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though complicated numerically, appears to be a
more attractive alternative.
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The spontaneously broken gauge theory is formulated in the generalized renormalizable
gauge (R, gauge). A parameter £ can be adjusted to include existing gauges, U gauge,
R gauge, and ’t Hooft-Feynman gauge as special cases. Three applications of the R,-gauge
formulation are given. First we compute the weak correction to the muon magnetic moment -
unambiguously in the existing models for leptons. Secondly, we discuss the large-momentum-
transfer limit of the Pauli magnetic form factor of the muon. Finally, we discuss the static
charge of the neutrino, and show that an appropriate regularization makes it vanish.

I. INTRODUCTION

The possibility of constructing a unified theory
of weak and electromagnetic interactions in terms
of a spontaneously broken gauge symmetry has
attracted a great deal of attention lately, following
the works of Weinberg! and 't Hooft.? In this paper
we shall present a formulation of spontaneously
broken gauge theories (SBGT) which is particularly
suited for practical calculations. In this formula-
tion the gauge condition one adopts is a general-
'ization of the one used by ’t Hooft and depends on a
parameter £ which can vary continuously from 0 to
., In this gauge, which we shall call generically

the R, gauge, the massive-vector-boson prop-
agator is precisely the one invented by Lee and
Yang in their discussion® of the £-limiting process:

. 1 Dbuby 1
Auu(l’, §)=—1[guu _<1" E)pz _“;;2/&] pz_Mz
. 1 1
=—Z<g‘“, - I_W—z'pppy)pz_Mz
g 1
'1mPpPuP2_M2/g- (1.1)

The difference between the R -gauge formulation
of SBGT and the £-limiting process applied to the
electrodynamics of massive vector bosons is this:
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In the former, the negative-metric scalar-boson

pole of the vector-boson propagator at p=M2/¢ is

canceled by the pole of the unphysical-scalar-boson

propagator
[

P -2

in the S matrix, and the S matrix of the former is
independent of the parameter £ and is unitary,
whereas in the latter, one recovers the unitarity
of the S matrix only in the limit £ - 0. The ¢ inde-
pendence of the S matrix* in the former is a direct
consequence of the non-Abelian gauge invariance
of the relevant Lagrangian.

It is worthwhile to note the connection between
the R, gauge and other gauges discussed in the
literature.

(1) The R Gauge: In the proof of renormalizabil-
ity of SBGT by Lee and Zinn-Justin,® and also in
the discussion of Salam and Strathdee,® a general-
ization of the Landau gauge in quantum electro-
dynamics, the so-called R gauge, was used. The
R gauge is obtained from the R, gauge for £ =,

(2) The 't Hooft—-Feynman Gauge: This gauge,
which was discussed by ’t Hooft, is obtained when
we set £=1. In this gauge the vector-boson prop-
agator is proportional to g,,, and the unphysical-
scalar-boson propagator of Eq. (1.2) has a pole at
pE=M?2,

(3) The U Gauge: In this formulation, the un-
physical scalar bosons are absent and the vector-
boson propagator is the canonical one:

P;J’;;) 1

P ) (1.3)

Auu(p)=“7:<guv -
In this gauge, the unitarity of the S matrix is mani-
fest since there are no spurious singularities at
p?*=M?/¢. However, Green’s functions are unre-
normalizable in this gauge: It is only the S matrix
that can be defined in this gauge. The U-gauge is
Jormally equivalent to the R, gauge in the limit
£-~0. The equivalence here is “formal,” in the
sense that Feynman amplitudes in the two formu-
lations are equal if the limit £ -0 is taken before
the Feynman integral is performed.

The U-gauge formulation of SBGT deserves some
more discussion. Because the quantization of
SBGT in this gauge is most straightforward, most
of the existing calculations were performed in this
formulation, despite the divergence difficulties
unique to this gauge. The cancellation of diver-
gences in the S matrix (but not in Green’s func-
tions) has been demonstrated by various authors
in a number of cases.” However, isolation of
the finite part of an S-matrix element in this gauge
may prove ambiguous. In fact, Jackiw and Wein-
berg and Bars and Yoshimura® have commented on

an ambiguity that exists in the calculation of the
weak-interaction contribution to the anomalous
magnetic moment of the muon. We claim that,
based on our own experiences, computation of
Feynman amplitudes is enormously simplified in
the R, gauge. It is also easier to check the £ inde-
pendence of the S matrix (thereby verifying the uni-
tarity of the S matrix) in the R, gauge, than to es-
tablish the cancellation of higher-order diver-
gences. When there are ambiguities in fixing the
finite part of an S-matrix element in the U gauge,
the R -gauge formulation provides a gauge-invari-
ant (with respect to the non-Abelian gauge group)
way of circumventing such difficulties. In fact, we
shall resolve the ambiguity in the computation of
the anomalous magnetic moment of the muon by
evaluating it in the R, gauge. Our study explains
also why the £-limiting process used by Jackiw and
Weinberg and by Bars and Yoshimura yields the
correct result.®

This paper is organized as follows: In Sec. II we
formulate the generalized renormalizable gauge
(R, gauge). In Sec. III, we apply the R, gauge to
the calculation of weak correction to the magnetic
moment of the muon. We will present unambigu-
ous answers for three existing models of Wein-
berg,' of Georgi and Glashow,'® and of Lee,'* and
Prentki and Zumino.!* In Sec. IV, we show that the
naive calculation of the neutrino static charge gives
a nonvanishing result and we discuss how to rem-
edy this situation. In Appendix A, we give details
of Sec. III. In Appendix B we point out the reasons
for ambiguities present in the U-gauge calculations
of the weak correction to the muon magnetic mo-
ment. Finally, in Appendix C, we give the Lagran-
gians and necessary Feynman rules for our calcu-
lations.

After the completion of this paper, we received
a paper by Yao'’? in which a formulation similar to
ours is discussed in the context of an Abelian
gauge theory.

II. FORMULATION OF THE R, GAUGE

In this section we shall discuss the formulation
of SBGT in a general class of covariant linear
gauge conditions. We shall consider, for definite-
ness, the Georgi-Glashow model based on the O(3)
gauge symmetry without fermions. In Appendix C,
we will extend our considerations of this section
to all three models mentioned in the Introduction,
with fermions.

In the absence of fermions, the Georgi-Glashow
model consists of a triplet of gauge bosons and a
triplet of scalar mesons. The Lagrangian is of the
form
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1, = - - - . o
£=-i(0,B,-9,B,+gB,xB,) d=¢,+n(v+09),
+2[(8,+gB,x)$]* - V(9), (2.1) 3,7=0 (2.2)
R
where V(q) is an isospin-invariant quartic poly-
nomial of the scalar fields Zﬁ The poter_x.tial is as- The gauge condition we shall adopt is (see also
sumed to have an absolute minimum at ¢ =V 0. Appendix B)
We can always choose the isospin z axis to coin- L1
cide with the direction of V. a*B, ~ -E—gvﬁ X¢$=0, (2.3)
It is convenient to define a unit vector 7 along
the z axis: where £ is a non-negative real parameter.
- A It was shown by ’t Hooft!? that the gauge condition
v=un. (2.3) may be taken care of by defining the effective
We also define ¢, and ¢ by action'3:
J
B B1= a2 - E(o08, - Levxd ) = L(L-¢ Joume )| - iTrinf1+g8y] 2.4)
[ s 4)]"' x Xx) = 2 I gg ¢ 2\ o i g9Y], .

where § is defined by
. 1
|:(-a2 +1€)0 4, = E (gV)2(6 ~ nanb):,<b, x|8|c, ) =0,:0%x —y) (2.5)

and vy is defined by

(@ 21718,3) = (€ae o By 3) + 10 [1slM, = 9100 = 1a10)]) 35 = ) (2.6)
u

and Tr denotes the trace operation over the space-time variables x, y, as well as over the isospin indices
a,b. In Eq. (2.4), £ and. @ are in general arbitrary non-negative real numbers.

The effective action S of Eq. (2.4) is to be used in defining the generating functional of connected Green’s
functions. Thus, if we define

exp(z'Z[_j“, E]) =f [dﬁu] f[d?ﬁ] exp{is[]_?:“, $] +1i f d“x[ﬁ(x) - P(x) - Tp(x) . ﬁ“(x)]} s 2.7)

functional derivatives of Z at —ju =k=0 give connected Green’s functions of the theory. The generating func-
tional Z depends on two parameters « and £. Note that the choice o™ =§ =« leads to the R gauge discussed
in Refs. 5 and 6.

The effective Lagrangian can be written as

(=

= 1 . =\ 11 e o 2
£_§<auB“_§gvx¢> "E(E‘5)(3”Bi)z=§[au¢+gB,‘><(¢tx¢n)]z_ %1;) P

+g 2 x B B*X (, + o1) - V(@)

2
—é(auB,, -9,B +gB“><B,,)2+—(‘%(BL)2
L 1
~ 2 (auBL - 5 (0" B (2.8)

L

The terms proportional to ﬁu . 8“5 have disappeared from Eq. (2.8). The propagators for various fields
are obtained by inverting the matrix of the quadratic form £, of the above expression:

1 -, 2, - - - 2, 1
a0, - L5100 ] - 40,8, -0.8,0- S B LB ko, @)

where
M2=gv, u#=20V(vij)/dv?,

and they arel?

1 1 :42). 2 1
s =79 eie0): ‘R MEvie

x|



2926 FUJIKAWA, LEE, AND SANDA 6
1
=y f——
y=¢i-v: ZIez—p,,,z+ie’
S U __1____< 1)]_1_
Wu‘ﬁ(Buq:’Bu)' —z[gw - kyk, 7 1 i) |7 (2.10)
and
) kR 1
A"EB?‘: —z(gw - —22—1(1 —a))m.
We see that our gauge interpolates between the R gauge (&£ — ) and the U gauge (£ -0). For £=1, we re-
cover the ’t Hooft—-Feynman gauge, in which the vector-boson propagators are proportional to g,,,,.
In the Weinberg model (and also in the model of Lee and of Prentki and Zumino) we have another gauge
boson Z,. We fix the gauge for this boson by adding the following term to the Lagrangian:
' Gv \? ,
£ ='§<au2"+7x> . G=(g?+gN (2.11)
where 7 is a parameter that can vary over the range
0<np (2.12)

and G and y are the coupling constant of Z, and the corresponding unphysical neutral scalar boson, respec-
tively, We must also modify the last term —i Trln[1+gSy] in Eq. (2.4) accordingly. The propagators for
Z, and x are given by

Z - ,[g;u}—kpky(l—n)/(Mzz_nkZ)]
Wi T P =M+ ic ’
. .——-1

X Y A /mM R i€’

where M ,=Gv.

In an S-matrix element, the pole at 22=M2/£ of the vector-boson propagator is canceled by the similar
pole at M %/t of the s* propagator. Neither of the scalar particles implied by these poles are physical. (In
the R-gauge formulation the s* are the would-be Goldstone fields,) In fact, the couplings of s* to other
particles can be determined based on the above considerations. As an example, let us determine the cou-
pling of s~ to the ev pair. We write the coupling of W} [=(1/V2)(B},+iB%)] to the ev pair as

(2.13)

(2.14)

Lyev=ge(l -y yW;.

Now consider the T-matrix element for the process
e(p)+vig)=v(g')+e(p’).

To lowest order, the W exchange gives

(2P (=) (1" (L = v9) v (D]F (@ L =p)e (p)][(g“x -

k“k") 1 +k“k" 1
M2)R2—-M2" M? RP-M3/t)

where k=p’ ~q=p - ¢q’, and we have used the vector-boson propagator of Eq. (2.10). The pole term at %%
=M?/E,
igme 2 N[ , _ ) 1 2 _ 2
()’ e (1)1 - v @IF @A+ 7 ePlg—arer,  M=(aw)
must be canceled by the s~ exchange contribution. This requires the s~ev coupling to be

m
L-ov =i—1;-‘“1§(1 —ys)Us”.

(The sign ambiguity is superficial, since the sign of v is indeterminate. Once a definite sign convention is
made here, all other couplings are uniquely determined.)
We note that the above cancellation is one of the consequences of the following two fundamental relations:
(i) The S matrix is gauge-independent, namely

0.

@
e | U
11
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(ii) The propagator D uv for W, and the propagator D for s* satisfy the identity

K3
B

D,,(k)=~- 2 D).

M : BY3
III. MAGNETIC FORM FACTOR OF THE MUON

A. Weak Correction to the Magnetic Moment of the Muon

In a unified theory of weak and electromagnetic interactions, one-loop contributions to the anomalous
magnetic moment a, of the muon are formally of order o, whether they derive from photon exchange or
weak-vector-boson exchanges. Theanomalous magnetic moment to this order can be written as

el ()5 ()

where (1 is the muon mass, M is the W-boson mass, f is a function of the mass ratios (u/M) and (m yo/u),
and m yo is the mass of a neutral heavy lepton Y°, that might exist in such a theory. The second term in
Eq. (3.1) is in magnitude of order (a/M?)u?~ G ou? and we shall call it the weak correction to a, and de-
note it by

3P E)

In addition, there are contributions of massive Higgs scalar bosons in such a theory to a,. However, they
are of order (u1/m4)* compared to Eq. (3.2), where m 4 is a typical Higgs scalar mass, and since the mass-
es of these scalars are presumably very large, we shall ignore them in the following discussion.

The weak correction to an’ has previously been computed by several authors® in the U gauge. In this
gauge, the electromagnetic vertex of the muon is quadratically divergent, so that its separation into the
electric and anomalous (Pauli) magnetic form factors is ambiguous. As a consequence, one finds that a¥
computed in this gauge depends on the way the internal momentum is routed in a diagram, even though it is
finite.

In the R, gauge, the electromagnetic vertex of the muon is only logarithmically divergent, and there is
no such ambiguity in evaluating az’. In order to verify the gauge invariance we have evaluated it in three
different gauges: &=, 1, and 0. In this section we will present the results of these calculations. In Ap-
pendix A, we will present a general proof that the value of a}j’ is independent of £. In the following we shall
refer to the result obtained in the limit {0 after the Feynman integration as the U-gauge result. For those
diagrams involving unphysical scalars in this particular case, the limit £ -0 and the integration commute.
This explains why the procedure used by Jackiw and Weinberg® and by Bars and Yoshimura,® of replacing
the vector propagator (1.3) by the regularized one, (1.1), yielded the correct result, even though this re-
placement per se is not a gauge-invariant procedure.

Our results are given for three different models. These are the model of Weinberg® based on SU(2) x U(1),
that of Georgi and Glashow'? based on O(3), and that of Lee and Prentki and Zumino (LPZ) based on O(3)
XO(2). The diagrams shown in Figs. 1 and 2 contribute to the models given by Weinberg and LPZ, and the
diagrams shown in Figs. 1 and 3 contribute to the model of Georgi and Glashow. In these figures s~ and y
are unphysical scalars and Y ° is a neutral lepton. For the purpose of illustration let us evaluate the dia-
gram shown in Fig. 2b. It gives the contribution

e, u? (g +g’2)f a*k (P )ys(B =B+ iw)yu(B—E+n)ysu(p)
@n)* [(p -k - u2][(p" — k) — p2][K = M 2 /0]’

where p and p’ are the incident and final muon momenta, respectively, and % is the internal momentum of
x- We separate this expression into the charge and anomalous magnetic form factors:

(3.3)

—iéﬁ(p')[Fl(qz)n +F2(q2);—“0uuq” +parity-violating termS]u(p), q=p' =p. (3.4)
After the % integration F,(¢?) of Eq. (3.4) is found to be

Fald)=~ ( )8zf dxf ) 2(x+;v)2—qzx;ﬁ}l;);/n)(l—x—y)' (3.5)

Integrations over x and y yield the desired result in the gauge characterized by . For example, to obtain
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the R-gauge result, we take the limit n—-<. Then

G 2
ap[Fig. 20)] =~ 5575 (3.6)

To get from Eq. (3.3) to Eq. (3.6) we have used the relations
2

M g2
g2rgt=g? MZZ and ——8M2=Gp/w/’§.

To obtain U-gauge result, we let -0 and we find that the diagram does not contribute:
a[Fig. 2(0)];=0. (3.7)

Finally in a ’t Hooft-Feynman gauge, we let n=1 and we see that

ap[Fig. 2(0)], yp=02/M ). (3.8)

Details of all other diagrams can be found in Appendix A. Tables I, II, and III give contributions from
Figs. 1, 2, and 3, respectively. For example, the contribution of Fig. 2(b) can be found in Table II, in
the column labeled Fig. 2(b). We neglected terms of order /M. In Table II, terms of order /M,
u/myo were also neglected. It is amusing to see that individual diagrams are quite gauge-dependent, but,
as they must, the diagrams always add up to give a gauge-independent result not only to the leading order
in (u/M); (/my)?, but to all orders. (See Appendix A.)
To obtain the result of Weinberg’s model, we add the results of Tables I and II:
w Gr? 0,1 29)2
a”=8”2ﬁ{?+5[(3—4c0s 0 -5]}. A (3.9)

Note that this result is the same as that obtained previously in the U gauge by the £-limiting regulariza-
tion.®

The result for the model proposed by LPZ can be obtained from that of Weinberg’s model by merely
changing the definition for the coupling constants. We obtain

G .2 4 42 2
aﬁ*ﬁﬁ <g’__§“ ;2” (1+sm29cos29)>, (3.10)
where 6 is related to the physical quantities by
Gp e? u?+v? o M? .
73 Ti%sino and " -2M22(1+tan 0). (3.11)

u and v are the vacuum expectation values of Higgs scalars in this model. In Eq. (3.10), a; can be about the
same order of magnitude as that of Eq. (3.9)if (M?/M,?) tan?6~ O(1). In that case both of these models predict
the weak correction to the muon magnetic moment to be of order 1078, below the experimental detectability.
In any case, the strong-interaction correction af‘ has been estimated from the colliding-beam experiment to
be of order (6.5+0.5)x1075,'% so that the latter seems to be bigger than the former.

The Georgi-Glashow model receives contributions from Figs. 1 and 2. The results of the calculation in
the special case m o< M are given in Table I and Table I. Note that Fig. 3 gives contributions which are
much larger than the previous two models by the factor m ,+/u. We will thus concentrate our attention on
the contributions of order G um o in Fig. 3. Evaluating for arbitrary value of myo/M We obtain

Grlmy++ 1)1 6
w_ Y 1_ 302 _ a2
4= "8 2n % sin%0 [1+(1_y)3(2 2y+32y° =y lny)], (3.12)

where y =myo®/M? and sin®0=4G ;M ?/V2¢?. Note
also the relation

and M. The present status on experimental and
theoretical uncertainties in ¢, places the limit's

2myocoSO=my++ . 2x107%<ay +aj, <6X1077, (3.13)

In Fig. 4 we have plotted the prediction of Eq.
(3.12). Two sets of curves correspond to contours
of constant ¢}/ and m o at various values of m .+

where aj, corresponds to the hadronic correction
to the muon magnetic moment. Using the value for
aj, quoted above, it seems quite safe to guess that
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14
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FIG. 1. W-boson and scalar-boson contributions to
weak correction to the muon magnetic moment. These
give contributions in all three models.

-2x107"<ap <0.

If we further demand, for example, thatm,+>0.5
GeV, then Fig. 4 readily gives the allowed range
of myoand M. The generous lower limit -2x1077
=a}; gives my+ <5 GeV. If we use |ay|<+1.1
x1077, we get m y+ <2 GeV. In these estimates we
assume m y+m ,/M,*< 1, where ¥ is the physical
scalar boson. A charged heavy lepton of this mass
range can be detected in the near future. A pair
of Y* and Y~ can be produced in reactions such as

Y+ (2)-Y +Y +(2)

or
et+e ~Yr+Y".

The detection of coincident e”p.* from the decays
Y -7

“+ue+e B

Y =V +v,+p*

Y
(a) (b)

FIG. 2. Z- and x-boson contribution to the weak cor-
rection to the muon magnetic moment. These diagrams
are for Weinberg’s model. Similar sets of diagrams
exist for the LPZ model.

(d)

FIG. 3. Y-lepton contribution to the weak correction
to the muon magnetic moment. These diagrams are
for the Georgi-Glashow model.

is a signature of the ¥ *Y~ pair production.

It is important to recognize that the a} in Eq.
(3.12) does not vanish even in the limit m ,o— .
If one performs a naive U-gauge calculation the
first term in Eq. (3.12) is absent and a;~0 for
myo~ (i.e., we can make @}/ arbitrarily small
by letting m o be large).

B. Asymptotic Behavior of F, (¢?)

In this subsection we discuss the behavior of the
Pauli magnetic form factor F,(¢?) as |¢g?|~«. We
caution the reader that F,(¢*) for ¢2+#0 is not an
on-shell S-matrix element (i.e., not measurable)
and is not invariant under non-Abelian gauge group
(i.e., depends on the gauge). Figure 5(a) gives a
process in which F,(g?) is relevant. But Fig. 5(b)
is of the same order. We obtain the gauge-invari-
ant answer only when Figs. 5(a) and 5(b) and all
other diagrams of the same order are added.
Fy(q?=0)=a,’ is available for experimental mea-
surements only because of the pole due to the pho-
ton propagator. Still, the knowledge of the asymp-
totic behavior of F,(q?), though gauge-dependent,
is important in the question of renormalizability
when diagrams of the type Fig. 5(a) are inserted in
more complicated diagrams.

Our conclusion is that F,(¢2)~0 as |g2%|~ in all
gauges except the U gauge, i.e., for all combina-
tions 70, £#0. This can be easily seen, at least
for off-mass-shell muons, as follows: For #0,
£ #0, the triangle diagram that we consider has the
degree of divergence at most zero. Thus due to the
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o

TABLE I. Contributions of diagrams shown in Fig. 1. To obtain the answer these numbers

should be multiplied by Gppu?/812v2,

Diagram
Gauge Fig. 1(a) Fig. 1(b) +1(c) Fig. 1(d) Total
U gauge v 0 0 w
’t Hooft-
Feynman % 1 0 i
gauge
R gauge £ 1 1 u

kinematical factor, 0,,q,, the integral for F,(q?)
has the degree of divergence —1. Therefore, by
Weinberg’s theorem,'® F,(g?) < 0(1/Vq?).

We have also done the calculation for the on-
mass-shell muon amplitude and verified that F(q?)
—~0as |g?|-= in all gauges except the U gauge in
the Weinberg model. In order to obtain the result
for the U gauge, we let £ —0 and then let g2~ —,
The result is (for the Weinberg model)

Gpu? 2
Fz(qz)"ﬁ%,n,z (4 - %)11’1(_‘12)
+constant for g% - -,

These results indicate the gauge dependence of the
off-shell amplitude. In particular, for the renor-
malizable gauge (i.e., for £#0), F,(¢?) shows a
manifestly renormalizable behavior. On the other
hand, F(q?) in the U gauge exhibits a divergent be-
havior at g2=-=, As remarked in Ref. 17, the
logarithmic growth of F,(¢?) for large g2 does not
necessarily imply any trouble with S-matrix ele-
ments for physical processes. When all diagrams
of the same order for a physical process are added
the bad behavior of F,(g?) can be canceled by those
of other diagrams.

The dispersion relation for F, in the U gauge re-
quires a subtraction (which cannot be determined
a priori) while its absorptive part may be com-

puted by the standard Landau-Cutkosky rule. On

the other hand, F, in the R, gauge has an absorp-
tive contribution from unphysical states, while it
requires no unknown subtraction.

Note added. After the completion of this paper,
we received a preprint of Bardeen etal.,'® in which
they evaluate a,, in the Weinberg model using the
n regularization method of 't Hooft and Veltman.'®
Their answer agrees with ours. Quinn and Pri-
mack®® have computed a, for the Georgi-Glashow
model. We appreciate Professor Quinn’s explain-
ing their result to us.

IV. STATIC CHARGE OF THE NEUTRINO

As in the case of Pauli magnetic form factor dis-
cussed in Sec. I, the notion of the electric form
factor of a (muon) neutrino is an unphysical one in
the present theory: The electric form factor, for
nonzero momentum transfer, is not an element of
the S matrix and, in the present theory, is neither
gauge-invariant nor unitary for arbitrary £. How-
ever, the electric charge, i.e., the value of the
electric form factor F, at zero momentum trans-
fer, is an element of the S matrix and measurable.
It must be zero if due care is exercised in evaluat-
ing Feynman integrals.

In the Georgi-Glashow model, there are altogeth-
er 10 diagrams contributing to the electric charge

TABLE II. Contributions of diagrams shown in Fig, 2. To obtain the answer these numbers

should be multiplied by Gpp?/87%V 2.

Diagram
Gauge Fig. 2(a) Fig. 2(b) Total
U gauge 1[(3 -4 cos?0)? -5] 0 113 -4cos?6)? =5
’t Hooft-
Feynman 11(3 -4 cos?6)? -5] 0 1[(3 -4 cos?6)? —5]
gauge
R gauge 11(3 -4 cos?0)? —5] -1 1[(8 -4 cos?0)? 5]

+1
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TABLE III. Contributions of diagrams shown in Fig. 3. To obtain the answer these numbers

should be multiplied by Gpm y+ p/21%V2 sin®g.

Diagram
Gauge Fig. 3(a) Fig. 3(b) +3(c) Fig. 3(d) Total

U gauge ~1 0 0 -1

’t Hooft-

Feynman -3 -4 0 -1

gauge

R gauge -1 -1 -1 -1
of the neutrino. In Fig. 6, we show five of them @) F(d)(O):—ii g 2f d*k 2
which involve internal muon lines. The other five c 1 2\2 (2m)* (B2 -~ M) (k2 — u2)?’

are similar and involve internal Y * lines. We
shall evaluate the Feynman integrals in the R gauge
(¢ =») for convenience. (We have also checked the
¢ independence of our results.) The contribution

of each of the five diagrams in Fig. 6 is as follows.

. poy-_3(8Y (4% 1
(a): Fﬁ’“’)—“’z(z) @) (7= MF

_id §>2fd4k p? 1
2\2 (2m)* k2 —u? (B2 -M?)?’
(b): F§b>(0):i%

g 2f A 1 p? 1
2 (2,”)4 kz kz_uz kz_Mz,

1/f,\? f d*k 1 1
. (©) Y B A3 - - =
(c): F (0) 12<2> (211)4 k2 RE- 2 (4.1)
lo T T 1 1 T T 1 1 T 1 T
OF_ and m Y° _
8l Oﬁ =-3x10'
S
» 6 ]
e u‘Z_=-2xIO'7_
<
E =
a‘z=-lxl(57-
mYo =1.0GeV
2 -
m o =0.5GeV
0—% 76 36 %0

M (GeV)

FIG. 4. Predictions of Eq. (3.12). Sets of contours
correspond to constant a’,‘j and constant 72,0 on the
(my+, M) plane. If we take —2x 107"=gj{ = 0, for ex-
ample, the experimentally allowed region lies below
the line labeled —2x 1077, If we further take m, +
= 0.5 GeV, the allowed region is bounded from below.
The upper bound for my +, in any case, is approximately
5 GeV.

1(f >2 d*k R?-2p?

. C] = i ={lE = = —ar
(e): F12(0) ’2<2 @) R2(RE - L2
where u and M are the masses of the muon and the
W boson, and f, is the coupling constant of the sca-

lar meson to the muon and neutrino:

fu=gun/M.

In Eq. (4.1) we have written F(®(0) as a sum of log-
arithmically divergent and convergent integrals. A
simple computation shows that the sum of the sec-
ond term of F@, F{, and F® is zero after the in-
tegration, so that if the sum F{® + F® vanishes,
then the muon contribution to the electric charge of
the neutrino is

3] S iy

and is independent of the muon mass. The Y * con-
tribution to the electric charge of the neutrino is
exactly opposite to the above-mentioned u contribu-
tion, so the net charge of the neutrino is zero as it
should be.

Thus, the matter hinges entirely on whether the
sum F{9+ F® is zero. A naive evaluation of these

% T Iz
H w- w-
p p #X#
(

FIG. 5. Example of diagrams contributing to muon
elastic scattering.

b)
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p p
Sw S\_W
Y Y
(a) (b)
W _.5
m ["’\\L ,// N
e
)
F T
Y
(c) (d) (e)

FIG. 6. Diagrams which contribute to the static charge
of the neutrino in the Georgi-Glashow model.

two terms gives

f 2
FO+FP =1,

1=if(lzi;;[kf<;e;ﬁ22)f kz(kzl-ﬂz)] .

1

82’

which is not zero; it is significant that the value of
I is independent of the muon mass u. Note that
FO +F® cannot be canceled by the similar contri-
bution of Y ¥, since the latter is proportional to
(fy+)?, fy+ being the coupling constant of the sca-
lar meson to the muon-neutrino pair. That is, a
naive evaluation of Feynman integrals leads to a
nonzero electric charge of the neutrino.

The above paradox has nothing to do with the non-
Abelian gauge invariance of the theory or the mass-
less nature of the neutrino. The offending dia-
grams, Figs. 5(c) and 5(e), are characteristic of
a theory in which fermions are coupled to a scalar
meson. The sum of the two diagrams shown in Fig.
7 may be written as

b d‘k 1
F”“SFf(Zn)“ﬁ[(Wé—m,)(kz~m,r2>

_ 1
F=m )[(k—q) —mﬁ]]“’

(4.3)

and if we can shift the contour of integration 2— %
+¢ in the second term of the integrand, the inte-
gral vanishes identically. The integral is, how-
ever, linearly divergent, so that the change of

the variable of integration is legitimate only after
the integral is suitably regularized in a gauge-
invariant manner. A simple regularization scheme
is to replace the pion propagators in (4.3) by

m+(k)
AN
N 1’ \ N p(k)
n(q) PR n(q) |\ /1
N7t k-q)
7 {
Y

FIG. 7. Diagrams contributing to the neutron static
charge.

1 1 1
kz_mrz kz_mwz kZ_A027

1 1 _ 1
(k=qP-m.* (k=q)?-m;* (k—q)*=-Ag"

(4.4)

In this case, the naive evaluation of the charge of
the neutron gives a result independent of the mass-
m % internal-pion lines so that the regularization
implied by Eq. (4.4) yields to a zero neutron charge.
The result here is counter to the folklore which
says that convergent Feynman integrals need not
be regulated: If we perform the differentiation
with respect to g prior to integration in Eq. (4.3),
as one would to recover the original Feynman inte-
gral, then the integral becomes convergent and the
conventional wisdom would say that it is not nec-
essary to regulate the integral. What we have
learned is that to keep the chavge of a neutval fer-
mion zevo, it is necessary to vegulavize Feynman
integrals in a gauge-invariant way, even if the in-
tegrals are convevgent.

Let us return now to our problem. We can regu-
larize the scalar-meson line in a gauge-invariant
manner as in the 0 model: We insert in the La-
grangian the regulator term

. —‘zl‘[(Dua')z‘A02¢'2]=—§{[(8“ +g§p><)$’]2-/\02<-5’2}

and replace the untranslated scalar fields ¢ by the
sum ¢+ ¢’ in all interaction terms.?''?> This modi-
fication of the Lagrangian is clearly gauge-invari-
ant (with respect to the non-Abelian gauge group),
and the integral I in Eq. (4.2) is now regulated to
read

I _‘fd"k[kz—zl.tz (1_ 1
reg =~ ¢ @i (z2 - 22 kz_kz—AOZ

- kzk—zuz ((kIZ)z UE —1 A02)2>] ’

which is zero for all values of A,>. Thus, a gauge-
invariant regularization of the Feynman integral
does give the physically correct result F{@ +F{® =0,
We remind the reader that F{?+ F{® is non-Abelian
gauge-invariant by itself. Thus the regularization
procedure stated above is sufficient to remove the
neutrino static charge for arbitrary gauge.




V. CONCLUSION

We have given a formulation of the convenient
gauge for actual applications of SBGT (R, gauge).
Based on this formulation, we have verified the
gauge independence of several simple S-matrix
elements. This indicates that the ghost-eliminat-
ing mechanism is indeed working in examples we
have considered. It is important to show that the
gauge-independence properties of the S matrix are
preserved at every stage of the renormalization
program.

In our formulation, the finite part of the S matrix
is uniquely determined. Results of our calculation
of weak correction to the muon magnetic moment
agree with U-gauge calculations with the §-limit-
ing regularization procedure. An experimental im-
plication of our results is that the charged heavy
lepton in the Georgi-Glashow model is required to
be small (of the order of 0.5-5 GeV). It is there-
fore worthwhile searching for this lepton in the
existing accelerators.

A naive calculation of the neutrino static charge

1. Neutral Vector Meson in

We have two diagrams shown in Figs. 2(a) and 2(b) for
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in SBGT gives a nonvanishing result. This diffi-
culty, however, also exists in any theory with neu-
tral spinor fields. A prescription to remove the
static charge in a manifestly gauge-invariant (non-
Abelian) manner was given. To check the self-
consistency of SBGT, it is desirable to evaluate
other lower-order diagrams and to confirm the
absence of any other unexpected “anomalous”
behaviors.

APPENDIX A: FORMULAS FOR THE MUON MAGNETIC
FORM FACTOR AND PROOF OF THE GAUGE
INDEPENDENCE OF THE g, FACTOR

In this appendix we give general formulas for
the weak corrections to the anomalous magnetic
moment of the muon based on our R, gauge in
Sec. II. We calculate the neutral-vector-meson
contribution in the Weinberg model and the mas-
sive-neutral-lepton contribution in the Georgi-
Glashow model. The Feynman rules are given in
Appendix C. From these two results one can easi-
ly derive the magnetic moment for other schemes
of lepton interactions.

the Weinberg Model

the neutral vector- and scalar-meson contribution

in the Weinberg model. Figure 2(b) has been discussed in Sec. III [see Eq. (3.5)].

For Fig. 2(a) we have

— - 1- af
~m(p}ye[a(1525) + (1525) |0+ v [a(B52) «o(152) o) s (A1)
zZ
where
r2 1 g/2_g2
T I a2
aB — sO0B kake(l—n)
PeP(k)=g* - Mzz"nkz . (A3)
The result is given by
2) _ £ 2 (x+y=-2)(x+y-1)
F(q)-—gﬂz(az+b)fdxdy RS TR
4p? (x+y-1)
8 abfdxdy Q*+MPA(1-x-y)
12 (a=b3 Q@ +A(1-x~Y)
R ;fdxdy[B(x+y)—Z]In[Q2+MZZ(1_x_y):|
2 5 1 1
_fdxdy[Q (x+9)+2q xy]l:Q2+M22(1—x—y) _Q2+A(1—x—y)}$’ (A4)
where
Q*=pP(x+9)’-q*xy, A=Mj;/n.
Note the relation
(a-b)? _1g°
MZ 4ME’ (A5)

with M the mass of the W boson.
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Based on Egs. (3.5), (A4), and (A5) we prove the gauge-independence condition for the physical S-matrix
element, (8/6m)F,(0)=0 or equivalently

9 -
ﬁFg(O)—‘—O. (AB)

Equation (A6) demands the following relation:

1 1 (1-19) pt(1=1¢) 2u2t3(1~1¢)

- - 7
[t ae 0t=2) L S AT I T AT |0 (A7)

where we changed the Feynman variables to

t=(x+v), z=(x-y)/t. _ (A8)

Equation (A7) is indeed satisfied if one notices the relation

k) 1-¢ 2t -2

zﬁ[uztzm(l-t)]:_“z[uztzm(l-t)]z' (49)
Therefore the sum of the neutral vector and scalar meson contributions is gauge-independent, and con-
sequently it is free of ghost contributions. Equation (A6) allows us to use any gauge we want to calculate
the matrix element. In particular if one takes the limit n —0 in Eq. (A4) one recovers the results based
on the £-limiting procedure (scalar-meson contribution vanishes in this limit).

In passing we note that the Higgs neutral scalar meson (which is independent of the gauge) in the Wein-

berg model (see Fig. 7) gives the magnetic form factor

p2 (g%u® (x+y)(x+y=2)
B 87<4M2> Jaxas - M, (1= x—3) (A10)

This gives a small contribution to F,(0) for (u?/M,?) < 1.

2. Neutral Massive Lepton in the Georgi-Glashow Model
The neutral massive lepton in the Georgi-Glashow scheme contains four diagrams; see Figs. 3(a)-3(d).
Figure 3(d) gives

-2—?‘-4—5[(u —m cos6)® +(u cos® —m)?| L(p") 1 p) G _mz)gii'k‘)(l,z e

Mz(u —-mcos6)(u cosf — m)u(p)léu(p)(kz mZ)g:f’k)(l;z_A), (A11)

and the result is

F(q*) =~ 5705 (1 = m cos6)( cos - m fdxdy lf(lfxgj)
- lfse;g;/[z[(u —m cos)?+ (u cose—m)z]f dxdy Q‘_%)z(j\l_:/;;_—y__) ’ e

where we defined

A :Mz/é ’
- ; 0

m =mass of the neutral massive lepton Y°, (A13)

fla, b) =Q%+x(a = p?) +9(b - p?) + (1 - x = y)m?

Q*=u*(x+ ) —q%xy.
Note that F(g2) in Eq. (A12) vanishes in the U-gauge limit, £~0 (or A — ).

Figures 3(b) and 3(c) give rise to
P _ PA(1)

_.— 29) ~ ’ I

[H(I‘*‘COS 6) — 2m cose]; w(p )}é’)’a w(p) (7= mz)(l’z N[N +a(p )Ysléﬂ-(‘b) RN YN

2 Pp1) (o PRI
+—m[M(1+cos 6) = 2 cosO [Ny o D) G oy —myaz =y HEE s D) E AP o)

(A14)
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where

i - LD

The result is given by

F(q?) = %[u(l+coszé))— 2m cos@]%ZM"’fdxdyf—-(X—yM—z) +f dxdy[3(x+y) - 2]1n<}f—(%,’13—2)>

1
-f axdy(x+y-1)[Q% - p?(x+ y)][f(A];Mz) —f(A, A):\E (A15)

for the first group in Eq. (A14). The second group in Eq. (A14) gives

F(q?= 1_61? %[M(l +cos?0) - 2u cos@]f dxdy(x +y - l)zl:f(A,le) _f(AT A)} . (A16)

Note that F(q?) in Eqs. (A15) and (A16) vanishes in the U-gauge limit A - .
Finally Fig. 3(a) gives the expression

_ PBT 4 oq 3 _ BT 14 PoY(]
_esm COSGIJ'([)’)VBYQ/J'(I)) (kz _mZ)((lp)ZV:l}\}f)(lz(l_)MZ) _%(1 +COSZH)IJ.(1),)'}/B]é7(x“( p) (k2 —PmZ()(l)Zzl?wz)(lz(—)Mz) ’

(A17)
where
Vo= orll+ 1)y =1 8y = Ll 8ur + 8oplr = 8y 4 (A18)
and
qg=1"-1.
The result is rather lengthy. The first group in Eq. (A17) gives rise to

o 1 e*umcosf . X+
F(q = E 33M fdxdyf-——————-—(Mz’Mz)
f(A, M%)
F 1%, MP)
2 2 2 2 1 1
+fdxdy{(1—x+y)[Q =2ul(x+y) +p?l+2q y(x—l)}[f(Mz,Mz) —f(A,MZ)]

f(A, MP)f (M3 A)
“(f(MZ, Mz)f(A,A))

+3fdxdy(x-y) In

1 4°
-3 [T/I—zfdxdy[3(x+y)—2]l

1 2
+3 A%fdxdy(xw - D[Q% - 2u®(x + )+ p?]

1 1 1 1
X[f(Mz,Mz) RO N "7, 0 TR, A J ; (A19)
and the second group in Eq. (A17) gives

(r+y)[20x+y) +1]
F 1, M%)

2 1 et 2 2
Flg )=W W (1+cos?0)i2M?| dxdy

- Zfdxdy[4(x+ Y)2=9(x+y)+2+6y] ln(ff——((;}];ﬁz;z))

+2fdxdy{u2(x+y— D229+ (x+9)(x+y=1)]=g?xy[2y+ (1 =x = p)(2 = x = »)]}

. [f(le, ) _f(A,l MZ)]

+4f dxdy q*(xy- y)[f(szMz) —f(A,le)]
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q2 2 f(A’Mz)f(szA)
+<A—/I-§> fdxdy[4(x+y) _9(x+y)+4]1n<_—_-f(M2,M2)f(A,A)>

—%;)f dxdy(x+y - D)[(x+y - 2)@%+ p3(x +9)]

1 1 1 1
X[f(MZ,MZ) 70,8 T 7, ) +f(A,A)] % : (420)
We would like to discuss the gauge-independence condition (8/8&) F(0)=0 or
9
A F(0)=0. (A21)

From Eqs. (A12), (A15), (A16), (A19), and (A20) we readily recognize that F(q®) consists of two groups,
one of which is proportional to 7 cosf and the other proportional to (1+cos?0). These two groups separate-
ly satisfy Eq. (A21). The proof of Eq. (A21) can be made as in Egs. (A7)-(A9) by the repeated use of par-
tial integration. We note that the contributions with a f(A, M?) factor and the contribution with a f(A,A)
factor in Eqs. (A12)-(A20) separately satisfy Eq. (A12). We do not write down this lengthy but straight-
forward proof.

Equation (A21) ensures the absence of the ghost contribution to the anomalous magnetic moment. Equa-
tion (A21) also allows us to use the most convenient gauge when we calculate numerical values. We also
note that in the limit £ - 0 we recover the result based on the £-limiting process.

The neutrino contribution is obtained from the above result by setting m =0. The coupling constant
should be adjusted according to the specific model one uses.

3. Large-q? Behavior of F(q?)

From the above general results for F(g?) it is easy to see that all the contributions to F(¢?) from scalar
mesons vanish in the U-gauge limit, £=0 and n=0. They also vanish at ¢®*= -« (i.e., large spacelike mo-
mentum transfer). It is also not difficult to see that the Z contribution in Eq. (A4) also vanishes at ¢%= -
independently of the value of 7.

In the following we discuss the large-g2 behavior of the W contribution in Eqs. (A19) and (A20). Those
equations show that all the contributions to F(¢?) vanish at ¢?=— for £=1 (i.e., 't Hooft — Feynman gauge).
However the gauge independence of the off-shell amplitude cannot be proved. We expect that F(¢®) at ¢°
= -0 may depend on the gauge one chooses. We show this explicitly in the case of the neutrino contribution
in the Weinberg model. We thus put m =0 in Egs. (A19) and (A20).

We first note the following relations:

—qudxdy Y ~ 1n(—q2)+f1dt In S — (A22)
Q¥+ x(A = p®)+y(M? = u?) 2. . 0 ut+M? =
and
1
- f dxdyp(x, V) Inf(M%A) ~  —¢? f dt p(t)tint
P 0
A =22 [ at p(d)in(=g?) + 5 =) [ at p(i)1 [M]
e ear® -2 [Tt o (=g + 50 -0 [ at p(0 0| B
1 2
—%f dtp(t)[uzt-—u2+A;M ]1n[(u2t+M2—u2)(u2t+A - p?)]
0
1
+(A+M2-—2u2)f dtp(t), (A23)
0
where

plx,y)=4x+v)?-9(x+y)+4
and
p()=4t2-9¢+4.

Using these two relations in Eq. (A20) we can readily show that
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F(¢%)~0 for g~ -« and £+0, ‘ (A24)
2 ,,,___ gU K 2 - —
F(q?) 8% 87 (4 M2>1n( q?) + cost for ¢* after £=0. (A25)

Equations (A24) and (A25) indicate the gauge independence of the off-shell amplitude.

We also point out an interesting large-¢® behavior obtained if one uses (incorrect) regularization schemes
other than the £-limiting procedure in the U gauge. The last two terms in Eq. (A20) show that the linear
divergence in ¢* at large ¢® could exist. For the gauge-invariant calculation this linear divergence cancels.
But if one uses other regularization schemes such as the “proper-time” (see Appendix B) or the “Pauli-
Villars” regularization with a massive neutrino in the U gauge, this linear divergence indeed survives.

APPENDIX B: AMBIGUITIES IN THE U GAUGE

In this appendix we briefly review the ambiguity that Jackiw and Weinberg and also Bars and Yoshimura®
encountered in their calculation of the muon g factor.

The logarithmic term in the parametric integral for F(0) in the U-gauge limit (i.e., £-0) causes an am-
biguity: Equation (A20) in Appendix A contains the logarithmic term

F(0)=- 81 u fdxdy[4(x+y)2 -9(x+y)+2+6y] ln[

_gz X
7% 40 ° :]+other terms . (B1)

P2+ )2+ (6 +y) (M2 =~ p?)
This is the correct answer. On the other hand if one regulates the neutrino propagator we get

1
8?2 4M2

1—-x-y
x+y)*+(x+y)(M? - p?)

F(0)=-

fdxdy[4(x+y)2 9(x+y)+2+6y] 1n[ e :\+other terms . (B2)

If one first exponentiates the Feynman amplitude (a sort of “proper time”) and performs a loop integral,
the following result is obtained:

1
“8re 4M2

1

F(0)= X+ +(x+y) (M2 = p2)

fdxdy 4(x+y)2—9(x+y)+2+6y]1n[ 3 ]+other terms . (B3)
All these expressions give rise to different answers. This kind of ambiguity is absent in the general R-
gauge calculation. Naive U-gauge calculations are plagued by this kind of ambiguity. Some existing proofs
of cancellations of divergences in higher-order diagrams are based on the exponential parametrization of
propagators that leads to (B3). While such a method is acceptable in establishing the absence of diver-
gences, it will not provide a reliable finite part.

APPENDIX C: LAGRANGIANS AND FEYNMAN RULES

In this appendix we present Lagrangians for the existing models of leptons mentioned in the Introduction.
We also write down necessary Feynman rules for our calculations in Secs. Il and IV. In the R, gauge dis-
cussed in Sec. II, we have unphysical scalars in the Lagrangian. The Feynman rules are therefore more
complicated than those in the U-gauge limit. The Feynman rules for those unphysical scalars and also the
relative signs for various amplitudes can be conveniently checked based on the gauge independence of the
T-matrix element as we discussed in Sec. II.

1. Georgi-Glashow Model

This model is based on the group O(3). We have a triplet of leptons and also a singlet of neutral massive
lepton. The mass is generated by a triplet of real scalars. A part of this Lagrangian has been given in
Sec. II, (We follow the notation of Bjorken and Drell!®.) The total Lagrangian has the following form:

£=£I+£II+£III - V,
L=V (iF =my+)Y '+ Y% = m o)V °

+ ﬁ(iif—-m“)u +3LiﬂVL+efy“(’T"§)uL+eI_£y“(’i‘"§)“R - W——~——0Ms—9—_——m—“—)[ (T-3)R+H.c.]
- w{[sine Y9 —cosfV,|[sTY p+stup+9Y S]+H.c.}, (c1)

M

where
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Y} Y;
L= cos6Y°L+sin9VLJ, R=| Y9 |, (Cc2)
g Hr
with
e S
A, =W, 0 v =st 0
T-B,=|-w, 0 wj|, T-8=|-s" 0 s*|, (c4)
0 w, -4, 0 s™ =y
where
¢ =Higgs scalar,
* =unphysical scalars, (C5)
Gp/V2=(e*sin?6/4M?).
There is a constraint:
2m y0COSO=m y++m . (C8)

Note that the covariant derivative is given by
v,y=[o,+ig(T-B),Jy,

with g=-e.
£11 is given by

L11=3]08 9 +ie[Ws* = WisT][2+|9,s" +iMW ], —ie A s™ +ieyW|?. (cn
The quadratic term of £; is given by
LB - | 8,8 |2+ 3(0, 0P+ M2 | W} |%—iM[a,s*W™H—0,s"W"H], (C8)

This £5* suggests the following gauge term:

.,e°=_2ia(a,1Au)2-g auw+u+%‘/—ls+ 2; (C9)
see also Sec. II. £;y; is given by
Li==%0, W} 0, Wh+ie[WiA, -WyA 112-5l0,A, =0, A, —ie[W W, -W W;][. (C10)
The mass of W is given in Eq. (C8).
The potential is given by
V(@) =z ¢%+1[ o[*
=51, 2% + A[40P(25* ™+ 92) + (25T T+ P22 ]+ [ + 4vA][st s+ uy], (Cc11)
where
my? =+ 122072, (C12)
1o2<0, and we have the condition u2+4v2x=0. The field ¢ is the unshifted field, and it is expressed as
¢t st 0
o=l @° |= v+ |, (D)= v | (C13)
¢~ s~ 0

The gauge-compensating term for Eq. (C9) is given by (see also Sec. II)

—Trin(1+8 ), (C14)
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where
—(82+M?2/k —i€) 0 0
' 0 ~8% +4€ 0 §=0%x-7y) (C15)
0 0 —(82+ M2/& — i€)
and
ied A" —(eM/E)yp —ied W*H +(eM/E)s” 0
y= ~ied W 0 ied ,WTH 4 (x ~y). (C16)
0 ied WF+(eM/E)s™ —ied A¥ —(eM/£)y

The divergence in this matrix stands for an operator, e.g., 3,A"=(3,A")+A"?8,. The lowest-order con-
tribution from Eq. (C14) is a y-vacuum tadpole diagram. For £ = (Landau gauge), for example, Eq. (C14)
becomes

—iTrlnl:l +—_——i—,— au(ie’_f°l_3>“)] (C17)

9%+ i€
2. Weinberg Model
The detailed form of this Lagrangian is found in Refs. 1 and 6. We briefly summarize it in the following:
L=L;+ Ly +L1 -V,

— . . — _ G_
L=V v, +T(if - m i — enhy - %[VLW+;.L +H.c.]- EVLZVL

+an{°°§29<1—;7—i) -sin%(%ﬁ)]u —gz—znwﬂ[(\/'?ﬁVLS'+H.c.)+ﬁu.z,b+ﬁiy5ux], (C18)
where
s* and y =unphysical scalar, 3 =Higgs scalar,
G=(g2+g"2)2,
’ 2
cosg=5-M e=-38 Gr_g (C19)

G’ V2 8m?

For notational convenience we defined the charge e with an extra minus sign.
£ is given by

G My

~ 2 M Gz ;
£y= aus++iMWL+—’ﬁgwps°+i<—eA“+G%mzu> w0, =iz, —iTs b g wyst [T, (C20)
where
s%=

The quadratic part of £;; is given by
d
e =0,s* [+ 3[(8,9)+ (8,x)] + M2 W} |2
+3M (2 = iM[o, sTWTE =0, sTWH] ~ M b xZ" . (ca21)

The gauge term is given as

c_ 1 M B 2 n MZ 2
£ —-ﬁ(auA")z‘g 8MW+“+Z?S+ —§<3uZ“+TX) ) (C22)

The gauge-compensating term will be discussed later.
For £y,
Lir==2[8,W; — 0, W, +ie[W,A, -W}A,] -G cos®6[WhZ, - WiZ,] |2
—3l0,4, =0, A, —ie[WiW5 -WiW;] |2 -3]8,2, - 8,Z,+iG cos?6[Wiw; — wiwgll2. (C23)
The masses for W, and Z, are given in Eq. (C21);
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e (o) 5]
=3m 2% + M(2/N)M2m (s 5™+ 595°) + [s*s™+ 595°] %}, : (C24)

The gauge-compensating term is given by

- Trin[1+S-y], (C25)
where
(—(82+ M2/t - ic) 0 0 0
0 —(82+ M2/t —ie€) 0 0
0 0 —924ie 0 §=0%(x~y) (C26)
L 0 0 0 —(82+M?/n —i€)

and the matrix y is defined by

F‘6 +'-w r-QJr-j 1 . ~Qz)ﬁ
f ﬁ(ﬂ -1
of Q- L otvig?)
V2
=[] =[] ., ) (cam)
o4 o £ g, 2 g0
g g
ﬁfz QZ QS__ 290
[ J - J — 4
with
of *=Figd"[(Z,cos6+A sine)Q*]—M(zpii 0
=Figah[(Z, u ar Wix
Fiecosf oM [W (@4 +cotf Q7)] +§M_2£:§)s_98 * (294 - % cos26 QZ> ,
GfAEiG sing 3”(W;Q+ —W;Q'), (C28)

GM,
2

of Z=igab (W, Q" - W37+ (=ypQ%+s'Q™+s7Q%).

Another way to take care of this compensating term is to introduce four auxiliary complex scalar fields'?
¢q, a=(+—,A, Z). We add the following extra piece to the effective Lagrangian:
E=0l(87 +y)* ¢, . (C29)

The ordinary perturbative treatment of £ with an extra (=) sign for each closed loop of the ficticious scalar
particles ¢, gives rise to Eq. (C25).

3. The Lepton Model of Lee, Prentki, and Zumino

The group structure of this model is close to that of the Weinberg model. We need two sets of scalar
triplets to accomodate “quarks” in this model. However only one triplet of complex scalars is sufficient
for the lepton model. We present here this simplified lepton model:

L=L+ L+ Ly -V,
Lr=M*((F—m)M* +Vigv, +L(IF -m

gMm
M

+GﬁZ[cos29<1—;—"5> - sin29<1 EVS)Ju - GM*Zc[cos29< 1 "2”") - sin? 9(1—;"—5>}M *, (C30)

[Z-3)M}+H.ec.] —g—;Z—E[(f' Slug+H.c.]—e[Rdu -M*AM* ] - g[(@W . — M*W*v)+H.c.]
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where
M3 st 50
L=| v, |, s=| s* |, 3=| s” |,
Lr s° s™T

(c31)
2
g cosos

’
G=(g2+g™)2,  e=()E,

Q[0

, M=gu, M,=V2Gu.

For £,
Lyp=0,8" " —igW s* +i(-2eA , +G c0s20 Z ,)s** |2
. . . - . . M, : - : 2
+Iaus++zMWL+ngﬁs°—thus”-z[eA“+G sin?0 Z ,]s* | + a“s°—17—-§Z“+ng“s’r -iGZ s .

(C32)
The quadratic part of £;; is given by

£'§';ad=]aus++]2+ |a”s+l2+%[(auzp)2+(8ux)2]+leW;|2+§M22(Z“)2-—iM[a“s+W;-3“s'WL]—Mzaux-Z“,

(C33)
where we defined
o 1 .
s°=75 @+ix),
s* and y =unphysical scalars, (C34)

s** and ¢ =Higgs scalars .

The gauge term is the same as Eq. (C22) in the Weinberg model. The Yang-Mills Lagrangian is also given
by Eq. (C23).
Finally we discuss the potential:

- - o -
V=Mo(5*'§)+Z(€*XE)Z+7\(§*'§)Z
=3m 22 + smge?| s 2+ 2V 20up(s05 0+ st ST+ 5T TS TT) 4 (895 0+ st T+ st SN
—aV[2V2u(s9S O+ sTFsTT) + 2ust (s%s T — TS ™) + 2us (50T — s7s* )
+(s950 = s ST+ 2(s0% T = sTsT )% T = sFs7T)], (C35)

where £ is the unshifted complex scalar field

st 0
E=| s* , (Ex=] 0 |, ' (C36)
u+s° u

mw2=—2u0>0, 7’}’ls++2 =pu®>0.

There is the following constraint:

v "3 1
kz*(‘z‘f}m[mw%mswﬂ- (C37)

We can make m, and m++ arbitrarily large. The gauge-compensating term is also similar to that of the
Weinberg model. We do not discuss it here.

4. Feynman Rules

We summarize several Feynman rules we use in Secs. III and IV. Propagators for vector bosons and
also for scalars are found in Sec. II. The fermion propagator has the standard form

p-m" (C38)



2942 FUJIKAWA, LEE,

In the following we give Feynman rules for the lep-
ton models due to Georgi and Glashow (GG), Wein-
berg (W), and Lee, Prentki, and Zumino (LPZ).
We write the Feynman rules for the R, gauge of
Sec. II.

All of these models give the identical Feynman
rules for Figs. 8(a)-8(d). They are

8(a): (—e)ly i ; (C39)
8(b): (—ie)(l' +1),; (C40)
8(c): (e)[(gupl' +1) =188 ua=1agus)

+(ga“qﬁ—g5uqa)], where g=1' -1;
(C41)

8(d): (—ie)Mg - (C42)

Note that we normalized the sign of the charge by
Fig. 8(a). The magnetic form factor appears as a
coefficient of (-ie)u(io,,q"/2)u. For other dia-
grams Feynman rules depend on the model. We
just list them below:

" 8(e): GG: (iesin@)ﬁya<1;y5>u;
. _i__g = 1-ys .
W (52 o

LPZ: (—-ig)l—zya<1 -

2
8(f): GG: ( ieSiﬂlzgm“ v< “275>u;
W: <“jg§’1’&“>v<1;y5 v (C44)
LPZ: <_§Wm“ 7<1+275 W
8(g): GG (ze)—Y"[cosG(l;ys)Jr<1;ys>]yau;

8(h): GG: <§§>Y° [(m“cose—myo)<-li’2—“-)

+(mu_mY00059)<1 ;75>:|u;

(C46)
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FIG. 8. Several vertex diagrams for lower-order
calculations.

e 2 -
8(i): W: zGu[%(%)—sin%(l Z“)]%ﬂ”

(Cc4n)
cosze< 1 Zw’)-—sinze(l ;7/5)]7&# ;

. gm,\_
8(j): W: ("ZTM’E>“%“;

LPZ iG]l

[ —

(C48)

. EMy\ _ .
LPZ: —l\fZ'M Liysit .
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Using sum rules obtained from crossing and analyticity, and unitarity bounds on scattering
amplitudes, we show how new relations between low-energy and high-energy scattering can be
derived. These relations can provide tests of a wide range of theoretical ideas. As examples,
we discuss several inequalities obtained for m-m and m- N scattering. For m-m scattering, a
number of relations involving the asymptotic behavior of total cross sections are presented,
including bounds limiting the size of violations of the Pomeranchuk theorem. Using finite-
energy sum rules for 7~ N scattering, we derive new types of bounds and show how they can
be used to probe such things as the nature of the Pomeranchuk trajectory and the assumption
of s-channel helicity conservation. Finally, we introduce inequality constraints between
partial-wave amplitudes of different isospin, and indicate how they can be used to explore
the nature of exchange degeneracy, absence of exotics, and duality.

I. INTRODUCTION

Certain general principles, namely unitarity,
crossing symmetry, and some form of analyticity,
severely restrict the allowed behavior of scatter-
ing amplitudes. During the past several years,
many interesting inequalities have been derived
which follow solely from these principles, or
from these principles combined with a few pieces
of experimental information, or a few additional
theoretically plausible assumptions. In this paper,
we discuss several bounds at fixed energies, en-
forcing unitarity through the use of Lagrange in-
equality multipliers. We then show two ways in

which crossing and analyticity can be introduced
into the problems by combining our results either
with a Froissart-Gribov expression for crossed-
channel scattering or with finite-energy sum rules
(FESR). Both these approaches yield relations
between low- and high-energy scattering. In Sec.
II, we describe the fixed-energy bounds problems
with which we shall deal, and we introduce a con-
straint which can be used to explore the nature of
duality, absence of exotics, and exchange degen-
eracy. Using 7-7 scattering as an example, Sec.
III develops the formalism for using the Froissart-
Gribov formula with the results of Sec. II, to pro-
vide bounds on various quantities. In Sec. IV, the



