leading (E ) piece of a pure-g dia-
gram is a “massless pure-g” graph, which is ob-
tained by setting all internal and external masses
equal to zero.

Now consider the tree approximation for 9 (G,
+ig Ay + -y +). Since £ E’_‘.’.,E-l’ the preceding
discussion shows that any graph for this amplitude
diverges no more rapidly than E?2 at high energy.
The leading (E ?) piece comes from the massless
pure-g diagrams. But tree unitarity, as stated
in Eq. (20), requires that M (0, +i&,*A,* ¢t - *)
be bounded by E*¥ <E° at high energy. There-
fore, the sum of all massless pure-g graphs in
this same amplitude must be zero. However, since
a pure-g graph cannot have a A external line, it
must be that the sum of all massless pure-g dia-
grams in M (G,- -+ ¢,* - +) is also zero. Notice that
the sum of all massless pure-g graphs in
JN(Gge** ¢y ) is the same as the T-matrix ele-
ment for G, ¢ scattering, which would be calculated
from the Lagrangian £, =33, m, 0" n,g,,(7). Hence,
tree unitarity requires that the T matvix of £,
be zero. In Appendix B it is proved fthat if the T
matrix of £ is zero, then R? (7)=0for 7ina
neighborhood of the origin. Therefore, the tree
unitarity of the S matrix of £(W, yz, ¢, ¢) implies
the flatness condition, Eq. (38a). This result is
easy to understand in the following way. We know
that if R%,,=0, then there is a transformation,
m—a(n’), which changes g,(m) into g} (n’) = con-
stant and changes £, into a free Lagrangian. Thus,
if R?, =0, the T matrix of £, must vanish. In
Appendix B the inverse statement is proved.

A few remarks should be made at this point. The
requirement that there be no E? behavior in ail
multiparticle amplitudes led to the condition that
the curvature tensor vanish in a neighborhood of
the origin. Actually, the vanishing of the curvature
near the origin (or, equivalently, the vanishing of
the curvature tensor and all its higher derivatives
at the origin) corresponds to an infinite set of tree-
unitarity conditions. It can be shown that this
correspondence takes the following specific form:
The vanishing of the nth ordinary derivative of the
curvature tensor at the origin is the tree-unitarity
condition that the (4 +n)-particle scattering ampli-
tude has no E? behavior.'®

With the help of Eq. (38a) it is easy to derive
Eqgs. (38b) and (38c). Since K{* is a Killing vector
[according to Eq. (37a)], we have'®

Kf'?ix:a == RﬁcrsK(a)p . (39)

Then, Eq. (38b) follows from the application of
Eq. (38a). Equation (38c) is a consequence of Eq.
(38b) and the gauge-invariance identity, Eq. (37c).

B. Quartic character of V and linearity of Y

The conditions on V and Y are most easily de-
rived in a Euclidean coordinate system. Equation
(38a) implies the existence of a transformation,
7m—n(n'), which maps the origin into the origin
[#(0) =0] and which maps g,,(m) = g5,(n’) = constant.
Since g,,(0) is positive-definite, g;,(0) must be
positive-definite. Therefore, by rotating and
scaling the fields, the 7’ system can always be
chosen so that gj(7') =6,, and so that

T= ¢y +0(%), 1 =0,+0(?) . (40)

The “flat” Stlickelberg rules for constructing dia-
grams in the 7’ system include the propagators

T 1) =(T(on 0) =352

(T m) = grmtes
The A, qr, and q; propagators are the same as
before. The vertices of the flat Stlickelberg rules
are taken from the cubic and higher terms in
£4(A, gr, 91, M(7")). The first equivalence theorem
of Appendix A shows that the “flat” Stiickelberg
rules of this section and the “curved” Stiickelberg
rules of Sec. VA lead to the same on-mass-shell
Green’s functions in the tree approximation:

fm(/ia”- XY IOERY IORRY R
=311(Aw. Oy et iyt t) . (41)

Heuristically, this equivalence relation follows
from the fact that the quadratic terms in Eq. (40)
have no single-particle poles in the tree approxi-
mation and do not contribute to the on-mass-shell
Green’s functions. The tree-unitarity constraint of
Eq. (20) implies that amplitudes constructed ac-
cording to the “flat” Stiickelberg rules obey the
high-energy bound

(7] +ibg Age e Tfee yge+) SESY . (42)

Notice that all propagators and wave functions in
Eq. (42) are good. Because of Egs. (38b) and(38c),
K{* is linear in 7/, and S(® is quadratic. There-
fore, all vertices in £4(A, gz, q;, 7(7’)) are good,
except for terms in V’(7’) which are O(#’%) and
higher and terms in Y’(#’) which are O(#’?) and
higher.

Equation (42) requires
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Mo (m) +i€g Age e mpne ) SE™!, (43)

where M  has exactly five boson external lines.
Now, we know that any individual diagram, con-
structed from good propagators, wave functions,
and vertices, automatically satisfies the above
tree-unitarity condition. Since the left-hand side
has exactly five external lines, the only bad ver-
tex which can appear is the five-point contact
term from 7/5(3°V’/8%1’)1.,. Therefore, if an
individual diagram does not contain this contact
term, it is automatically bounded by E™'. The
left-hand side of Eq. (43) can be divided into terms
which do or do not contain A external lines:

ms(ﬂ;ﬁ"‘)+"'+m5(i§a'/ia"'”;ﬁ"’)*"‘ .
(44)

Any term with an A external line has no diagram-
matic contributions which contain the bad five-
point contact term. Therefore, all terms but the
first term in (44) are automatically bounded by
E~'; it follows that the first term must satisfy
Eq. (43) separately:

M(my--+)SE™. (45)

Every diagram contributing to 3 (n}- - -) satisfies
Eq. (45) except for the single diagram, which is
constructed from the five-point contact term. The
latter diagram is proportional to (8°V'/8%7’) ./,
and approaches a constant at high energy. Hence,
Eq. (45) requires that (8°V’/3%1’),,.,=0. We may
now proceed by induction to show that the tree
unitarity of the n-point amplitude (z = 5) implies
8"V’ /0™1") ;1= 0=0; i.e., in the explicitly “flat”
system V’(7’) is a quartic polynomial. Therefore,
tree unitarity requires that Eq. (38d) is true in any
coordinate system.?®

The linearity of Y can be derived in a similar
fashion. We now know that all vertices of the
“flat” Sttickelberg rules are good except for terms
in Y’(n’) which are of order 7’% and higher. Tree
unitarity, Eq. (42), implies the high-energy bound

M (1) +iEg Age e mie » G u;) SE° (46)

where JI, contains exactly two boson and two
spinor external lines. Because the left-hand side
has four external lines, the only bad vertex which
can appear is the four-point contact term, g(8*Y’/
827") ;1= oqm’ 2. If an individual diagram does not
contain this contact term, it is automatically
bounded by E°. The left-hand side of Eq. (46) can
be divided into terms which do or do not contain
A external lines:

I () qi Gyuy) + 0

+m4(i£u.ga...ﬂ;...g‘, q,(Y,u,.)+--- . 4mn

Terms with A external lines have no diagrammatic
contributions which contain the bad contact term,
and are automatically bounded by £ °; therefore,
the first term in Eq. (47) must separately satisfy
Eq. (46):

M (mye+ - 7; q; yu;) SE° . (48)

Every diagram, contributing to M ,(m;- - - &; q; G;u;),
is bounded by E ° except for the single diagram
constructed from the four-point contact term. The
latter diagram is proportional to (82Y’/a%%’) .,
and diverges as E at high energy. Therefore, the
unitarity bound of Eq. (48) requires that (8%Y’/
3%7"),+.,=0. The inductive method shows again
that the tree unitarity of amplitudes with n external
boson lines (n >2) implies that (8" Y'/8"5"),.,=0.
Hence, Y’(n’) is linear in the 7’ system, and Eq.
(38e) is true in any coordinate system.

Note that Eqs. (38d) and (38e), which are valid
for 7 in a neighborhood of the origin, are equiva-
lent to infinite sets of tree-unitarity constraints.
Also observe that it is not surprising that tree-
unitarity conditions, being purely S-matrix con-
straints, can be expressed as field-coordinate-
independent statements on £¢ [like Egs. (38a)-
(38e)] .

VII. DERIVATION OF ALL TREE-UNITARY THEORIES
A. Solutions of covariant conditions

We have derived a set of necessary conditions
[Egs. (37) and (38)] which any tree-unitary La-
grangian must satisfy. In this subsection we find
all solutions of those conditions; these solutions
turn out to be SBGT’s (modulo Abelian vector mass
terms).

First, Eqs. (37) and (38) are studied in the ex-
plicitly flat coordinate system (7). Equation (38b)
means that K{*’(n’) is linear:

K" =iDi@m, + 3, (49)

where D® is an imaginary matrix and (¥ is a
real vector on the space of all scalar indices.
Equation (37a) implies that D'® is antisymmetric
and, therefore, Hermitian. Equation (37b) re-
quires

(D', DD =if g, D'V, (50a)
DDA - DN = jf A9 (50b)

The first condition means that D(® represents the
Lie algebra of G on the space of #} fields (com-
binations of physical scalars and longitudinal vec-
tors). If Eq. (50b) is multiplied by D‘® and then
summed over a, the result is

Kx(b) :D(b) (D(a) A(ﬂ)) , (51)
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where xk =D'¥ D9, The r’ coordinates can always
be chosen such that each D® is a block-diagonal
array of irreducible representations (D{{] for the
ith block). Decompose A‘® and « into correspond-
ing blocks (7\(,, and k(;)). Then, Egs. (50a), (50b),
and (51) are true block by block:

( (h (c)
[D(:;» D =if weD5) s (52a)
D(‘) A(t) DE’:; (i) _ifabc)tgf; ’ (52b)
b
Koy X33 = D3 (DY A3)) (52¢)

Equatxon (52a) implies [x(;), D{$}]=0. Since the
D(‘) matrices are irreducible, Schur s lemma
shows that «(;, is a constant (depending on the
block number ) times the unit matrix. If «;, #0,

¢ is said to denote a “charged” block; if ;) =0,

i denotes a “neutral or redundant” block. On
“charged” blocks ;)" exists, and Eq. (52¢) gives

X8} =iD(§ nay (53)

where 1;) == ik "D} A{f)). On “neutral and
redundant” blocks each Df:)) must be zero, and Eq.
(52b) yields

(fa)pe A3} =0 . (54)
Since the Abelian {, are zero and the semisimple

t, are linearly independent, we deduce that A{j} =0

J

for a =semisimple and 7 =neutral or redundant.
Most of the above information is summarized by
' 3{*) on neutral or redundant blocks,
K = %
| iD{¥ (7’ +1), on charged blocks,

(55)

where 7, is the real vector with blocks 7¢;,. In the
above equation we already know that A{® is zero
for a equal to any semisimple vector index. In the
following we first find all solutions in which A{®

is also zero for all Abelian indices a; then we
find all solutions in which A{® #0 for some Abelian
vector indices.

1. SBGT case

Consider the case A{* =0 for a =Abelian and
p =neutral or redundant (N.B.: This condition is
automatically true if G is a semisimple group).
In this case it can be shown that all solutions of
Eqgs. (37) and (38) describe SBGT’s. Since D@
vanishes on neutral and redundant blocks, Eq. (55)
becomes

KD =Dk (1’ + 1), (56)

for all indices p.

Let 7, be the translated field, 7, =(n’+n),, and
define V(7) and Y(7) so that V(%) =V’(n’) and Y(7)
=Y/(1'). Using g}, =8,, K’ =i(D'“7),, and S‘**

=K’ [Eq. (37¢)], £s can be rewritten as

L5(A, ar, 41, 1(M) == 5 (8 Aw = 3y Agy = fapc ApuAa) +Tr i(F +i4a R')gp +qi(¥ +i 4, I'V)q,

+3 (0, +i Ay DT - V(@ -, Y@ 4z - T Y (Mg, - (57)

Here, Eqgs. (38d) and (38e) and Eqs. (37d) and
(37e) tell us that V(7) is a quartic polynomial,
Y(7 is linear, and that

V,iD'm),=0, (58a)

iL@Y -iYR® - ¥, i(DV7), =0 . (58b)
Observe that V(7) has a local minimum at 7, =7,
since V(¢) has a local minimum at ¢ =0.

The Lagrangian now contains only good vertices.

Furthermore, Egs. (57) and (58) guarantee that
&£ ¢ is invariant under local gauge transformations
which are realized linearly on the scalars:

Aau - U(— A)abAbu - Q(‘ A)ab auAb ’

- piAR
qr e qr » (59)

iAT
qL"e qr »

- elA D—

where A®(x) is a real function of space-time. The

r

gauge symmetry is spontaneously broken by the
vacuum expectation value of the scalar field:
(7,)o=1,- These properties tell us that £4 is an
SBGT Lagrangian. Therefore, if A}*) =0 for Abe-
lian indices a, it has been proved that every solu-
tion of Eqs. (37) and (38) describes an SBGT. Note
a special case of this result: If the structure con-
stants C,,. describe a semisimple group, then the
only tree-unitary Lagrangians, which are listed
in Eq. (4), are equivalent to SBGT’s.

It is worth recapitulating how, in the above argu-
ment, the SBGT structure emerged from a com-
bination of gauge-invariance identities [Eq. (37)]
and tree-unitarity constraints [Eq. (38)]. In Sec.
V C it was noted that the Stiickelberg gauge invari-
ance of £ persists for any choice of scalar field
coordinates. The tree-unitarity equations imply
the existence of a special (“flat”) coordinate sys-
tem in which £4 has no bad vertices. In that spe-
cial coordinate system the gauge invariance of
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£ is realized linearly [Eq. (59)] on the space

(7,) of physical scalars and longitudinal modes

of vectors. For example, the gauge-invariance
identities in Eqgs. (37a)-(37c) show that the g’,

K’, and S’ terms of £ take the form of the scalar
kinetic energy after a Yang-Mills (minimal) sub-
stitution. The other gauge-invariance identities,
Egs. (37d) and (37e), guarantee the invariance of
the scalar potential (V) and the Yukawa term
(7Yq) under linear gauge transformations.

2. Possible addition of Abelian vector mass terms

We now consider the remaining possibility:
Suppose G is a nonsemisimple group and suppose
A? is nonvanishing for some Abelian vector index
a and some neutral or redundant scalar index p.

In this case it can be demonstrated that every
solution of the covariant conditions describes an
SBGT, modified by the addition of Abelian vector
mass terms corresponding to invariant Abelian
subgroups. Let Ny (N4 =1) be the number of Abe-
lian indices, and let the vector indices be labeled
so that a=1, ..., N, denote Abelian indices. Let
Nyg be the number of neutral and redundant scalar
indices, and label the scalars so that p=1,..., Ny
denote neutral and redundant indices. Consider
A® (a=Abelian, p=neutral and redundant) to be a
rectangular matrix with Nyz rows and N, columns.
It is always possible?! to transform the neutral and
redundant scalar fields by a rotation and to trans-
form the Abelian vector fields by a (different)
rotation so that hﬁ“’ is zero except for diagonal
matrix elements; i.e., A{* can be taken to have
the “diagonal” form

A = Mo s (60)

where M{" #0 and N, satisfies 1 <N, <Ny, Ny < Nyg.
We now distinguish between three types of scalar
indices:

redundant for 1 <p <N, ,
p =<neutral for Ny<p < Ny ,
charged for p > Ny -

For the subset of Abelian vector indices a such
that 1 sa <N,, we have [Egs. (60) and (55)]
NCR { M{6,,, p=redundant

0, p=neutral
(61a)
M5, ,

K{'=40,
iDE (1 +1),

p =redundant
»p =neutral

p =charged.

For the remaining (Abelian and semisimple) in-
dices a> N,

¥ =0, p=neutral and redundant
4 ’ (61b)
(0, p=redundant

K{®" =<0, p=neutral

iD{(n’' +1),, p=charged .

It is convenient to use the notation: ¢, =7} for

p =redundant and 7, =(7’ +0), for p =neutral and
charged. Since D{?) vanishes on neutral blocks,
Eqs. (61a) and (61b) can be rewritten as follows:
For 1<a <N,

K@ ' {M(Oa) 63; , P =redundant
i(D'“%),, p=neutral and charged

(62a)
and for a> N,

0, p=redundant

K’ ={
(D7),

p =neutral and charged .

(62b)
Let V(7, 6) =V'(n’) and Y(7, 6) =Y'(n’). Using g},
=6,, and Egs. (62a), (62b), and (37c), the Lagran-
gian of Eq. (30) becomes

LA, ar, 4z, 7(T, )= -5 (8,40 = 0, Auy = farc AnuAar) +Tp iF +i A R V)ap + 7,87 +i Ao TN,

_ - No 1 2
+}2' [(au'*iAapD(a))ﬁ]z - V(ﬁ, 9) - -q—LY(ﬁ’ e)qR - ER YT(fy a)qL + Z %Mga)z (Aap*Mlai au 9a> .
a=1 o

(63)
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Equations (38d) and (38e) and (37d) and (37e) show
that V(7, 6) is a quartic polynomial, ¥(7, 6) is lin-
ear, and that

I7 : a a— a

7, D9, +5-9—VMf, ) =0, (64a)

¥

—d) s - 3
(LY -iYRY -7 ,iD'97), - —— M =0 .
a

36,
(64b)

The next step is to prove that V(7, 6) and Y(7, 6)
are independent of the redundant scalars 6,. First,
let 7 stand for the combination

_ipv
= [exp <—-—(-5—1-LD(1 9 >] T.
MO
Define the functions V(7, 6,, 6, . . .) =V(7, 6) and

o -iZMWp

Y(’IT, 0., 92, e ) El:exp -—W—L)

0
_ 1:1_2( 1) 9
X Y(ﬁ, 9)[exp (W) .
0

For a=1 Eqs. (64a) and (64b) imply

(55 ™0
1/ 7 fixed

:0.
< 91>1’rﬁxed

E

@ Qo
< P

|

@

J

It follows that

_ - —iD“)G'
V('TI_’, 9) = V([exp(w—g—JX’ ﬁ,O, 92, 93, .. ) )
0

(65a)

Y(7, 9)=[exp(%%€l)]
X 17( [exp(_—;[%;—)ﬁl ﬂ 7,0, 06, .. )
x[exp(%‘?&ﬂ . (65b)

Notice that the right-hand sides depend on 6, only
through the matrix elements of unitary matrices.
Since these matrix elements are bounded, V(7, )
and Y(7, 6) are bounded functions of 6, for fixed
values of 7 and 6, (a =2). However, it has already
been demonstrated that V(7, 6) and Y(7, 6) are
(quartic and linear) polynomials in 6, for fixed
values of 7 and 6, (a =2). Since the only bounded
polynomial is a constant, we conclude that V(7, 6)
and Y(7, 0) are independent of §,. The repeated
application of this argument shows that V(7, 6) and
Y(7, 6) are independent of all §,: V(7, 6) = V(7 and
(7, 6) =Y(7).

Thus, the Lagrangian has the form

£S(A’ dr, 91, (T, 6)) =~ % (apAnu - auAau _fabcAbuAcu)2 +4g iy +iAu R(a))qﬂ +q. iy "'iAnZ(a))qL

No 2
. _ o _ o 1
+5[(0, +i A, D'NT)2 = V(P - 7,V (Mag - Tr YT(7r')qL+§ ) %Mf,“”(A,,u YiCl au94> .
4]

Here, V(7) is a quartic polynomial, and Y(7) is

linear; these functions satisfy Eqs. (64a) and (64b):

V,iD9m,=0, (67a)
L'WY -iYRW -7, i(D'97),=0. (67b)

Note that V(%) has a local minimum at 7=7 since
V(¢) has a local minimum at ¢ =0. Except for the
M{® terms, Eqs. (66) and (67) are the same as
Eqs. (57) and (58). Therefore, the Lagrangian of
Eq. (66) describes an SBGT, modified by the ad-
dition of M f,“’ terms; this Lagrangian character-
izes all solutions of the covariant conditions, Eqs.
(37) and (38), when X{* is nonvanishing. Except
for the M f,“’ terms, £ is invariant under the local
gauge transformations of Eq. (59); the entire La-
grangian is invariant under the global version
(A(“) = constant) of the same transformations.

It is easy to show that the M/ f)“’ terms are equiv-
alent to mass terms for the Abelian vector fields

a=1

(66)

r

Agy. Let A (%) E(l/Mf,‘”)Q,, for 1 sa <N, and
Al®(x) =0 for a >N,. Next, make the substitutions
of Eq. (59) in the Lagrangian of Eq. (66). Since

£ is invariant except for the M® terms, the net
effect of the substitutions is to replace

No 1 2 N
S5 4005 (A s iy 0,0, ) = 20 b,
a=1 0o a=1

(68)

The redundant scalars are eliminated completely.
In terms of the new variables, £ describes an
SBGT for a nonsemisimple group, modified by the
addition of mass terms for vectors associated with
invariant Abelian subgroups. This Lagrangian is
the general solution of Eqs. (37) and (38) when

A is not zero. The SBGT of Eq. (57) and the
modified SBGT of Eqs. (66) and (68) characterize
all possible solutions of the gauge-invariance con-
ditions and covariant tree-unitarity constraints in
Eqgs. (37) and (38). This forms the basis of the



conclusion: If the general Lagrangian of Eq. (4)
has a tree-unitary S matrix, then there must be

a transformation of field variables which puts the
Lagrangian into the form of an SBGT (modulo Abe-
lian vector mass terms).

SBGT models, modified by the addition of Abe-
lian vector mass terms, can be classified as con-
served current theories, “hybrid” theories,® or
combinations thereof. For example, suppose G
contains just one invariant Abelian subgroup, and
£ 5 contains a mass term for the corresponding
vector boson. In the conserved current case the
Abelian subgroup is not spontaneously broken;
the corresponding massive Abelian vector couples
directly to a conserved source current. The
simplest example of this type of theory is massive
QED. In the “hybrid” case the Abelian subgroup
is spontaneously broken. Therefore, the Abelian
vectors can mix with other vectors and need not
have conserved source currents. A simple ex-
ample® of a hybrid model is Weinberg’s [SU(2)
® U(1)] theory, modified by the addition of an Abe-
lian vector mass term. The model describes four
massive vectors, none of which couples to a con-
served source current.

B. Full tree unitarity of all solutions

We have shown that if the Lagrangian of Eq. (4)
has a tree-unitary S matrix, then thére must be a
change of variables which puts the Lagrangian into
the form of Egs. (57) or (66). In this subsection
the inverse relation is proved: Any Lagrangian
given by Eqs. (57) or (66) can be transformed into
a Lagrangian which has the form of Eq. (4) and
which has a fully tree-unitary® S matrix. The first
step is to construct the transformation which puts
Eqgs. (57) or (66) into the form of Eq. (4). Con-
sider the vector-boson mass matrix, which char-
acterizes the terms (of £¢) quadratic in vector
fields:

M?,, = (iDVn), iDPn), +M V%6, (69)

where p is summed only over neutral and charged
scalar indices (p > N,). It is easy to see that M?

is a real, symmetric, and positive-indefinite ma-
trix. Therefore, there is an orthogonal trans-
formation 0,,, which diagonalizes it: (OM207Y),,
=0,M,%. In general, we know that M, = 0; at this
point it will be assumed that all M, >0. This as-
sumption is consistent with the original restriction
that the Lagrangian in Eq. (4) describes massive
vectors only (see Sec. III). Define the real vectors
v5” on the space of all (redundant plus neutral
plus charged) scalar indices:
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éa M)
M, ’

Oa (iD(b)ﬂ)
M, ’

p =redundant

v‘(,a) = (70)

p =neutral or charged .

A direct calculation shows that the »‘* are ortho-
normal. Define the real vectors uﬁ") so that

{u®, 9} is an orthonormal set which is complete
over the entire space of all scalar indices. The
number of values, taken by the index &, is equal
to the number of all scalar indices minus the num-
ber of all vector indices. The following invertible
transformation serves to define the real fields

¢, and 0, in terms of 6, and 7,:
8, =¢,us® +M, 0,0, 5, p=redundant

7, =€’ P(n+u®¢,)],, p=neutral or charged.

(71)
Define W,,, ¥z, and y, by
Agu=U(- o)abé_lbc Wey= Q(=0)ay 8,0,
s Ee(a'EwR , (72)
4 Ee:’oiwL .

When £ is rewritten in terms of o, ¢, W, and
Y, the o fields disappear. Except for rotations
which diagonalize the ¢ and ¥ mass matrices, the
rewritten Lagrangian takes the form of Eq. (4),
with

Aase =Bapea =0,
Cabe =fav'c Ouar Op Ocer
8D4pca = Cace Coae + Cage Coce »
R® = Oab I_i(b),
L(ﬂ) =Oub Z(b) ,
Py(d) =08
Gar($) = = Oy g (1D u' V), (73)
2Fo() = 60, M, * +M, éac vﬁ"’(iD“) “(k))p oM
+M, O, 8% (iD9) u®), o,
+ 046 0pg(iD9 ul®), (DD u M), ¢, ¢,
V(¢)=V(n+u® ¢,),
H(¢)=Y(n+u® ¢,) .

This completes the demonstration that the £ in
Egs. (57) or (66) can always be transformed into
the £&(W, yg, ¥, ¢) in Eq. (4). Notice that the mass
dimension of £ is less than or equal to four as
anticipated in the comments in Sec. III.

The next step is to prove the full tree unitarity
of the Lagrangian specified by Eq. (73). Because
of the equivalence theorem in Appendix A, the
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S matrix of £(W, yg, ¥, ¢) is given by Eq. (19).
The left-hand side is computed by using the
Stiickelberg rules, derived from the Lagrangians
in Eqs. (57) or (66). Since these Lagrangians have
mass dimension less than or equal to four, all
vertices of the Stiickelberg rules are good. In
addition, all Stiickelberg propagators are good, and
the wave functions (&, @) in the left-hand side of
Eq. (19) are well-behaved. It follows that the left-
hand side of Eq. (19) is also well-behaved (< E *°¥)
at high energy. Therefore, the Lagrangian of Eq.
(73) satisfies the unitarity bound:

M (€ Wy ;- e+ ) SEN |

Hence, we have demonstrated that every Lagran-
gian given by Eqs. (57) and (66) can be transformed
into a fully tree-unitary Lagrangian with the form
of Eq. (4).

This result, taken together with the result of
Sec. VIIA, shows that the SBGT of Eq. (57) and
the modified SBGT of Eq. (66) constitute the com-
plete set of all fully tree-unitary theories; i.e., the
Lagrangian in Eq. (4) is fully tree-unitary if and
only if it is equivalent to an SBGT, possibly mod-
ified by the addition of Abelian vector mass terms.

VIII. DISCUSSION AND CONCLUSIONS

The central conclusion of this paper is that the
general Lagrangian of Eq. (4) is tree-unitary if
and only if it is equivalent to an SBGT, possibly
modified by the addition of mass terms for vectors
associated with invariant Abelian subgroups. The
method of proof has heavily exploited the freedom
to change field variables. It is known that a set
of Lagrangians related by transformations of field
variables describe the same S matrix. We have
shown that it is always possible to find such a
transformation which casts any tree-unitary La-
grangian into the “standard form” of a gauge-in-
variant Lagrangian. In this sense, the high-energy
criterion of tree unitarity imposes internal gauge
symmetry on heavy-vector-boson Lagrangians.
This may be the true meaning of spontaneously
broken gauge invariance.

Section II presents a plausibility argument that
any perturbatively renormalizable theory must
be tree-unitary. If that connection is accepted, it
follows that every renormalizable model must be
equivalent to an SBGT, conserved-current theory,
or hybrid theory of Egs. (57) or (66). Other au-
thors' have shown that the SBGT and conserved-
current models are truly renormalizable; it is
likely that the hybrid theories share this property.
Therefore, it is probable that Eqs. (57) and (66)
constitute the “standard forms” for all renormal-
izable interactions. All of these ‘“standard forms”

are symmetric under groups of global (and, pos-
sibly, local) gauge transformations. This suggests
that the appearance of Lie groups of internal sym-
metries in particle physics is a natural conse-
quence of renormalizability. For example, this
may explain the striking fact that weak-interaction
currents form a Lie algebra. If the weak inter-
actions are renormalizable and mediated by vector
mesons, they would have to be described by a
“standard” gauge theory. In such models the fer-
mionic parts of the weak currents (vector-boson
source currents) must form some Lie algebra.

Of course, the criterion of renormalizability alone
does not specify which Lie group or which rep-
resentations are involved.

The results of this paper suggest several areas
of investigation.

(1) Hybvid models. Since the hybrid theories
are fully tree-unitary, it is likely that they are
also renormalizable. However, this should be
proved in detail. As suggested in Ref. 9, “hybrid-
ization” might be a useful way of regulating the
infrared behavior due to massless vectors asso-
ciated with unbroken Abelian subgroups in ordinary
SBGT’s.

(2) Move geneval Lagrangians. We are now in
the process of generalizing the techniques of this
paper in order to investigate the tree unitarity of
Lagrangians which are more general than the one
in Eq. (4). The question is: Are there new tree-
unitary Lagrangians which contain higher powers
of W, aW, and 83¢? As mentioned in Sec. III, the
chance of an affirmative answer is small.

(3) Higher spins. The Einstein theory of pure
gravity is not tree-unitary; in fact, all N-point
scattering amplitudes diverge as E? at high energy.
Can a tree-unitary (and, presumably, renormal-
izable*®) model of gravitation be constructed by
adding scalar, vector, and massive tensor ex-
changes, which cancel the bad high-energy be-
havior? Unfortunately, the answer is “no.” In
order to maintain Newton’s law of gravitation be-
tween any two particles, the four-particle scat-
tering amplitude must have a single-graviton-ex-
change pole with nonzero residue. Because of
the spin-2 nature of the graviton, these pole terms
have pieces which behave like s?/¢, thereby violat-
ing unitarity at high energy. On the other hand,
scalar exchange diagrams, vector exchange dia-
grams, and “contact” diagrams are unitarily
bounded at high energy except for polynomials in
s and t. Therefore, these contributions cannot
cancel the bad high-energy behavior of graviton
exchange. Massive tensor exchange contributes
a nonunitary pole term with the same sign as the
graviton pole term; thus, there can be no cancel-
lation between badly behaved contributions from
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graviton and massive tensor exchanges. We con-
clude that a tree-unitary theory of gravitation can-
not be constructed from fields with spin less than
or equal to two. It is interesting to ask if there
are any tree-unitary theories of scalar, vector,
and (massive or massless) tensor particles, which
are nongravitational (i.e., which do not reproduce
Newton’s law). An even more ambitious program
would be a search for tree-unitary models which
describe towers of higher-spin particles.

Finally, it is interesting to speculate about the
relevance of the dimensionality of space-time to
this work. We have demonstrated that in four-

dimensional space-time tree unitarity is just strong

enough to impose internal symmetry on heavy-vec-
tor-boson interactions. Multiparticle phase space
in two- or three-dimensional space-time grows
less rapidly with energy. Therefore, the con-
straints of tree unitarity are weaker and may not
impose a group symmetry on vector-particle in-
teractions in two or three dimensions. On the
other hand, vector theories in five-dimensional
space-time may be so divergent that there are no
solutions of all tree-unitarity constraints. So,

the connection between high-energy behavior and
internal symmetry under Lie groups may be char-
acteristic of four-dimensional space-time.

APPENDIX A: EQUIVALENCE THEOREMS

In this appendix it is shown that Lagrangians,
related by point transformations of fields, de-
scribe the same S matrix in the tree approxima-
tion. First, we state the following general equiv-
alence theorem: Two Lagrangians are equivalent
if they are related by an invertible transformation
which maps vanishing fields. Then, it is proved
that two vector-particle Lagrangians, related by
a generalized Stlickelberg decomposition, lead
to the same S matrix in the tree approximation.

Consider any Lagrangian of a real field ¢ with
the form

L£()=3(3,¢)* =3 u*p* +0(¢*) +0(3¢%) +- -+ .
(A1)

Define a set of £ Feynman rules, in which the ¢
propagator has the usual form [Eq. (2)] and in
which vertices are taken from cubic and higher
terms of £. Let k(¢) b2 the following invertible
transformation which maps the origin into the
origin:

(¢ =9’ +0(o'?) . (A2)
Define £,(¢’) by
Lx(o) =Ln(e")] . (A3)

Consider the set of £, Feynman rules in which the

¢’ propagator has the usual form and vertices are
taken from cubic and higher terms in £,. The
equivalence theorem® states that the S-matrix
elements, constructed in the tree approximation
from £ Feynman rules, are equal to the S-matrix
elements, constructed in the tree approximation
from £, Feynman rules; that is

ml[¢(kl) ‘P(kz)' - J trec = m[¢l(k1) (Pl(kz)' ot ]tree .
(A4)

Notice that only the on-mass-shell Green’s func-
tions need to be equivalent; in general, £ and £,
describe very different off-mass-shell Green’s
functions. Heuristically, the theorem means that
¢’ and ¢ =h(¢’) are equivalent interpolating fields;
the quadratic and higher terms in h(¢’) do not
contain single-particle poles and, therefore, do
not contribute to on-mass-shell Green’s functions.?®
These results can be restated in terms of the
functional formalism®* for calculating Green’s
functions. Let f(x) be a real external source func-
tion. Define G(f) to be the following functional:

G(f) =Ex [ d*x[£(9) +/ (¥ 6(3)] - (45)

Here, “Ex” means that the integral is evaluated
at ¢(x) = ¢z(x, f), the extremum value of the field.
It can be proved that the Green’s functions, con-
structed in the tree approximation from the £
Feynman rules, are generated by G(f) in the fol-
lowing way:

6"G(f) ]
T 50 |y

(A6)

£ C0[ THo(9- - o)} [0) = |

Similarly, the Green’s functions, constructed from
the £, Feynman rules, are generated by G,(f):

G ) =Ex [ d'x[2y(0) +/(D 6"0] . (AT)

According to the equivalence theorem, G(f) and
G,(f) generate the same on-mass-shell Green’s
functions.

Next, we prove that two vector field Lagrangians,
related by a generalized Stiickelberg decomposition,
describe the same S matrix in the tree approxi-
mation. Let £(W) be any Lagrangian of the form

LW)==3(8,W, =3, W) +3M*W, 2 +O(W?) +- - .
(A8)

Define a set of £ Feynman rules in which the W
propagator has the usual form [Eq. (2)] and in
which vertices are taken from cubic and higher
terms in £. Let a(6) and B(G) be any power series
such that
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a(@)=1+0(0), B[E)=1+0(05) . (A9)

Define the Stiickelberg Lagrangian £ by decom-
posing each vector field (W) into a “Stiickelberg
vector” (A) and a “Stiickelberg scalar” () as fol-
lows:
P NP S
£4A,5) =8 <a(c)Au *of B(6)8,6 ) . (A10)
Consider the Stiickelberg rules in which vertices

are taken from cubic and higher terms in £ and
in which the propagators are

1

(T(65)) el

(A11)
(T(A A,,)) --—&——Mz .

The equivalence theorem states that an on-mass-
shell scattering amplitude of W’s, constructed in
the tree approximation from the £ Feynman rules,
is equal to the corresponding on-mass-shell scat-
tering amplitude of [A,+(1/M)3,5]’s, constructed
in the tree approximation from the Stiickelberg
rules; that is

W(W,- )= M([A,+(1/M)2,G]--+) (A12)

This equation can be verified immediately for the
special case®®: a(G)=8(6)=1. Then, it is clear
that the vertices of the [4,+(1/M)3,6] modes are
exactly the same as the W, vert1ces Since the
W, and [A +(1/M)9,,G] modes also have identical
propagators their scattering amplitudes (as well
as their off-shell Green’s functions) are equal.

If @ and B are more general functions, the proof

—

Gy (Ju,-;w—l aJ) =Exf dix [s(é,+ﬁlau&> -3 (04 - Mo)? +Ju<§“+-£[—3“6>] .

The right-hand side is evaluated at the extremum
fields: B,=Bg,(x,J), §=04(x,J). Any variation
about these fields produces no change in the action:

0= de" [ ( +-1—a 0> 1 (04 - MG)?
+J“<§“+X14—a“6>]

In particular, consider the variation

OpBy=0,A, 0,6=-MA,

(A19)

Qt o

non

Bg
Gp

where A(x) is any real function. Since 6,[5,
+(1/M)9,6]=0, Eq. (A19) implies
(0A g —MGy) 6,(3A —MG) =0 . (A20)

This means that 84, ~-M3, =0 and, therefore,

of Eq. (A12) is more involved. First, notice that
the Green’s functions, constructed from the £
Feynman rules, are generated by

Gr0) =Ex [ dix[£(W) +J,W*] . (A13)

Similarly, the Green’s functions, constructed from
the Stiickelberg rules, are generated by
Gs(us /) =Ex [ d*x[£4(d;6) - 4 (oA - MY
+J, AP +fG] . (A14)

Define A, (B,, ) to be a function of  and another
vector field B :

N | 1
a(o)Au+ﬁﬁ(a)a o= B”+M w0 (A15)
Note that this transformation has the form
A,=B,+0(3*) +O(G B) +- - (A16)

Therefore, the transformation between A and B
is invertible and maps vanishing fields into van-
ishing fields. Now, define G,(J,, f):

G,(Jy,f)=Ex f d‘x{LJA(B, 5),5)
-3 [0A(B, 7) - MG]?

+J, B*+f5} . (A17T)

According to the equivalence theorem stated ear-
lier in this appendix, G,;(J,,f) and G4(J,, f) gen-

erate the same on-mass-shell Green’s functions.

At the point f=(-1/M)3d, G,(J,, (- 1/M)3J) can be
written as

(A18)
G; (J,,, 1 8J>=Exfd"x[£<l§u+ﬁ18u&)
+Ju<§“+£1-8“&>]
=Gp(dy,) . (A21)

Since G ((J, (- 1/M)3J) and G,(J,, (- 1/M)3J) gen-
erate the same on-mass-shell Green’s functions,
it follows that G ¢(J,, (- 1/M)3J) and Gg(J,) gen-
erate the same on-mass-shell Green’s functions.
Notice that

6Gs(dy, (= 1/M)BJ)=[< 6 +_1_a__ >
8 (%) 8J(x) M 8x f(x)
XGS(J“’f)Jﬁ(-x/M)aJ .

Therefore, we have proved that the Green’s
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function

{Lj‘
Mu(x) te GJu(y)—J.ho

is equal on the mass shell to the Green’s function

KGJS(x) +ﬁléi_uio(}?)> o
x <5_J—f(ﬁ+'j7a_;“5’;(_y)>csuu,f)]

This completes the proof of the equivalence rela-
tion, Eq. (A12).

J=f=0

APPENDIX B: PROOF OF FLATNESS CONDITION
Consider a Lagrangian of the form
£(m) =38, 7,8" 1, 8,4(m)

involving a number of scalar fields m,. The func-
tions g,,(m) are given by a power series of the
form

i
gﬁa(ﬂ) =0po+3 Bpgrs M Mg+ "+ .

The absence of a linear term involves no loss of
generality since it can always be eliminated by a
point transformation. In this appendix we prove
the following result, which was used in Sec. VI:
If the T matrix of £(n) vanishes, then the metric
&po(m) is flat; i.e., R’ (7)=0 for 7 in a neighbor-

hood of the origin. In other words, if the T matrix

vanishes, then it is always possible to find a point
transformation of the fields

m,=Fy(1’), F,(0)=0

such that £(F(n’))=59,m;8"n}, i.e., £(n) is equiv-
alent to a free theory. It is understood here that
F, represents an invertible change of variables

so that it can be taken to be a power series of the
form

Fy(n")=m)+0(n'?) .

We begin by calculating the tree approximation
for the amplitude n,7,~ 7,7, Setting it equal to
zero results in the relation

Boras + Bsaor — Bpsra = Braps =0

which states that the Riemann-Christoffel tensor
of the manifold with metric g,,(n) vanishes at the
origin m, =0:

R, (0)=0 .

It is possible to proceed now step-by-step and
show that the vanishing of the (n+4)-particle am-

plitudes implies the vanishing of the nth derivatives

of R?, at the origin. Thus, the vanishing of the
T matrix implies that the g,, manifold is flat in a
neighborhood of the origin and, in particular,

Euclidean since g,,(0) = 6,,.

Instead of looking in detail at all higher-point
trees, we prefer to complete the proof by making
use of the functional formalism.?® The tree-gen-
erating functional for £(7) is given by

G(f)=extremumfd“x[£(1r) +fpm,] -
m
The functional derivatives of G yield the Green’s
functions according to
8"G

Of p (%,)+ = 0fp, (xa) 1120

=< T( ﬂpl(xl) et "p"(xn))>(rcc
The first functional derivative

% = 1y(x; /)

(=iy~

satisfies the field equations

, 3L 8L

a(a“np) +5—1T—p—+fp=0

’

which may be written explicitly as
82y, =T'® (m)a, md* m, +g%f, .

Here g??=(g™"),, is the contravariant metric
tensor and I'%, is the affinity of Eq. (36). The
field equations and the appropriate boundary con-
ditions lead to the following integral equation from
which any Green’s function can be obtained by a
finite number of iterations:

7,(x) =i f A% A p(x = x) [, () +£,(x)] .

Here Ay is the Feynman propagator for a massless
scalar field and J,=T'4 8, 78" 7,. In writing the
integral equation we have simplified g ""fq to f,
since terms like 7"f with n>0 do not contribute

to mass-shell amplitudes. Consider now the new
Lagrangian £(7,) =£(7, +7,), where 7, is any suf-
ficiently small x-independent, c-number displace-
ment of the scalar fields. The functional 7,(x, f)
associated with £ satisfies

Tp(0) =i [ d%’ A plx = ¥ [T + ) +£,(x)]

which may be written as

300+, =i [ @I, +) () 72
X Ap(x =x') .

Comparing this with the integral equation for
m,(x, f) we obtain

Tip(x, f) +Np = "p(x;f +md%) .
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Thus the T matrices of £ and £ are simply re-
lated in the tree approximation: A given n-par-
ticle mass-shell amplitude of £ is equal to the
corresponding n-particle amplitude of £ plus a
sum over all possible insertions in it of external
lines carrying zero four-momentum. But this
means that all tree amplitudes of £ vanish since

those of £ vanish. In particular, the vanishing of
the four-point amplitudes for £(7) = £(7 +n) implies
that

R, (n)=0

for all sufficiently small 5,. Hence the metric
&pq 18 flat in some neighborhood of the origin.
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